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❆✉t♦♠♦r♣❤✐s♠s ♦❢ ❝♦♠♣❧❡① K3 s✉r❢❛❝❡s ❤❛✈❡ ❜❡❡♥ ✇✐❞❡❧② st✉❞✐❡❞ ✐♥ t❤❡ ❧❛st ②❡❛rs✱ ✐♥
♣❛rt✐❝✉❧❛r ❛❧s♦ ❢♦r t❤❡ r❡❝❡♥t r❡❧❛t✐♦♥ ✇✐t❤ t❤❡ ❇❧♦❝❤ ❝♦♥❥❡❝t✉r❡✱ s❡❡ ❡✳❣✳ ❬✷✽❪✱ ❬✷✼❪✳ ■♥ t❤✐s
t❤❡s✐s✱ ✇❡ ✐♥✈❡st✐❣❛t❡ ✭♣✉r❡❧②✮ ♥♦♥✲s②♠♣❧❡❝t✐❝ ❛✉t♦♠♦r♣❤✐s♠s ♦❢ ♦r❞❡r n✱ ✐✳❡✳ ❛✉t♦♠♦r✲
♣❤✐s♠s t❤❛t ♠✉❧t✐♣❧② t❤❡ ♥♦♥✲❞❡❣❡♥❡r❛t❡ ❤♦❧♦♠♦r♣❤✐❝ t✇♦ ❢♦r♠ ❜② ❛ ♣r✐♠✐t✐✈❡ nth r♦♦t ♦❢
✉♥✐t②✳
❚❤❡ st✉❞② ♦❢ ♥♦♥✲s②♠♣❧❡❝t✐❝ ❛✉t♦♠♦r♣❤✐s♠ ♦❢ ♣r✐♠❡ ♦r❞❡r ✇❛s ❝♦♠♣❧❡t❡❞ ❜② ◆✐❦✉❧✐♥ ✐♥
❬✾❪ ✐♥ t❤❡ ❝❛s❡ ♦❢ ✐♥✈♦❧✉t✐♦♥s✱ ❛♥❞ ♠♦r❡ r❡❝❡♥t❧② ❜② ❆rt❡❜❛♥✐✱ ❙❛rt✐ ❛♥❞ ❚❛❦✐ ✐♥ s❡✈❡r❛❧ ♣❛✲
♣❡rs ❬✸✱ ✷✱ ✶✻❪ ❢♦r t❤❡ ♦t❤❡r ♣r✐♠❡ ♦r❞❡rs✳ ❚❤❡ st✉❞② ♦❢ ♥♦♥✲s②♠♣❧❡❝t✐❝ ❛✉t♦♠♦r♣❤✐s♠s ♦❢
♥♦♥✲♣r✐♠❡ ♦r❞❡r t✉r♥s ♦✉t t♦ ❜❡ ♠♦r❡ ❝♦♠♣❧✐❝❛t❡❞✳ ■♥❞❡❡❞✱ ✐♥ t❤✐s s✐t✉❛t✐♦♥ t❤❡ ✑❣❡♥❡r✐❝✑
❝❛s❡ ❞♦❡s ♥♦t ✐♠♣❧② t❤❛t t❤❡ ❛❝t✐♦♥ ♦❢ t❤❡ ❛✉t♦♠♦r♣❤✐s♠ ✐s tr✐✈✐❛❧ ♦♥ t❤❡ P✐❝❛r❞ ❣r♦✉♣
❬✷✺✱ ❙❡❝t✐♦♥ ✶✶❪✳ ■♥ t❤❡ ♣❛♣❡r ❬✶✹❪✱ ❚❛❦✐ ❝♦♠♣❧❡t❡❧② ❞❡s❝r✐❜❡s t❤❡ ❝❛s❡ ✇❤❡♥ t❤❡ ♦r❞❡r ♦❢
t❤❡ ❛✉t♦♠♦r♣❤✐s♠ ✐s ❛ ♣r✐♠❡ ♣♦✇❡r ❛♥❞ t❤❡ ❛❝t✐♦♥ ✐s tr✐✈✐❛❧ ♦♥ t❤❡ P✐❝❛r❞ ❣r♦✉♣✳ ■❢ ✇❡
❝♦♥s✐❞❡r ♥♦♥✲s②♠♣❧❡❝t✐❝ ❛✉t♦♠♦r♣❤✐s♠s ♦❢ ♦r❞❡r 2t✱ t❤❡♥ ❜② r❡s✉❧ts ♦❢ ◆✐❦✉❧✐♥ ✇❡ ❤❛✈❡
0 ≤ t ≤ 5✱ ❛♥❞ ❜② ❛ r❡❝❡♥t ♣❛♣❡r ❜② ❚❛❦✐ ❬✶✺❪ t❤❡r❡ ✐s ♦♥❧② ♦♥❡ K3 s✉r❢❛❝❡ t❤❛t ❛❞♠✐ts
❛ ♥♦♥✲s②♠♣❧❡❝t✐❝ ❛✉t♦♠♦r♣❤✐s♠ ♦❢ ♦r❞❡r ✸✷✳ ❙♦♠❡ ❢✉rt❤❡r r❡s✉❧ts ✐♥ t❤✐s ❞✐r❡❝t✐♦♥ ❛r❡
❝♦♥t❛✐♥❡❞ ✐♥ ❛ ♣❛♣❡r ❜② ❙❝❤ütt ❬✼❪ ✐♥ t❤❡ ❝❛s❡ ♦❢ ❛✉t♦♠♦r♣❤✐s♠s ♦❢ ❛ 2✲♣♦✇❡r ♦r❞❡r ❛♥❞ ✐♥
❛ ♣❛♣❡r ❜② ❆rt❡❜❛♥✐ ❛♥❞ ❙❛rt✐ ❬✷❪✱ ✐♥ t❤❡ ❝❛s❡ ♦❢ ♦r❞❡r ✹✳ ■♥ t❤✐s ❧❛st ♣❛♣❡r✱ t❤❡ ❤②♣♦t❤❡s✐s
♦❢ tr✐✈✐❛❧ ❛❝t✐♦♥ ♦♥ t❤❡ P✐❝❛r❞ ❣r♦✉♣ ✐s ❞✐sr❡❣❛r❞❡❞✳

❚❤✐s t❤❡s✐s ♠❛✐♥❧② ❞❡❛❧s ✇✐t❤ ♣✉r❡❧② ♥♦♥✲s②♠♣❧❡❝t✐❝ ❛✉t♦♠♦r♣❤✐s♠s σ ♦❢ ♦r❞❡r ❡✐❣❤t
❛♥❞ s✐①t❡❡♥✱ ✇❤✐❝❤ ❛r❡ q✉✐t❡ ✉♥❡①♣❧♦r❡❞✱ ✉♥❞❡r t❤❡ ❛ss✉♠♣t✐♦♥ t❤❛t t❤❡✐r ❢♦✉rt❤ ♣♦✇❡r σ4

❛♥❞ ❡✐❣❤t❤ ♣♦✇❡r σ8 ✐s t❤❡ ✐❞❡♥t✐t② ♦♥ t❤❡ P✐❝❛r❞ ❧❛tt✐❝❡✳ ❇② t❤❡ ❚♦r❡❧❧✐ t②♣❡ t❤❡♦r❡♠✱
t❤✐s ❤♦❧❞s ❢♦r t❤❡ ❣❡♥❡r✐❝ ❡❧❡♠❡♥t ♦❢ t❤❡ ❢❛♠✐❧② ♦❢ K3 s✉r❢❛❝❡s ❝❛rr②✐♥❣ ❛♥ ♦r❞❡r ✽ ❛♥❞
✶✻ ♥♦♥✲s②♠♣❧❡❝t✐❝ ❛✉t♦♠♦r♣❤✐s♠ ✇✐t❤ ❣✐✈❡♥ ❛❝t✐♦♥ ♦♥ ✐ts s❡❝♦♥❞ ❝♦❤♦♠♦❧♦❣② ❣r♦✉♣✳ ❚❤❡
✜①❡❞ ❧♦❝✉s ❋✐①(σ) ♦❢ s✉❝❤ ❛♥ ❛✉t♦♠♦r♣❤✐s♠ σ ✐s t❤❡ ❞✐s❥♦✐♥t ✉♥✐♦♥ ♦❢ s♠♦♦t❤ ❝✉r✈❡s ❛♥❞
♣♦✐♥ts✳

■♥ t❤❡ ✜rst ♣❛rt ♦❢ t❤❡ t❤❡s✐s✱ ✇❡ ❝❧❛ss✐❢② t❤❡ ♥♦♥✲s②♠♣❧❡❝t✐❝ ❛✉t♦♠♦r♣❤✐s♠s σ ♦❢
♦r❞❡r ❡✐❣❤t ♦♥ ❛ K3 s✉r❢❛❝❡ ✇❤❡♥ t❤❡ ✜①❡❞ ❧♦❝✉s ♦❢ ✐ts ❢♦✉rt❤ ♣♦✇❡r σ4 ❝♦♥t❛✐♥s ❛ ❝✉r✈❡
♦❢ ♣♦s✐t✐✈❡ ❣❡♥✉s✳ ▼♦r❡ ♣r❡❝✐s❡❧② ✇❡ s❤♦✇ t❤❛t t❤❡ ❣❡♥✉s ♦❢ t❤❡ ✜①❡❞ ❝✉r✈❡ ❜② σ ✐s ❛t
♠♦st ♦♥❡✳ ❆❢t❡r t❤❛t✱ ✇❡ st✉❞② t❤❡ ❝❛s❡ ♦❢ t❤❡ ✜①❡❞ ❧♦❝✉s ♦❢ σ t❤❛t ❝♦♥t❛✐♥s ❛t ❧❡❛st ❛
❝✉r✈❡ ❛♥❞ ❛❧❧ t❤❡ ❝✉r✈❡s ✜①❡❞ ❜② ✐ts ❢♦✉rt❤ ♣♦✇❡r σ4 ❛r❡ r❛t✐♦♥❛❧✳ ❋✐♥❛❧❧②✱ ✇❡ ✐♥✈❡st✐❣❛t❡
t❤❡ ❝❛s❡ ✇❤❡♥ σ ❛♥❞ ✐ts sq✉❛r❡ σ2 ❛❝t tr✐✈✐❛❧❧② ♦♥ t❤❡ ◆ér♦♥✲❙❡✈❡r✐ ❣r♦✉♣✳ ❲❡ ❝❧❛ss✐❢② ❛❧❧
t❤❡ ♣♦ss✐❜✐❧✐t✐❡s ❢♦r t❤❡ ✜①❡❞ ❧♦❝✉s ♦❢ σ ❛♥❞ σ2 ✐♥ t❤❡s❡ t❤r❡❡ ❝❛s❡s✳ ❲❡ ♦❜t❛✐♥ ❛ ❝♦♠♣❧❡t❡
❝❧❛ss✐✜❝❛t✐♦♥ ❢♦r t❤❡ ♥♦♥✲s②♠♣❧❡❝t✐❝ ❛✉t♦♠♦r♣❤✐s♠s ♦❢ ♦r❞❡r ✽ ♦♥ ❛ K3 s✉r❢❛❝❡✳ ▼♦r❡
♣r❡❝✐s❡❧②✱ ❧❡t X ❜❡ ❛ K3 s✉r❢❛❝❡✱ ωX ❛ ❣❡♥❡r❛t♦r ♦❢ H2,0(X)✱ σ ❛♥ ♦r❞❡r 8 ❛✉t♦♠♦r♣❤✐s♠
s✉❝❤ t❤❛t σ∗ωX = ζ8ωX ✱ ✇❤❡r❡ ζ8 ❞❡♥♦t❡s ❛ ♣r✐♠✐t✐✈❡ 8t❤ r♦♦t ♦❢ ✉♥✐t②✳ ❲❡ ❞❡♥♦t❡ ❜②
r, l,m ❛♥❞ m1 t❤❡ r❛♥❦ ♦❢ t❤❡ ❡✐❣❡♥s♣❛❝❡s ♦❢ σ∗ ✐♥ H2(X,C) r❡❧❛t✐✈❡ t♦ t❤❡ ❡✐❣❡♥✈❛❧✉❡s

✸



✹ ■♥tr♦❞✉❝t✐♦♥

1,−1, i ❛♥❞ ζ8 r❡s♣❡❝t✐✈❡❧②✳ ❲❡ ❛❧s♦ ❞❡♥♦t❡ ❜② k t❤❡ ♥✉♠❜❡r ♦❢ s♠♦♦t❤ r❛t✐♦♥❛❧ ❝✉r✈❡s
✜①❡❞ ❜② σ✱ ❜② N t❤❡ ♥✉♠❜❡r ♦❢ ✐s♦❧❛t❡❞ ♣♦✐♥ts ✐♥ ❋✐①(σ)✱ ❛♥❞ ❜② N

′

t❤❡ ♥✉♠❜❡r ♦❢ ✜①❡❞
♣♦✐♥ts ❜② σ ❝♦♥t❛✐♥❡❞ ✐♥ ❛ ❝✉r✈❡ C ⊆ Fix(σ4) ♦❢ ❣❡♥✉s g ≥ 1✳ ❋✐♥❛❧❧②✱ ✇❡ ❞❡♥♦t❡ ❜② 2a
t❤❡ ♥✉♠❜❡r ♦❢ ❡①❝❤❛♥❣❡❞ s♠♦♦t❤ r❛t✐♦♥❛❧ ❝✉r✈❡s ❜② σ ❛♥❞ ✜①❡❞ ✭t❤❛t ♠❡❛♥s ♣♦✐♥t✇✐s❡❧②
✜①❡❞✮ ❜② σ2✳ ❚❤✉s ✇❡ ♣r♦✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ r❡s✉❧t✳

❚❤❡♦r❡♠ ✵✳✵✳✶✳ ▲❡t σ ❜❡ ❛ ♣✉r❡❧② ♥♦♥✲s②♠♣❧❡❝t✐❝ ♦r❞❡r ❡✐❣❤t ❛✉t♦♠♦r♣❤✐s♠ ♦♥ ❛ K3
s✉r❢❛❝❡ X s✉❝❤ t❤❛t σ∗4 ❛❝ts ✐❞❡♥t✐❝❛❧❧② ♦♥ P✐❝(X)✳ ❚❤❡♥✿

n2,7 + n3,6 = 2 + 4α, n4,5 + n2,7 − n3,6 = 2 + 2α, N = 2 + r − l − 2α.

❍❡r❡ ✇❡ ❞❡♥♦t❡ ❜② ni,j t❤❡ ♥✉♠❜❡r ♦❢ ✐s♦❧❛t❡❞ ♣♦✐♥ts ♦❢ t②♣❡ P i,j ✇❤✐❝❤ ❛r❡ ✜①❡❞ ❜② σ✱ ❛♥❞
❜② α =

∑

C⊂Fix(σ) 1 − g(C)✳ ▼♦r❡♦✈❡r✱ ✐❢ ❋✐①(σ4) ❝♦♥t❛✐♥s ❛ ❝✉r✈❡ C ♦❢ ❣❡♥✉s g(C) = 1✱
t❤❡♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ♣♦ss✐❜✐❧✐t✐❡s ❤♦❧❞✳

• ■❢ ❋✐①(σ) ❝♦♥t❛✐♥s t❤❡ ❡❧❧✐♣t✐❝ ❝✉r✈❡ C✱ t❤❡♥

(k,N, a, C
′

) = (0, 2, 0, I0) , (0, 4, 1, IV ∗).

• ■❢ ❋✐①(σ2) ❝♦♥t❛✐♥s t❤❡ ❡❧❧✐♣t✐❝ ❝✉r✈❡ C ❛♥❞ t❤❡r❡ ✐s ♥♦ ❡❧❧✐♣t✐❝ ✜①❡❞ ❝✉r✈❡ ❜② σ✱ t❤❡♥

(k,N, a,N
′

, C
′

) = (0, 2, 0, 0, I0), (0, 6, 0, 4, I0), (0, 4, 0, 0, IV ∗), (1, 10, 0, 4, IV ∗).

• ■❢ σi ❢♦r i = 1, 2 ❞♦❡s ♥♦t ✜① ❛♥ ❡❧❧✐♣t✐❝ ❝✉r✈❡✱ t❤❡♥

(k,N, a,N
′

, C
′

) = (0, 2, 0, 2, I0), (1, 8, 0, 2, I8), (0, 6, 0, 2, I8), (0, 2, 1, 2, I8), (0, 2, 0, 2, I8),

(2, 14, 0, 2, I16), (0, 6, 1, 2, I16), (0, 2, 2, 2, I16), (0, 2, 0, 2, I16), (0, 4, 0, 0, IV ∗),

✇❤❡r❡ C
′

✐s ❛♥♦t❤❡r ♣r❡s❡r✈❡❞ ✜❜❡r ♦❢ t❤❡ ✐♥❞✉❝❡❞ σ−✐♥✈❛r✐❛♥t ❡❧❧✐♣t✐❝ ✜❜r❛t✐♦♥ t❤❛t ❤❛s
t❤❡ ❝✉r✈❡ C ❛s ❛ ✜❜❡r✳

❲❡ ♣r♦✈❡ ❚❤❡♦r❡♠ ✵✳✵✳✶ ✐♥ s❡✈❡r❛❧ st❡♣s✱ ♠❛✐♥❧② ✐♥ ❚❤❡♦r❡♠ ✷✳✸✳✷✱ ✷✳✸✳✸ ❛♥❞ ✷✳✸✳✹✳
❲❡ ❣✐✈❡ ❡①❛♠♣❧❡s s❤♦✇✐♥❣ t❤❡ ❡①✐st❡♥❝❡ ♦❢ ❛❧❧ t❤❡s❡ ❝❛s❡s ❡①❝❡♣t ❢♦✉r ♦❢ t❤❡♠ ✐♥ ❡①❛♠♣❧❡s
✷✳✽✳✶✱ ✷✳✽✳✷✱ ✷✳✽✳✸ ❛♥❞ t❤❡ ❊①❛♠♣❧❡ ✷✳✽✳✹ ✇❤❡r❡ ✇❡ st✉❞② ❛ tr❛♥s❧❛t✐♦♥ ♦❢ ♦r❞❡r t✇♦ ❛❝t✐♥❣
♦♥ ❛ ❣❡♥❡r✐❝ ✜❜❡r ♦❢ ❛♥ ❡❧❧✐♣t✐❝ ✜❜r❛t✐♦♥✳

■❢ σ∗ ❛❝ts ❛s t❤❡ ✐❞❡♥t✐t② ♦♥ P✐❝(X) ✭✐✳❡✳ l = m = 0✮✱ t❤❡♥ t❤❡ ✜①❡❞ ❧♦❝✉s ♦❢ σ ❝♦♥t❛✐♥s
♣♦✐♥ts ❛♥❞ ❛t ❧❡❛st ❛ s♠♦♦t❤ r❛t✐♦♥❛❧ ❝✉r✈❡✱ t❤❡ r❛♥❦ ♦❢ P✐❝(X) ✐s ❡✐t❤❡r ✻ ♦r ✶✹ ❛♥❞ ✇❡
❤❛✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ♣♦ss✐❜✐❧✐t✐❡s ❢♦r (P✐❝(X), N, k)✿

(U ⊕D4, 6, 1), (U(2)⊕D4, 6, 1) ♦r (U ⊕D4 ⊕ E8, 12, 2).

❲❡ ♣r♦✈❡ t❤✐s r❡s✉❧t ✐♥ ❚❤❡♦r❡♠ ✷✳✹✳✶ ❛♥❞ ❚❤❡♦r❡♠ ❇✳✵✳✾✳ ▼♦r❡ ❣❡♥❡r❛❧❧②✱ ✐❢ t❤❡ ♦r❞❡r
❢♦✉r ❛✉t♦♠♦r♣❤✐s♠ σ2 ❛❝ts tr✐✈✐❛❧❧② ♦♥ P✐❝(X) ❛♥❞ l 6= 0✱ ✐✳❡✳ t❤❡ ❛❝t✐♦♥ ♦❢ σ ♦♥ P✐❝(X)
✐s ♥♦t tr✐✈✐❛❧✱ t❤❡♥ t❤❡ ✐♥✈❛r✐❛♥t ♦❢ t❤❡ ✜①❡❞ ❧♦❝✉s ❋✐①(σ) ❛r❡ ❣✐✈❡♥ ✐♥ ❚❛❜❧❡ ✷✳✹ ❛♥❞ ❚❛❜❧❡
✷✳✸ ❢♦r t❤❡ ❝❛s❡ g = 1✳ ❲❡ ❝♦♥str✉❝t s❡✈❡r❛❧ ❡①❛♠♣❧❡s ❝♦rr❡s♣♦♥❞✐♥❣ t♦ s❡✈❡r❛❧ ❝❛s❡s ✇✐t❤
t❤❡ ❛ss✉♠♣t✐♦♥ m = 0 ✐♥ ❡①❛♠♣❧❡s ✷✳✸✳✹✱ ✷✳✽✳✺✱ ✷✳✽✳✻✱ ✷✳✽✳✼✱ ✷✳✽✳✽✱ ✷✳✽✳✾ ❛♥❞ ✷✳✽✳✶✵✳

❋✐♥❛❧❧②✱ ✇❡ s❤♦✇ t❤❡ ❢♦❧❧♦✇✐♥❣ t❤❡♦r❡♠✱ ✇❤❡r❡ ✇❡ ✉s❡ t❤❡ s❛♠❡ ♥♦t❛t✐♦♥ ❛s ❜❡❢♦r❡✳

❚❤❡♦r❡♠ ✵✳✵✳✷✳ ▲❡t σ ❜❡ ❛ ♣✉r❡❧② ♥♦♥✲s②♠♣❧❡❝t✐❝ ♦r❞❡r ❡✐❣❤t ❛✉t♦♠♦r♣❤✐s♠ ♦♥ ❛ K3
s✉r❢❛❝❡ X s✉❝❤ t❤❛t σ∗4 ❛❝ts ✐❞❡♥t✐❝❛❧❧② ♦♥ P✐❝(X)✳ ❚❤❡♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ❤♦❧❞✳



✺

• ■❢ ❋✐①(σ) ❝♦♥t❛✐♥s ❛ ❝✉r✈❡ t❤❡♥ ✐ts ❣❡♥✉s ✐s ❡✐t❤❡r 0 ♦r 1✳ ▼♦r❡♦✈❡r✱ ❧❡t g = g(C) ❜❡
t❤❡ ❣❡♥✉s ♦❢ t❤❡ ❝✉r✈❡ C ⊂ ❋✐①(σ4)✳ ❚❤❡♥

✕ ✐❢ C ⊂ ❋✐①(σ2) t❤❡♥ g = 2, k = 0, N = 4 ❛♥❞ r = 3, 13✳

✕ ✐❢ C 6⊂ ❋✐①(σ2) ❛♥❞ k > 0✱ t❤❡♥ k = 1 ❛♥❞ (g,N, r) = (2, 10, 13), (3, 6, 7), (3, 6, 8)✳

• ■❢ ❋✐①(σ) ❝♦♥t❛✐♥s ❛ ❝✉r✈❡ ♦❢ ❣❡♥✉s g = 0 ❛♥❞ ❛❧❧ t❤❡ ❝✉r✈❡s ✜①❡❞ ❜② σ2 ❛r❡ r❛t✐♦♥❛❧✱
t❤❡♥ ✇❡ ❤❛✈❡ ♦♥❧② ♦♥❡ ♣♦ss✐❜✐❧✐t② (k,N, a, r) = (1, 10, 0, 13)✳

• ■❢ ❋✐①(σ) ✐s ③❡r♦✲❞✐♠❡♥s✐♦♥❛❧✱ t❤❡♥ ✐t ❝♦♥t❛✐♥s ❛t ♠♦st ✻ ♣♦✐♥ts✳ ■❢ m > 0✱ t❤❡♥ t❤❡
♣♦ss✐❜❧❡ ✐♥✈❛r✐❛♥ts ♦❢ ❋✐①(σ) ❛r❡ ❣✐✈❡♥ ✐♥ ❚❛❜❧❡ ✷✳✽ ❛♥❞ ✇❡ ❤❛✈❡ 2 ≤ r ≤ 9, a =
0, 1 , g ≤ 5✱ ✇❤❡r❡ g ✐s t❤❡ ❤✐❣❤❡st ❣❡♥✉s ♦❢ ❛ ❝✉r✈❡ ✜①❡❞ ❜② σ4✳

❲❡ ♣r♦✈❡ t❤✐s r❡s✉❧t ✐♥ ❚❤❡♦r❡♠ ✷✳✺✳✶✱ ✷✳✺✳✻✱ ✷✳✻✳✶ ❛♥❞ ✷✳✼✳✶✳ ■♥ ❊①❛♠♣❧❡ ✷✳✽✳✾ ✇❡ ❣✐✈❡
t✇♦ ❡①❛♠♣❧❡s ❝♦rr❡s♣♦♥❞✐♥❣ t♦ t❤❡ ❝❛s❡ g = 0, k > 0 ❛♥❞ ♦♥❡ ❝❛s❡ ✐♥ ❚❛❜❧❡ ✷✳✽ ❢♦r k = 0✳

■♥ t❤❡ s❡❝♦♥❞ ♣❛rt ♦❢ t❤❡ t❤❡s✐s✱ ✇❡ ❝❧❛ss✐❢② K3 s✉r❢❛❝❡s ✇✐t❤ ♥♦♥✲s②♠♣❧❡❝t✐❝
❛✉t♦♠♦r♣❤✐s♠ ♦❢ ♦r❞❡r ✶✻ ✐♥ ❢✉❧❧ ❣❡♥❡r❛❧✐t②✳
❙✐♥❝❡ ❊✉❧❡r✬s t♦t✐❡♥t ❢✉♥❝t✐♦♥ ✈❛❧✉❡ ♦❢ 16 ♠✉st ❞✐✈✐❞❡ t❤❡ r❛♥❦ ♦❢ t❤❡ tr❛♥s❝❡♥❞❡♥t❛❧ ❧❛tt✐❝❡
✭s❡❡ ❬✽✱ ❚❤❡♦r❡♠ ✸✳✶❪✮ t❤❡ r❛♥❦ ♦❢ t❤❡ P✐❝❛r❞ ❣r♦✉♣ ❝❛♥ ♦♥❧② ❡q✉❛❧ ✻ ♦r ✶✹✳ ▼♦r❡ ♣r❡❝✐s❡❧②✱
❧❡t X ❜❡ ❛ ❑✸ s✉r❢❛❝❡✱ ωX ❛ ❣❡♥❡r❛t♦r ♦❢ H2,0(X)✱ σ ❛♥ ♦r❞❡r ✶✻ ❛✉t♦♠♦r♣❤✐s♠ s✉❝❤ t❤❛t
σ∗ωX = ζ16ωX ✱ ✇❤❡r❡ ζ16 ❞❡♥♦t❡s ❛ ♣r✐♠✐t✐✈❡ ✶✻t❤ r♦♦t ♦❢ ✉♥✐t②✳ ❲❡ ✜rst s❤♦✇ t❤❛t ✐❢ t❤❡
✜①❡❞ ❧♦❝✉s ♦❢ σ ❝♦♥t❛✐♥s ❛ ❝✉r✈❡ t❤❡♥ ✐ts ❣❡♥✉s ✐s ③❡r♦ ✭Pr♦♣♦s✐t✐♦♥ ✸✳✷✳✸✮✳ ❲❡ ❛❧s♦ s❤♦✇
t❤❛t t❤❡ ✜①❡❞ ❧♦❝✉s ♦❢ σ4 ❛❧✇❛②s ❝♦♥t❛✐♥s ❛t ❧❡❛st ❛ ❝✉r✈❡ ♦❢ ❣❡♥✉s 0 ♦r 1 ✭Pr♦♣♦s✐t✐♦♥
✸✳✶✳✶✵✮✳
❲❤❡♥ rkPic(X) = 6 ❛♥❞ σ8 ❛❝ts tr✐✈✐❛❧❧② ♦♥ Pic(X) ✭t❤✐s ✐s t❤❡ ❣❡♥❡r✐❝ ❝❛s❡✮ ✇❡ ❤❛✈❡ t❤❡
❢♦❧❧♦✇✐♥❣ ♥✉♠❜❡r ♦❢ ✐s♦❧❛t❡❞ ✜①❡❞ ♣♦✐♥ts N ❛♥❞ ✜①❡❞ r❛t✐♦♥❛❧ ❝✉r✈❡s k ❢♦r σ ✭❚❤❡♦r❡♠
✸✳✸✳✷✮✿

(Pic(X), N, k) = (U ⊕D4, 6, 1), ♦r (U(2)⊕D4, 4, 0).

■♥ t❤❡ ✜rst ❝❛s❡✱ t❤❡ ❛❝t✐♦♥ ♦❢ σ ✐s tr✐✈✐❛❧ ♦♥ Pic(X) ❜✉t ♥♦t ✐♥ t❤❡ s❡❝♦♥❞ ❝❛s❡✳ ■❢ σ8

❛❝ts tr✐✈✐❛❧❧② ♦♥ Pic(X) ✭t❤✐s ✐s t❤❡ ❣❡♥❡r✐❝ ❝❛s❡✮✱ ✇❡ ❤❛✈❡ rkPic(X) = 14 ❛♥❞ σ4 ✜①❡s ❛♥
❡❧❧✐♣t✐❝ ❝✉r✈❡ C✱ t❤❡♥ σ ❧❡❛✈❡s C ✐♥✈❛r✐❛♥t ✭❜✉t C ✐s ♥♦t ♣♦✐♥t✇✐s❡ ✜①❡❞ ❜② σ ❜② Pr♦♣♦s✐t✐♦♥
✸✳✷✳✸✮ ❛♥❞ t❤❡ ✐♥❞✉❝❡❞ σ✲✐♥✈❛r✐❛♥t ❡❧❧✐♣t✐❝ ✜❜r❛t✐♦♥ ❤❛s ❛ r❡❞✉❝✐❜❧❡ ✜❜❡r ♦❢ t②♣❡ IV ∗ ✭s❡❡ ❬✷✱
❚❤❡♦r❡♠ ✸✳✶❪✮✳ ❚❤❡ ♥✉♠❜❡r ♦❢ ✐s♦❧❛t❡❞ ✜①❡❞ ♣♦✐♥ts ❛♥❞ ✜①❡❞ r❛t✐♦♥❛❧ ❝✉r✈❡s ❛r❡ ❛s ❢♦❧❧♦✇s✿
(N, k) = (8, 1) ♦r (6, 0)✳ ■♥ t❤❡ ✜rst ❝❛s❡ σ ♣r❡s❡r✈❡s ❡❛❝❤ ❝♦♠♣♦♥❡♥t ♦❢ t❤❡ ✜❜❡r IV ∗ ❛♥❞
✐♥ t❤❡ s❡❝♦♥❞ ❝❛s❡ ✐t ❛❝ts ❛s ❛ r❡✢❡❝t✐♦♥ ♦♥ ✐t✳ ■♥ ❛♥② ❝❛s❡ t❤❡ ❛❝t✐♦♥ ♦❢ σ ✐s ♥♦♥tr✐✈✐❛❧ ♦♥
Pic(X) ✭s❡❡ ❚❤❡♦r❡♠ ✸✳✷✳✷✮✳ ❋✐♥❛❧❧② ✐❢ σ8 ❛❝ts tr✐✈✐❛❧❧② ♦♥ Pic(X)✱ rkPic(X) = 14 ❛♥❞
Fix(σ4) ❝♦♥t❛✐♥s ❛t ❧❡❛st ❛ ❝✉r✈❡ ♦❢ ❣❡♥✉s ③❡r♦ ✇❡ ❤❛✈❡ t❤r❡❡ ❝❛s❡s ✇✐t❤ (Pic(X), N, k)
❡q✉❛❧ t♦✿

(U ⊕D4 ⊕ E8, 12, 1), (U(2)⊕D4 ⊕ E8, 4, 0) ♦r (U(2)⊕D4 ⊕ E8, 10, 1).

■♥ t❤❡s❡ t❤r❡❡ ❝❛s❡s t❤❡ ❛❝t✐♦♥ ♦❢ σ ✐s ♥♦t tr✐✈✐❛❧ ♦♥ Pic(X)✱ ✭❚❤❡♦r❡♠ ✸✳✹✳✶✮✳ ❚❤✐s ✐♥
♣❛rt✐❝✉❧❛r s❤♦✇s t❤❛t t❤❡r❡ ❞♦❡s ♥♦t ❡①✐st ❛ ❑✸ s✉r❢❛❝❡ X ✇✐t❤ P✐❝❛r❞ ♥✉♠❜❡r 14 ✇✐t❤ ❛♥
❛✉t♦♠♦r♣❤✐s♠ ♦❢ ♦r❞❡r ✶✻ ❛❝t✐♥❣ ♥♦♥✲s②♠♣❧❡❝t✐❝❛❧❧② ♦♥ ✐t ❛♥❞ tr✐✈✐❛❧❧② ♦♥ Pic(X)✳ ❚❤✐s
❝♦rr❡❝ts ❛ s♠❛❧❧ ♠✐st❛❦❡ ✐♥ t❤❡ ♣❛♣❡r ❬✶✹❪✱ ✇❤❡r❡ t❤❡ ❛✉t❤♦r ❝❧❛✐♠s t❤❛t s✉❝❤ ❛ ❑✸ s✉r❢❛❝❡
❡①✐sts✳

❲❡ ❝♦♥str✉❝t t❤❡ ❑✸ s✉r❢❛❝❡s ✐♥ t❤❡ ❊①❛♠♣❧❡s ✸✳✺✳✶✱ ✸✳✺✳✷✱ ✸✳✺✳✸ ✭s♦♠❡ ♦❢ t❤❡ ❡①❛♠♣❧❡s
❛r❡ ❞❡s❝r✐❜❡❞ ✐♥ ❬✶✹❪ ❛♥❞ ❬✷✻❪✮✳ ❋♦r t❤❡ ♣r♦♦❢s ♦❢ t❤❡ ❚❤❡♦r❡♠s ✸✳✷✳✷✱ ✸✳✸✳✷✱ ✸✳✹✳✶✱ ✇❡ ✉s❡



✻ ■♥tr♦❞✉❝t✐♦♥

▲❡❢s❝❤❡t③ ❢♦r♠✉❧❛s ❛♥❞ r❡s✉❧ts ♦♥ ♥♦♥✲s②♠♣❧❡❝t✐❝ ✐♥✈♦❧✉t✐♦♥s ❛♥❞ ♦♥ ♥♦♥✲s②♠♣❧❡❝t✐❝ ♦r❞❡r
❢♦✉r ❛✉t♦♠♦r♣❤✐s♠s✱ ✇❤✐❝❤ ❛r❡ ❝♦♥t❛✐♥❡❞ ✐♥ ❬✷❪✱ ❬✶✹❪✳ ❲❡ ❛❧s♦ ✉s❡ s♦♠❡ r❡s✉❧ts ✭▲❡❢s❝❤❡t③
❢♦r♠✉❧❛s✱ ❧♦❝❛❧ ❛❝t✐♦♥ ❛t t❤❡ ✜①❡❞ ♣♦✐♥ts✮ ♦♥ ♥♦♥✲s②♠♣❧❡❝t✐❝ ❛✉t♦♠♦r♣❤✐s♠s ♦❢ ♦r❞❡r ❡✐❣❤t✳

❚❤❡ str✉❝t✉r❡ ♦❢ t❤✐s t❤❡s✐s ✐s ❛s ❢♦❧❧♦✇s✳ ■♥ ❈❤❛♣t❡r ✶✱ ✇❡ ✐♥tr♦❞✉❝❡ ❜❛s✐❝ ❢❛❝ts ❛❜♦✉t
❧❛tt✐❝❡s✱ K3 s✉r❢❛❝❡s ❛♥❞ ♥♦♥✲s②♠♣❧❡❝t✐❝ ❛✉t♦♠♦r♣❤✐s♠ ♦❢ ✜♥✐t❡ ♦r❞❡r ♦♥ K3 s✉r❢❛❝❡s✱ ❛♥❞
❛❜♦✉t ❡❧❧✐♣t✐❝ ✜❜r❛t✐♦♥s ♦✈❡r K3 s✉r❢❛❝❡s✳

■♥ ❈❤❛♣t❡r ✷✱ ✇❡ ❝❧❛ss✐❢② t❤❡ ♥♦♥✲s②♠♣❧❡❝t✐❝ ❛✉t♦♠♦r♣❤✐s♠s σ ♦❢ ♦r❞❡r ❡✐❣❤t ♦♥ ❛ K3
s✉r❢❛❝❡ X✳ ■♥ ❙❡❝t✐♦♥ ✷✳✶✱ ✇❡ ❣✐✈❡ ❛ ❣❡♥❡r❛❧ ❞❡s❝r✐♣t✐♦♥ ♦❢ t❤❡ ✜①❡❞ ❧♦❝✉s ♦❢ σ✳ ❇② ♠❡❛♥s
♦❢ ▲❡❢s❝❤❡t③✬s ❢♦r♠✉❧❛s✱ ✇❡ ♣r♦✈✐❞❡ r❡❧❛t✐♦♥s ❜❡t✇❡❡♥ t❤❡ ✐♥✈❛r✐❛♥ts N, k, g ❛♥❞ t❤❡ r❛♥❦s
♦❢ t❤❡ ❡✐❣❡♥s♣❛❝❡s ♦❢ σ∗ ♦♥ t❤❡ ❧❛tt✐❝❡ H2(X,C)✳ ■♥ ❙❡❝t✐♦♥ ✷✳✷✱ ✇❡ ✐♥✈❡st✐❣❛t❡ ❡❧❧✐♣t✐❝
✜❜r❛t✐♦♥s π : X −→ P1 s✉❝❤ t❤❛t σ4 ✜①❡s ❛ ❝✉r✈❡ C ♦❢ ❣❡♥✉s g > 1 ❛♥❞ P✐❝(X) ∼= S(σ4) =
U ⊕ L✳
■♥ ❙❡❝t✐♦♥ ✷✳✸✱ ✇❡ s✉♣♣♦s❡ t❤❛t σ4 ✜①❡s ❛♥ ❡❧❧✐♣t✐❝ ❝✉r✈❡ C ❛♥❞ ✇❡ ❞❡s❝r✐❜❡ t❤❡ s✐♥❣✉❧❛r
✜❜❡rs ♦❢ t❤❡ ❡❧❧✐♣t✐❝ ✜❜r❛t✐♦♥ ✇✐t❤ ✜❜❡r C ❛♥❞ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ str✉❝t✉r❡ ♦❢ t❤❡ ✜①❡❞
❧♦❝✉s ♦❢ σ✳ ❍❡r❡ ✇❡ ❞✐st✐♥❣✉✐s❤ t❤❡ ❢♦❧❧♦✇✐♥❣ t❤r❡❡ ❝❛s❡s✳

• ❚❤❡ ❡❧❧✐♣t✐❝ ❝✉r✈❡ C ✐s ✜①❡❞ ❜② σ ✭❚❤❡♦r❡♠ ✷✳✸✳✷✮✳

• ❚❤❡ ❡❧❧✐♣t✐❝ ❝✉r✈❡ C ✐s ✜①❡❞ ❜② σ2 ❜✉t ✐s ♥♦t ❝♦♥t❛✐♥❡❞ ✐♥ Fix(σ) ✭❚❤❡♦r❡♠ ✷✳✸✳✸✮✳

• ❚❤❡ ❡❧❧✐♣t✐❝ ❝✉r✈❡ C ✐s ♦♥❧② ✜①❡❞ ❜② σ4 ✭❚❤❡♦r❡♠ ✷✳✸✳✹✮✳

■♥ ❙❡❝t✐♦♥ ✷✳✹✱ ✇❡ ❛ss✉♠❡ t❤❛t σ2 ❛❝ts ❛s t❤❡ ✐❞❡♥t✐t② ♦♥ S(σ4) ∼= Pic(X)✱ ✐✳❡✳ m = 0✳
■♥ ❙❡❝t✐♦♥ ✷✳✺ ❛♥❞ ✷✳✻✱ ✇❡ s✉♣♣♦s❡ t❤❛t σ ✜①❡s ❛t ❧❡❛st ♦♥❡ r❛t✐♦♥❛❧ ❝✉r✈❡ ❛♥❞ ✇❡ ❝❧❛ss✐❢②
t❤❡ ❝❛s❡s ✇❤❡♥ t❤❡ ✜①❡❞ ❧♦❝✉s ♦❢ σ4 ❝♦♥t❛✐♥s ❛ ❝✉r✈❡ ♦❢ ❣❡♥✉s g > 1 ♦r ✐t ❝♦♥t❛✐♥s ♦♥❧②
r❛t✐♦♥❛❧ ❝✉r✈❡s✳ ■♥ ❙❡❝t✐♦♥ ✷✳✼✱ ✇❡ ❝♦♥s✐❞❡r t❤❡ ❝❛s❡ ✇❤❡♥ σ ✜①❡s ♦♥❧② ✐s♦❧❛t❡❞ ♣♦✐♥ts✳ ■♥
❙❡❝t✐♦♥ ✷✳✽✱ ✇❡ ❣✐✈❡ s❡✈❡r❛❧ ❡①❛♠♣❧❡s ❝♦rr❡s♣♦♥❞✐♥❣ t♦ s❡✈❡r❛❧ ❝❛s❡s ✐♥ t❤❡ ❝❧❛ss✐✜❝❛t✐♦♥ ♦❢
♥♦♥✲s②♠♣❧❡❝t✐❝ ❛✉t♦♠♦r♣❤✐s♠s ♦❢ ♦r❞❡r ❡✐❣❤t✳ ❲❡ ❝♦♥str✉❝t ❛❧❧ t❤❡s❡ ❡①❛♠♣❧❡s ❜② ❡❧❧✐♣t✐❝
✜❜r❛t✐♦♥s ♦✈❡r K3 s✉r❢❛❝❡s✳

■♥ ❈❤❛♣t❡r ✸✱ ✇❡ ❝❧❛ss✐❢② K3 s✉r❢❛❝❡s ✇✐t❤ ♥♦♥✲s②♠♣❧❡❝t✐❝ ❛✉t♦♠♦r♣❤✐s♠s ♦❢ ♦r❞❡r
✶✻✳ ■♥ ❙❡❝t✐♦♥ ✸✳✶✱ ✇❡ ❣✐✈❡ ❛ ❣❡♥❡r❛❧ ❞❡s❝r✐♣t✐♦♥ ♦❢ t❤❡ ✜①❡❞ ❧♦❝✉s ♦❢ σ ❛♥❞ ✇❡ r❡❝❛❧❧
s♦♠❡ ✉s❡❢✉❧ ❢❛❝ts✳ ❲❡ s❤♦✇ ♠♦r❡ ♣r❡❝✐s❡❧② t❤❛t r❦ P✐❝(X) = r❦ S(σ8) ✐s ❡✐t❤❡r ✻ ♦r ✶✹✳
■♥ ❙❡❝t✐♦♥ ✸✳✷✱ ✇❡ s✉♣♣♦s❡ t❤❛t σ8 ✜①❡s ❛♥ ❡❧❧✐♣t✐❝ ❝✉r✈❡ C✳ ■♥ ❙❡❝t✐♦♥ ✸✳✸✱ ✇❡ st✉❞② t❤❡
❝❛s❡ ✇❤❡♥ P✐❝(X) = S(σ8) ❤❛s r❛♥❦ 6✳ ■♥ ❙❡❝t✐♦♥ ✸✳✹✱ ✇❡ ❛ss✉♠❡ t❤❛t t❤❡ r❛♥❦ ♦❢ t❤❡
◆ér♦♥✲❙❡✈❡r✐ ❣r♦✉♣ ✐s ✶✹✳ ❋✐♥❛❧❧②✱ ✐♥ ❙❡❝t✐♦♥ ✸✳✺ ✇❡ ❣✐✈❡ ❛♥ ❡①❛♠♣❧❡ ❢♦r ❡❛❝❤ ❝❛s❡ ✐♥ t❤❡
❝❧❛ss✐✜❝❛t✐♦♥ ♦❢ t❤❡ ♥♦♥✲s②♠♣❧❡❝t✐❝ ❛✉t♦♠♦r♣❤✐s♠s ♦❢ ♦r❞❡r ✶✻✳

❋✐♥❛❧❧②✱ ✐♥ ❆♣♣❡♥❞✐① ❆ ✇❡ ❝❧❛ss✐❢② ❛❧❧ q✉❛rt✐❝ s✉r❢❛❝❡s t❤❛t ❛r❡ ❛✣♥❡❧② ✐♥✈❛r✐❛♥t ❢♦r t❤❡
❛❝t✐♦♥ ♦❢ s♦♠❡ ❛✉t♦♠♦r♣❤✐s♠ ♦❢ ♦r❞❡r ✽ ♦❢ P3 ❛❝t✐♥❣ ♥♦♥✲s②♠♣❧❡❝t✐❝❛❧② ♦♥ t❤❡ q✉❛rt✐❝✳ ■♥
❆♣♣❡♥❞✐① ❇✱ ✇❡ ❛ss✉♠❡ t❤❛t l = 0✱ s♦ t❤❛t rσ2 = r ✭✐✳❡✳ σ∗ ❛❝ts ❛s t❤❡ ✐❞❡♥t✐t② ♦♥ S(σ2)✮✳
▼♦r❡ ♣r❡❝✐s❡❧②✱ ✇❡ st✉❞② t❤❡ ❝❛s❡ ✇❤❡♥ σ∗ ✐s t❤❡ ✐❞❡♥t✐t② ♦♥ t❤❡ P✐❝❛r❞ ❧❛tt✐❝❡ ❛♥❞ ✇❡ ❣✐✈❡
❛♥ ✐♥❞❡♣❡♥❞❡♥t ♣r♦♦❢ ✭♥♦t ❜❛s❡❞ ♦♥ t❤❡ ❝❧❛ss✐✜❝❛t✐♦♥ ♦❢ ♦r❞❡r ❢♦✉r ❛✉t♦♠♦r♣❤✐s♠ ❬✷❪✮ ♦❢
❬✶✹✱ Pr♦♣♦s✐t✐♦♥ ✺✳✺❪✳ ■♥ ❆♣♣❡♥❞✐① ❈✱ ✇❡ ❣✐✈❡ t❤❡ t❛❜❧❡s ❢♦r t❤❡ ❝♦♠♣❧❡t❡ ❝❧❛ss✐✜❝❛t✐♦♥ ♦❢
t❤❡ ♥♦♥✲s②♠♣❧❡❝t✐❝ ❛✉t♦♠♦r♣❤✐s♠s ♦❢ ♦r❞❡r ✽ ♦♥ ❛ K3 s✉r❢❛❝❡✳ ❚❤❡s❡ s❤♦✇ t❤❡ ✐♥✈❛r✐❛♥ts
♦❢ ♥♦♥✲s②♠♣❧❡❝t✐❝ ❛✉t♦♠♦r♣❤✐s♠s ♦❢ ♦r❞❡r ✽ ✐♥ ❛❧❧ t❤❡ ♣♦ss✐❜❧❡ ❝❛s❡s✳ ▼♦r❡♦✈❡r✱ t❤❡② ❛❧s♦
s❤♦✇ t❤❡ ❝❛s❡s ✇❤❡♥ ✇❡ ❤❛✈❡ ❛♥ ❡①❛♠♣❧❡ ♦r ✇❤❡♥ t❤❡r❡ ✐s ♥♦t ❛♥ ❡①❛♠♣❧❡ ✭❛♥❞ ✇❡ ❣✐✈❡
t❤❡ ♥✉♠❜❡r ♦❢ ❡①❛♠♣❧❡s ✐❢ ✇❡ ❤❛✈❡ ♠♦r❡ t❤❛♥ ♦♥❡✮✳



❈❤❛♣t❡r ✶

Pr❡❧✐♠✐♥❛r✐❡s

✶✳✶ ▲❛tt✐❝❡s✳

❆ ❧❛tt✐❝❡ L ✐s ❛ ❢r❡❡ Z✲♠♦❞✉❧❡ ♦❢ ✜♥✐t❡ r❛♥❦ ✇✐t❤ ❛ Z✲✈❛❧✉❡❞ s②♠♠❡tr✐❝ ❜✐❧✐♥❡❛r ❢♦r♠✿

b : L× L −→ Z.

❆♥ ✐s♦♠♦r♣❤✐s♠ ♦❢ Z−♠♦❞✉❧❡s ♣r❡s❡r✈✐♥❣ t❤❡ ❜✐❧✐♥❡❛r ❢♦r♠ ✐s ❝❛❧❧❡❞ ✐s♦♠❡tr②✳ ❚❤❡ ❣r♦✉♣
♦❢ t❤❡ ✐s♦♠❡tr✐❡s ♦❢ L ✐s ✐♥❞✐❝❛t❡❞ ✇✐t❤ O(L)✳
❚❤❡ ❧❛tt✐❝❡ L ✐s s❛✐❞ t♦ ❜❡ ❡✈❡♥ ✐❢ t❤❡ q✉❛❞r❛t✐❝ ❢♦r♠ ❛ss♦❝✐❛t❡❞ t♦ b t❛❦❡s ♦♥❧② ❡✈❡♥
✈❛❧✉❡s✳ ❖t❤❡r✇✐s❡✱ ✐✳❡✳ ✐❢ t❤❡ q✉❛❞r❛t✐❝ ❢♦r♠ ❛ss♦❝✐❛t❡❞ t♦ b t❛❦❡s ♦♥❧② ♦❞❞ ✈❛❧✉❡s✱ ✐t ✐s
❝❛❧❧❡❞ ♦❞❞✳

❚❤❡ ❞✐s❝r✐♠✐♥❛♥t d(L) ♦❢ L ✐s t❤❡ ❞❡t❡r♠✐♥❛♥t ♦❢ ❛ ♠❛tr✐① ❛ss♦❝✐❛t❡❞ t♦ b✱ ❛♥❞ L
✐s s❛✐❞ t♦ ❜❡ ✉♥✐♠♦❞✉❧❛r ✐❢ d(L) = ±1✳ ■❢ ▲ ✐s ♥♦♥✲❞❡❣❡♥❡r❛t❡✱ ✐✳❡✳ d(L) 6= 0✱ t❤❡♥
t❤❡ s✐❣♥❛t✉r❡ ♦❢ L ✐s ❛ ♣❛✐r (s+, s−) ♦❢ ✐♥t❡❣❡rs✱ ✇❤❡r❡ s± ❞❡♥♦t❡s t❤❡ ♠✉❧t✐♣❧✐❝✐t② ♦❢ t❤❡
❡✐❣❡♥✈❛❧✉❡ ±1 ❢♦r t❤❡ q✉❛❞r❛t✐❝ ❢♦r♠ ♦♥ L⊗ R❀ L ✐s ❝❛❧❧❡❞ ♣♦s✐t✐✈❡✲❞❡✜♥✐t❡ ✭♥❡❣❛t✐✈❡✲
❞❡✜♥✐t❡✮ ✐❢ t❤❡ q✉❛❞r❛t✐❝ ❢♦r♠ ❛ss♦❝✐❛t❡❞ t♦ b t❛❦❡s ♦♥❧② ♣♦s✐t✐✈❡ ✭♥❡❣❛t✐✈❡✮ ✈❛❧✉❡s✳ ■❢ t❤❡
s✐❣♥❛t✉r❡ ♦❢ t❤❡ ❧❛tt✐❝❡ L ✐s (1, rank(L)− 1)✱ t❤❡♥ L ✐s ❝❛❧❧❡❞ ❤②♣❡r❜♦❧✐❝✳

❲❡ ❞❡✜♥❡ t❤❡ ❞✉❛❧ ♦❢ t❤❡ ❧❛tt✐❝❡ L t♦ ❜❡✿

L∨ = HomZ(L,Z) ∼= {v ∈ L⊗Z Q | b(v, x) ∈ Z ❢♦r ❛❧❧ x ∈ L}.

❚❤❡r❡ ✐s ❛ ♥❛t✉r❛❧ ❡♠❜❡❞❞✐♥❣✱ t❤❡ ❝♦rr❡❧❛t✐♦♥ ♠♦r♣❤✐s♠✱ ♦❢ L ✐♥ L∨ ✈✐❛ c 7→ b(c,−)✳
❚❤❡ ❞✐s❝r✐♠✐♥❛♥t ❣r♦✉♣ ♦❢ ❛ ❧❛tt✐❝❡ L ✐s t❤❡ ❣r♦✉♣ AL = L∨/L✳ ▲❡t A ❜❡ ❛ ✜♥✐t❡ ❛❜❡❧✐❛♥
❣r♦✉♣✳ ❚❤❡ ❧❡♥❣t❤ ♦❢ A✱ l(A)✱ ✐s t❤❡ ♠✐♥✐♠✉♠ ♥✉♠❜❡r ♦❢ ❣❡♥❡r❛t♦r ♦❢ A✳
▲❡t b

′

: A× A −→ Q/Z ❜❡ ❛ s②♠♠❡tr✐❝ ❡✈❡♥ ❜✐❧✐♥❡❛r ❢♦r♠✳ ■t ✐♥❞✉❝❡s ❛ q✉❛❞r❛t✐❝ ❢♦r♠ q
♦♥ t❤❡ ❣r♦✉♣ A s✉❝❤ t❤❛t✿

• q : A −→ Q/2Z✱

• q(na) = n2q(a) ❢♦r ❛❧❧ n ∈ Z ❛♥❞ a ∈ A✳

• q(a+ a
′

)− q(a)− q(a
′

) ≡ 2b(a, a
′

) mod 2✳

▲❡t L ❜❡ ❛ ♥♦♥✲❞❡❣❡♥❡r❛t❡ ❡✈❡♥ ❧❛tt✐❝❡ ✇✐t❤ ❜✐❧✐♥❡❛r ❢♦r♠ b✳ ❚❤❡ Q✲❧✐♥❡❛r ❡①t❡♥s✐♦♥ ♦❢ b
t♦ L∨ ✐s ❛ s②♠♠❡tr✐❝ ❜✐❧✐♥❡❛r ❢♦r♠

L∨ × L∨ −→ Q.

✼
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❚❤✐s ❢♦r♠ ✐♥❞✉❝❡s ❛ s②♠♠❡tr✐❝ ❜✐❧✐♥❡❛r ❢♦r♠ ♦♥ t❤❡ ❞✐s❝r✐♠✐♥❛♥t ❣r♦✉♣ ♦❢ L✱ ♥❛♠❡❧② ✿

bL : L∨/L× L∨/L −→ Q/Z.

▲❡t qL ❜❡ t❤❡ q✉❛❞r❛t✐❝ ❢♦r♠ ❛ss♦❝✐❛t❡❞ t♦ bL ✿

qL : L∨/L −→ Q/2Z.

❲❡ ❝❛❧❧ qL t❤❡ ❞✐s❝r✐♠✐♥❛♥t ❢♦r♠ ♦❢ t❤❡ ❧❛tt✐❝❡ L✳
❲❡ ❞❡♥♦t❡ ❜② L(m) t❤❡ ❧❛tt✐❝❡ ✇❤✐❝❤ ❝♦✐♥❝✐❞❡s ✇✐t❤ L ❛s Z✲♠♦❞✉❧❡ ❛♥❞ ✇✐t❤ ❜✐❧✐♥❡❛r

❢♦r♠ ♠✉❧t✐♣❧✐❡❞ ❜② m ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ❜✐❧✐♥❡❛r ❢♦r♠ ♦❢ L✳ ❇② L⊕k ✇❡ ❞❡♥♦t❡ t❤❡ ❧❛tt✐❝❡
✇✐t❤ ❜✐❧✐♥❡❛r ❢♦r♠ ✇❤✐❝❤ ✐s t❤❡ ♦rt❤♦❣♦♥❛❧ s✉♠ ♦❢ k ❝♦♣✐❡s ♦❢ t❤❡ ❜✐❧✐♥❡❛r ❢♦r♠ b ♦❢ L✳
▲❡t (L, b) ❛♥❞ (M, b) ❜❡ t✇♦ ❧❛tt✐❝❡s s✉❝❤ t❤❛t M ⊂ L✳ ❚❤❡ ❧❛tt✐❝❡ M⊥L ✐s t❤❡ s✉❜❧❛tt✐❝❡
♦❢ L ❣✐✈❡♥ ❜②

M⊥L := {l ∈ L | b(l,m) = 0 ❢♦r ❡❛❝❤ m ∈ M}.

Pr♦♣♦s✐t✐♦♥ ✶✳✶✳✶✳ ✭s❡❡ ❬✷✷✱ ❈❤ ■✱ ▲❡♠♠❛ ✷✳✶❪✮
▲❡t L ❜❡ ❛ ♥♦♥ ❞❡❣❡♥❡r❛t❡ ❧❛tt✐❝❡✱ ❛♥❞ ❧❡t φ : L −→ L∨ ❜❡ t❤❡ ❝♦rr❡❧❛t✐♦♥ ♠♦r♣❤✐s♠ ♦❢ t❤❡
❧❛tt✐❝❡ L✳ ❚❤❡♥ ✇❡ ❤❛✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣✿

• ❚❤❡ ✐♥❞❡① ♦❢ φ(L) ✐♥ L∨ ✐s |d(L)|✳

• ■❢ M ✐s ❛ s✉❜❧❛tt✐❝❡ ♦❢ t❤❡ ❧❛tt✐❝❡ L ✇✐t❤ rank L = rank M✱ t❤❡♥ t❤❡ sq✉❛r❡ ♦❢ t❤❡
✐♥❞❡① ♦❢ M ✐♥ L ✐s✿

[L : M ]2 =

∣

∣

∣

∣

d(M)

d(L)

∣

∣

∣

∣

.

Pr♦♣♦s✐t✐♦♥ ✶✳✶✳✷✳ ✭s❡❡ ❬✶✵✱ ❈♦r♦❧❧❛r② ✶✳✶✸✳✸❪✮
▲❡t L ❜❡ ❛♥ ❡✈❡♥ ❧❛tt✐❝❡ ✇✐t❤ s✐❣♥❛t✉r❡ (s+, s−) ❛♥❞ ❞✐s❝r✐♠✐♥❛♥t ❢♦r♠ qL✳ ■❢ s+ > 0, s− > 0
❛♥❞ l(AL) ≤ rank (L)− 2✱ t❤❡♥ L ✐s t❤❡ ♦♥❧② ❧❛tt✐❝❡ ✇✐t❤ t❤❡s❡ ✐♥✈❛r✐❛♥ts ✉♣ t♦ ✐s♦♠❡tr②✳

❊①❛♠♣❧❡s ✿

✶✮ ❚❤❡ ❧❛tt✐❝❡ U ✐s t❤❡ ✉♥✐q✉❡ r❛♥❦ t✇♦ ✉♥✐♠♦❞✉❧❛r ❧❛tt✐❝❡ ♦❢ s✐❣♥❛t✉r❡ (1, 1)✱ ✇❤♦s❡
●r❛♠ ♠❛tr✐① ✐s✿

(

0 1
1 0

)

.

✷✮ ❚❤❡ ❧❛tt✐❝❡s An, Dk, Ei ❢♦r n ≥ 1, k ≥ 4, i = 6, 7, 8 ❛r❡ t❤❡ ❡✈❡♥✱ ♥❡❣❛t✐✈❡ ❧❛tt✐❝❡s
❛ss♦❝✐❛t❡❞ ✇✐t❤ t❤❡ ❉②♥✐❦✐♥ ❞✐❛❣r❛♠s ♦❢ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ t②♣❡s✳
❚❤❡ ❢♦❧❧♦✇✐♥❣ ❚❛❜❧❡ ✶✳✶ s❤♦✇s t❤❡ ❢♦r♠ ♦❢ ❉②♥❦✐♥ ❞✐❛❣r❛♠s✱ t❤❡ r❛♥❦ ❛♥❞ t❤❡ ❞❡t❡r✲
♠✐♥❛♥t ♦❢ ❡❛❝❤ ❧❛tt✐❝❡✳

❚❤❡ ❧❛tt✐❝❡s An, Dk, Ei ❢♦r n ≥ 1, k ≥ 4, i = 6, 7, 8 ❛r❡ t❤❡ ❡✈❡♥✱ ♥❡❣❛t✐✈❡ ❞❡✜♥✐t❡
❧❛tt✐❝❡s ❛ss♦❝✐❛t❡❞ ✇✐t❤ t❤❡ ❉②♥❦✐♥ ❞✐❛❣r❛♠s ♦❢ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ t②♣❡s✳
❚❤❡ ❢♦❧❧♦✇✐♥❣ ❚❛❜❧❡ ✶✳✶ s❤♦✇s t❤❡ ❢♦r♠ ♦❢ ❉②♥❦✐♥ ❞✐❛❣r❛♠s✱ t❤❡ r❛♥❦ ❛♥❞ t❤❡ ❞❡t❡r♠✐♥❛♥t
♦❢ ❡❛❝❤ ❧❛tt✐❝❡✳



✶✳✶✳ ▲❆❚❚■❈❊❙✳ ✾

♥❛♠❡ r❛♥❦ ❞❡t ❛ss♦❝✐❛t❡❞ ❉②♥❦✐♥ ❞✐❛❣r❛♠

An n n+ 1

Dk k 4

E6 6 3

E7 7 2

E8 8 1

❚❛❜❧❡ ✶✳✶✿ ❉②♥❦✐♥ ❞✐❛❣r❛♠

❚❤❡ ●r❛♠ ♠❛tr✐❝❡s ❛ss♦❝✐❛t❡❞ ✇✐t❤ t❤❡s❡ ❧❛tt✐❝❡s ❛r❡ t❤❡ ❢♦❧❧♦✇✐♥❣✿

An =















−2 1
1 −2 1

✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳

1 −2















, Dk =



























−2 0 1
0 −2 1
1 1 −2 1

1 −2 1
✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳

1 −2 1
1 −2



























E6 =

















−2 1
1 −2 1

1 −2 1
1 −2 1 1

1 −2
1 −2

















, E7 =





















−2 1
1 −2 1

1 −2 1 1
1 −2 1

1 −2 1
1 −2

1 −2























✶✵ ❈❍❆P❚❊❘ ✶✳ P❘❊▲■▼■◆❆❘■❊❙

E8 =

























−2 1
1 −2 1

1 −2 1 1
1 −2 1

1 −2 1
1 −2 1

1 −2
1 −2

























❉❡✜♥✐t✐♦♥ ✶✳✶✳✸✳ ▲❡t p ❜❡ ❛ ♣r✐♠❡ ♥✉♠❜❡r✳ ❆ ❧❛tt✐❝❡ L ✐s ❝❛❧❧❡❞ p✲❡❧❡♠❡♥t❛r② ✐❢ AL ≃
(Z/pZ)a ; a ∈ Z≥0✳

❘❡♠❛r❦ ✶✳✶✳✹✳ ■❢ L ✐s ❛ p✲❡❧❡♠❡♥t❛r② ❧❛tt✐❝❡ ♣r✐♠✐t✐✈❡❧② ❡♠❜❡❞❞❡❞ ✐♥ ❛ ✉♥✐♠♦❞✉❧❛r ❧❛t✲
t✐❝❡ M ❛♥❞ L⊥M ✐s ✐ts ♦rt❤♦❣♦♥❛❧ ❝♦♠♣❧❡♠❡♥t ✐♥ M ✱ t❤❡♥ ✐t ✐s ❦♥♦✇♥ t❤❛t L⊥M ✐s ❛❧s♦
p−❡❧❡♠❡♥t❛r② ❛♥❞ pa = |det(L)| =

∣

∣det(L⊥M )
∣

∣✳

❚❤❡ ❢♦❧❧♦✇✐♥❣ r❡s✉❧t ❝❧❛ss✐✜❡s ❡✈❡♥✱ ✐♥❞❡✜♥✐t❡✱ p✲❡❧❡♠❡♥t❛r② ❧❛tt✐❝❡s ✭s❡❡ ❬✶✾❪✳ s❡❝t✐♦♥
✶✮✳

❚❤❡♦r❡♠ ✶✳✶✳✺✳ ❆♥ ❡✈❡♥✱ ✐♥❞❡✜♥✐t❡✱ p✲❡❧❡♠❡♥t❛r② ❧❛tt✐❝❡ ♦❢ r❛♥❦ r ❢♦r p 6= 2 ❛♥❞ r ≥ 2
✐s ✉♥✐q✉❡❧② ❞❡t❡r♠✐♥❡❞ ❜② t❤❡ ✐♥t❡❣❡r a✳

❋♦r p 6= 2 ❛ ❤②♣❡r❜♦❧✐❝ p✲❡❧❡♠❡♥t❛r② ❧❛tt✐❝❡ ✇✐t❤ ✐♥✈❛r✐❛♥ts a, r ❡①✐sts ✐❢ ❛♥❞ ♦♥❧② ✐❢ t❤❡
❢♦❧❧♦✇✐♥❣ ❝♦♥❞✐t✐♦♥s ❛r❡ s❛t✐s✜❡❞✿ a ≤ r, r ≡ 0 mod 4 ❛♥❞

{

❢♦r a ≡ 0 mod 2 r ≡ 2 mod 4

❢♦r a ≡ 1 mod 2 p ≡ (−1)r/2−1 mod 4.

▼♦r❡♦✈❡r r > a > 0✱ ✐❢ r 6≡ 2 mod 8✳

❊①❛♠♣❧❡ ✶✳✶✳✻✳ ✭❙❡❡ ❬✹✱ ❙❡❝t✐♦♥ ✶❪ ✮

• ■❢ p ≡ 1 mod 4✱ t❤❡♥ t❤❡ ❧❛tt✐❝❡ ❞❡✜♥❡❞ ❜② t❤❡ ❢♦❧❧♦✇✐♥❣ ♠❛tr✐①✿

Hp =

(

−(p+ 1)/2 1
1 −2

)

.

✐s ♥❡❣❛t✐✈❡ ❞❡✜♥✐t❡✱ p✲❡❧❡♠❡♥t❛r② ✇✐t❤ a = 1✳

• ■❢ p ≡ 1 mod 4 t❤❡♥ t❤❡ ❧❛tt✐❝❡ ❣✐✈❡♥ ❜②✿

Hp =

(

(p− 1)/2 1
1 −2

)

.

✐s ❤②♣❡r❜♦❧✐❝✱ p−❡❧❡♠❡♥t❛r② ✇✐t❤ a = 1✳

• ❲❡ r❡t✉r♥ t♦ t❤❡ ❧❛tt✐❝❡s ✐♥ ❚❛❜❧❡ ✶✳✶✳ ❋♦r ❛ ♣r✐♠❡ ♥✉♠❜❡r p t❤❡ Ap−1 ❧❛tt✐❝❡ ✐s ❛
p−❡❧❡♠❡♥t❛r② ❧❛tt✐❝❡ ✇✐t❤ ❧❡♥❣t❤ a = 1✱ ✇❤✐❧❡ t❤❡ A1, D2k, E7 ❛♥❞ E8 ❧❛tt✐❝❡s ❛r❡ ✷✲
❡❧❡♠❡♥t❛r② ❧❛tt✐❝❡s ✇✐t❤ a ❡q✉❛❧ t♦ ✶✱✷✱✶ ❛♥❞ ✵ r❡s♣❡❝t✐✈❡❧②✳ ❖❜s❡r✈❡ ❢♦r ❡①❛♠♣❧❡ t❤❛t
t❤❡ ❧❛tt✐❝❡ A1 ⊕D⊕2

4 ⊕E8 ✐s ❛ ✷✲❡❧❡♠❡♥t❛r② ❧❛tt✐❝❡ ✇✐t❤ ❧❡♥❣t❤ a = 1+2+2+0 = 5✳
❋✐♥❛❧❧②✱ t❤❡ A2 ❛♥❞ E6 ❧❛tt✐❝❡s ✐♥ ❚❛❜❧❡ ✶✳✶ ❛r❡ ✸✲❡❧❡♠❡♥t❛r② ❧❛tt✐❝❡s✳

❘❡♠❛r❦ ✶✳✶✳✼✳ ❆♥ ❡✈❡♥✱ ✐♥❞❡✜♥✐t❡✱ ✷✲❡❧❡♠❡♥t❛r② ❧❛tt✐❝❡ ✐s ❞❡t❡r♠✐♥❡❞ ❜② t❤❡ r❛♥❦ r ❛♥❞
t❤❡ ❧❡♥❣t❤ a ❛♥❞ ❜② ❛ t❤✐r❞ ✐♥✈❛r✐❛♥t δ ∈ {0, 1}✱ s❡❡ ❬✾❪✳



✶✳✷✳ ❑✸ ❙❯❘❋❆❈❊❙ ❆◆❉ ◆❖◆✲❙❨▼P▲❊❈❚■❈ ❆❯❚❖▼❖❘P❍■❙▼❙✳ ✶✶

✶✳✷ ❑✸ s✉r❢❛❝❡s ❛♥❞ ♥♦♥✲s②♠♣❧❡❝t✐❝ ❛✉t♦♠♦r♣❤✐s♠s✳

❍❡r❡ ✇❡ ✐♥tr♦❞✉❝❡ ❜❛s✐❝ ❢❛❝ts ❛❜♦✉t K3 s✉r❢❛❝❡s✱ t❤❡ K3−❧❛tt✐❝❡✱ t❤❡ ◆ér♦♥✲❙❡✈❡r✐ ❣r♦✉♣
❛♥❞ t❤❡ tr❛♥s❝❡♥❞❡♥t❛❧ ❧❛tt✐❝❡✳ ❚❤❡♥ ✇❡ ❞❡✜♥❡ t❤❡ ♥♦♥✲s②♠♣❧❡❝t✐❝ ❛✉t♦♠♦r♣❤✐s♠s ♦❢ ✜♥✐t❡
♦r❞❡r n ♦♥ K3 s✉r❢❛❝❡s ❛♥❞ ✇❡ ❣✐✈❡ t❤❡✐r ♠❛✐♥ ♣r♦♣❡rt✐❡s✳

✶✳✷✳✶ ❑✸ s✉r❢❛❝❡s✳

❉❡✜♥✐t✐♦♥ ✶✳✷✳✶✳ ❆ ❑✸ s✉r❢❛❝❡ ✐s ❛ ❝♦♠♣❛❝t ❝♦♠♣❧❡① s✉r❢❛❝❡ X ✇✐t❤ q = h1,0(X) = 0
❛♥❞ KX ∼ 0✱ ✇❤❡r❡ KX ✐s t❤❡ ❝❛♥♦♥✐❝❛❧ ❞✐✈✐s♦r ♦♥ X ❛♥❞ ∼ ✐s t❤❡ ❧✐♥❡❛r ❡q✉✐✈❛❧❡♥❝❡✳

Pr♦♣♦s✐t✐♦♥ ✶✳✷✳✷✳ ✭s❡❡ ❬✷✷✱ ❈❤ ❱■■■❪✮
❆❧❧ t❤❡ K3 s✉r❢❛❝❡s ❛r❡ ❞✐✛❡♦♠❡♦r♣❤✐❝✳ ▼♦r❡♦✈❡r✱ ✇❡ ❤❛✈❡ t❤❛t✿

• ❚❤❡② ❛r❡ ❛❧❧ s✐♠♣❧② ❝♦♥♥❡❝t❡❞ ❛♥❞ t❤❡✐r ❇❡tt✐ ♥✉♠❜❡rs ❛r❡ b0 = 1, b1 = 0, b2 = 22.

• ❆❧❧ t❤❡ K3 s✉r❢❛❝❡s ❛r❡ ❑ä❤❧❡r s✉r❢❛❝❡s✳

• ❚❤❡ ❍♦❞❣❡ ♥✉♠❜❡rs ♦❢ ❛ K3 s✉r❢❛❝❡ ❛r❡ h2,0 = h0,2 = 1, h1,1 = 20, h1,0 = h0,1 = 0
❛♥❞ t❤❡ ❊✉❧❡r ❝❤❛r❛❝t❡r✐st✐❝ ✐s ✷✹✳

Pr♦♣♦s✐t✐♦♥ ✶✳✷✳✸✳ ▲❡t X ❜❡ ❛ K3 s✉r❢❛❝❡✳ ❚❤❡♥ t❤❡ P✐❝❛r❞ ❛♥❞ t❤❡ ◆ér♦♥✲❙❡✈❡r✐ ❣r♦✉♣
♦❢ X ❝♦✐♥❝✐❞❡ NS(X) ≃ Pic(X)✳

Pr♦♦❢✳ ❋♦r t❤❡ ❝♦♠♣❧❡① s✉r❢❛❝❡ X t❤❡ ❡①♣♦♥❡♥t✐❛❧ s❡q✉❡♥❝❡ ✐♥❞✉❝❡s t❤❡ ❢♦❧❧♦✇✐♥❣ ❡①❛❝t
s❡q✉❡♥❝❡✿

H1(X,Z) → H1(X,OX) → P✐❝(X)
c1→ H2(X,Z).

❙✐♥❝❡ X ✐s ❛ K3 s✉r❢❛❝❡ H1(X,OX) = 0 ❛♥❞ s♦ t❤❡ ♠♦r♣❤✐s♠ c1 ✐s ❛♥ ✐♥❥❡❝t✐✈❡ ♠❛♣✳
❚❤✉s c1(P✐❝(X)) ≃ P✐❝(X)✳ ❚❤✐s ♠❡❛♥s t❤❛t t❤❡ ◆ér♦♥✲❙❡✈❡r✐ ❣r♦✉♣ NS(X)✱ ❞❡✜♥❡❞
❢♦r ❡✈❡r② s✉r❢❛❝❡ S ❛s P✐❝(S)/❦❡r(c1)✱ ❝♦✐♥❝✐❞❡s ✇✐t❤ t❤❡ P✐❝❛r❞ ❣r♦✉♣ P✐❝(X) ✐❢ t❤❡ s✉r❢❛❝❡
✐s ♦❢ t②♣❡ K3✳ ■♥ ♣❛rt✐❝✉❧❛r✱ t❤❡ ❧✐♥❡❛r ❛♥❞ t❤❡ ♥✉♠❡r✐❝❛❧ ❡q✉✐✈❛❧❡♥❝❡ ❝♦✐♥❝✐❞❡✳

❙✐♥❝❡H2(X,Z) ✐s t♦rs✐♦♥ ❢r❡❡ ✐t ✐s ❛ ❧❛tt✐❝❡ ✇✐t❤ t❤❡ ♣❛✐r✐♥❣ ✐♥❞✉❝❡❞ ❜② t❤❡ ❝✉♣ ♣r♦❞✉❝t✱
❛♥❞ ❜② t❤❡ ♣r❡✈✐♦✉s ❡①❛❝t s❡q✉❡♥❝❡ NS(X) ✐s ❛ s✉❜❧❛tt✐❝❡ ♦❢ ✐t✳ ❚❤❡ ♣❛✐r✐♥❣ ♦♥ NS(X)
❝♦✐♥❝✐❞❡s ✇✐t❤ t❤❡ ✐♥t❡rs❡❝t✐♦♥ ❢♦r♠ ♦♥ P✐❝(X)✳

❚❤❡ ♦rt❤♦❣♦♥❛❧ t♦ t❤❡ ❧❛tt✐❝❡ NS(X) ✐♥ H2(X,Z) ✐s t❤❡ tr❛♥s❝❡♥❞❡♥t❛❧ ❧❛tt✐❝❡✳ ❲❡
✇✐❧❧ ❞❡♥♦t❡ ✐t ❜② TX = NS(X)

⊥
H2(X,Z) ✳

▼♦r❡ ♣r❡❝✐s❡❧②✱ t❤❡ ❧❛tt✐❝❡ H2(X,Z) ✇✐t❤ t❤❡ ❝✉♣ ♣r♦❞✉❝t ✐s ❛♥ ❡✈❡♥ ✉♥✐♠♦❞✉❧❛r ❧❛t✲
t✐❝❡ ♦❢ s✐❣♥❛t✉r❡ (3, 19)✳ ❯♣ t♦ ✐s♦♠❡tr✐❡ t❤❡r❡ ❡①✐sts ♦♥❧② ♦♥❡ ❧❛tt✐❝❡ ✇✐t❤ t❤❡s❡ ♣r♦♣❡rt✐❡s
t❤❛t ✐s U⊕3 ⊕ E⊕2

8 (−1). ❙♦ t❤❡ s❡❝♦♥❞ ❝♦❤♦♠♦❧♦❣② ❣r♦✉♣ H2(X,Z) ♦❢ ❛♥② K3 s✉r❢❛❝❡ ✐s
✐s♦♠❡tr✐❝ t♦ t❤❡ K3 ❧❛tt✐❝❡✿

ΛK3 = U ⊕ U ⊕ U ⊕ E8(−1)⊕ E8(−1),

✇❤❡r❡ E8(−1) ❞❡♥♦t❡s t❤❡ ❧❛tt✐❝❡ ✇❤♦s❡ ❡♥tr✐❡s ♦❢ t❤❡ ●r❛♠ ♠❛tr✐① ❛r❡ t❤❡ ♦♣♣♦s✐t❡ ♦❢
t❤♦s❡ ❣✐✈❡♥ ❢♦r t❤❡ E8✲❧❛tt✐❝❡✳
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❘❡♠❛r❦ ✶✳✷✳✹✳ • ❙✐♥❝❡ h2,0(X) = 1✱ t❤❡ ❧❛tt✐❝❡ H2,0(X) ✐s ❣❡♥❡r❛t❡❞ ❜② ❛♥ ❡❧❡♠❡♥t
ωX ❝❛❧❧❡❞ ❛ ♣❡r✐♦❞ ♦❢ t❤❡ K3 s✉r❢❛❝❡ X✳ ■t s❛t✐s✜❡s t❤❡ ❝♦♥❞✐t✐♦♥s 〈ωX , ωX〉 = 0 ❛♥❞
〈ωX , ωX〉 > 0✳

• ❇② t❤❡ ❍♦❞❣❡ ✐♥❞❡① t❤❡♦r❡♠✱ t❤❡ s✐❣♥❛t✉r❡ ♦❢ t❤❡ ◆ér♦♥✲❙❡✈❡r✐ ❣r♦✉♣ ♦❢ ❛♥ ❛❧❣❡❜r❛✐❝
K3 s✉r❢❛❝❡ ✐s (1, ρ−1)✱ ✇❤❡r❡ ρ ✐s t❤❡ P✐❝❛r❞ ♥✉♠❜❡r✱ ✐✳❡✳ t❤❡ r❛♥❦ ♦❢ NS(X)✳ ❚❤❡♥
t❤❡ tr❛♥s❝❡♥❞❡♥t❛❧ ❧❛tt✐❝❡ ♦❢ ❛♥ ❛❧❣❡❜r❛✐❝ K3 s✉r❢❛❝❡ ❤❛s s✐❣♥❛t✉r❡ (2, 20 − ρ)✳ ❲❡
❝❛♥ ✐❞❡♥t✐❢② t❤❡ ◆ér♦♥✲❙❡✈❡r✐ ❣r♦✉♣ ♦❢ ❛ K3 s✉r❢❛❝❡ X ✇✐t❤ t❤❡ s❡t✿

NS(X) ≃ P✐❝(X) = {x ∈ H2(X,Z); 〈x, ωX〉 = 0}.

❋♦r ❡❛❝❤ α ∈ ΛK3 ✇❡ ❞❡♥♦t❡ ✇✐t❤ [α] ∈ P(ΛK3⊗C) t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❧✐♥❡✳ ❚❤❡ ♣❡r✐♦❞
❞♦♠❛✐♥ ♦❢ K3 s✉r❢❛❝❡ ✐s t❤❡ s❡t

Ω = {[ω] ∈ P(ΛK3 ⊗ C) s✉❝❤ t❤❛t 〈ωX , ωX〉 = 0 ❛♥❞ 〈ωX , ωX〉 > 0}.

❲❡ r❡❝❛❧❧ ♥♦✇ t❤❡ ❢♦r♠✉❧❛ ❢♦r t❤❡ ❣❡♥✉s ♦❢ ✐rr❡❞✉❝✐❜❧❡ s♠♦♦t❤ ❝✉r✈❡s ♦♥ s♠♦♦t❤ s✉r❢❛❝❡s✳

▲❡♠♠❛ ✶✳✷✳✺✳ ▲❡t C ❜❡ ❛♥ ✐rr❡❞✉❝✐❜❧❡ s♠♦♦t❤ ❝✉r✈❡ ♦♥ t❤❡ s✉r❢❛❝❡ X✳ ❚❤❡♥ t❤❡ ❣❡♥✉s
♦❢ C ✐s ❣✐✈❡♥ ❜②✿

g(C) = 1 +
1

2
(C2 + C ·KX).

■❢ X ✐s ❛ K3 s✉r❢❛❝❡✱ t❤❡♥ ✇❡ ❤❛✈❡ s❡❡♥ t❤❛t t❤❡ ❝❛♥♦♥✐❝❛❧ ❞✐✈✐s♦r KX ✐s tr✐✈✐❛❧✱ s♦ t❤❛t
✇❡ ❣❡t✿

g(C) = 1 +
1

2
C2.

❈♦♥s✐❞❡r ♥♦✇ t✇♦ ❝✉r✈❡s C,C
′

❛♥❞ ❧❡t f : C −→ C
′

❜❡ ❛ ✜♥✐t❡✱ s❡♣❛r❛❜❧❡ ♠♦r♣❤✐s♠
♦❢ ❞❡❣r❡❡ n✳ ❚❤❡ ❘✐❡♠❛♥♥✲❍✉r✇✐t③ ❢♦r♠✉❧❛ ❞❡s❝r✐❜❡s t❤❡ r❡❧❛t✐♦♥s❤✐♣ ♦❢ t❤❡ ❊✉❧❡r
❝❤❛r❛❝t❡r✐st✐❝s ♦❢ t✇♦ ❝✉r✈❡s ❛♥❞ ❣✐✈❡s ❛ r❡❧❛t✐♦♥ ❜❡t✇❡❡♥ t❤❡✐r ❣❡♥❡r❛s✳

▲❡♠♠❛ ✶✳✷✳✻✳ ✭❙❡❡ ❬✷✸✱ ❈♦r♦❧❧❛r② ✷✳✹❪✮
❲✐t❤ t❤❡ ♣r❡✈✐♦✉s ❤②♣♦t❤❡s✐s ✇❡ ❤❛✈❡ t❤❛t✿

2− 2g(C) = n(2− 2g(C
′

))−
∑

p∈C

(ep − 1), ✭✶✳✷✳✶✮

✇❤❡r❡ ep ✐s t❤❡ r❛♠✐✜❝❛t✐♦♥ ✐♥❞❡① ❛t ❛ r❛♠✐✜❝❛t✐♦♥ ♣♦✐♥t p ∈ C✳

❆♥ ✐s♦♠❡tr② ♦❢ t❤❡ ❧❛tt✐❝❡ H2(X,Z) ✐s ❛ ❍♦❞❣❡ ✐s♦♠❡tr② ✐❢ ✐ts C✲❧✐♥❡❛r ❡①t❡♥s✐♦♥
♣r❡s❡r✈❡s t❤❡ ❍♦❞❣❡ ❞❡❝♦♠♣♦s✐t✐♦♥ ♦❢ H2(X,C)✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ✐❢ X ❛♥❞ Y ❛r❡ K3 s✉r❢❛❝❡s
❛ ❍♦❞❣❡ ✐s♦♠❡tr② i ❜❡t✇❡❡♥ H2(X,Z) ❛♥❞ H2(Y,Z) ✐s ❛♥ ✐s♦♠❡tr② ❜❡t✇❡❡♥ H2(X,Z) ❛♥❞
H2(Y,Z) s✉❝❤ t❤❛t t❤❡ C✲❧✐♥❡❛r ❡①t❡♥s✐♦♥ ♦❢ i ♣r❡s❡r✈❡s t❤❡ ❍♦❞❣❡ ❞❡❝♦♠♣♦s✐t✐♦♥✳

❚❤❡ ♣♦s✐t✐✈❡ ❝♦♥❡ ♦❢X✱ V (X)+✱ ✐s t❤❡ ❝♦♥♥❡❝t❡❞ ❝♦♠♣♦♥❡♥t ♦❢ V (X) = {x ∈ H1,1(X)∩
H2(X,R) s✉❝❤ t❤❛t (x, x) > 0} ❝♦♥t❛✐♥✐♥❣ ❛ ❑ä❤❧❡r ❝❧❛ss ✭t❤✐s ✐♠♣❧✐❡s t❤❛t ✐t ❝♦♥t❛✐♥s ❛❧❧
t❤❡ ❑ä❤❧❡r ❝❧❛ss❡s✮✳ ❆♥ ✐s♦♠❡tr② ❜❡t✇❡❡♥ H2(X,Z) ❛♥❞ H2(Y,Z) ✐s ❝❛❧❧❡❞ ❡✛❡❝t✐✈❡ ✐❢ ✐t
♣r❡s❡r✈❡s t❤❡ ♣♦s✐t✐✈❡ ❝♦♥❡ ❛♥❞ ✐♥❞✉❝❡s ❛ ❜✐❥❡❝t✐♦♥ ❜❡t✇❡❡♥ t❤❡ r❡s♣❡❝t✐✈❡ s❡ts ♦❢ ❡✛❡❝t✐✈❡
❞✐✈✐s♦rs✳

Pr♦♣♦s✐t✐♦♥ ✶✳✷✳✼✳ ▲❡t f : X −→ Y ❜❡ ❛♥ ✐s♦♠♦r♣❤✐s♠ ❜❡t✇❡❡♥ K3 s✉r❢❛❝❡s✳ ❚❤❡♥ f∗ :
H2(Y,Z) −→ H2(X,Z) ✐s ❛♥ ❡✛❡❝t✐✈❡ ❍♦❞❣❡ ✐s♦♠❡tr②✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ❛♥ ❛✉t♦♠♦r♣❤✐s♠ ♦❢
❛ K3 s✉r❢❛❝❡ X ✐♥❞✉❝❡s ❛♥ ❡✛❡❝t✐✈❡ ❍♦❞❣❡ ✐s♦♠❡tr② ♦♥ H2(X,Z)✳
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❚❤❡♦r❡♠ ✶✳✷✳✽✳ ✭ Torelli t❤❡♦r❡♠ ❢♦r K3 s✉r❢❛❝❡s✮ ▲❡t X ❛♥❞ Y ❜❡ t✇♦ K3 s✉r❢❛❝❡s✳
❙✉♣♣♦s❡ t❤❛t t❤❡r❡ ❡①✐sts ❛♥ ❡✛❡❝t✐✈❡ ❍♦❞❣❡ ✐s♦♠❡tr② ϕ : H2(Y,Z) −→ H2(X,Z)✳ ❚❤❡♥
t❤❡r❡ ❡①✐sts ❛ ✉♥✐q✉❡ ✐s♦♠♦r♣❤✐s♠ f : X −→ Y s✉❝❤ t❤❛t ϕ = f∗✳

✶✳✷✳✷ ◆♦♥✲s②♠♣❧❡❝t✐❝ ❛✉t♦♠♦r♣❤✐s♠s✳

▲❡t X ❜❡ ❛ K3 s✉r❢❛❝❡✳ ❘❡❝❛❧❧ ❜② ❘❡♠❛r❦ ✶✳✷✳✹ t❤❛t t❤❡ ✈❡❝t♦r s♣❛❝❡ H2,0(X) ✐s ❣❡♥❡r❛t❡❞
❜② ❛ ♥♦✇❤❡r❡ ✈❛♥✐s❤✐♥❣ ❤♦❧♦♠♦r♣❤✐❝ t✇♦✲❢♦r♠ ωX ✱ ✐✳❡H2,0(X) = CωX ✳ ▲❡t σ ∈ ❆✉t(X) ❜❡
❛♥ ❛✉t♦♠♦r♣❤✐s♠ ♦♥ ❛ K3 s✉r❢❛❝❡ X✳ ❚❤❡ ❛❝t✐♦♥ ♦❢ σ ♦♥ t❤❡ K3✲❧❛tt✐❝❡ σ∗ : H2(X,Z) −→
H2(X,Z) ✐s ❛♥ ❡✛❡❝t✐✈❡ ❍♦❞❣❡ ✐s♦♠❡tr② ✭s❡❡ Pr♦♣♦s✐t✐♦♥ ✶✳✷✳✼✮✳ ❚❤✐s ♠❡❛♥s t❤❛t t❤❡ ❍♦❞❣❡
str✉❝t✉r❡ ♦❢ t❤❡ s✉r❢❛❝❡ X ✐s ♣r❡s❡r✈❡❞ ❜② σ∗ ❛♥❞ s♦ ✇❡ ❤❛✈❡ σ∗(ωX) = λσωX ❢♦r λσ ∈ C∗✳
❚❤❡ Torelli t❤❡♦r❡♠ ❢♦r K3 s✉r❢❛❝❡s ✭s❡❡ ❚❤❡♦r❡♠ ✶✳✷✳✽✮ s❤♦✇s t❤❛t t❤❡ ❛❝t✐♦♥ ♦❢ t❤❡
❛✉t♦♠♦r♣❤✐s♠ σ ✐s ✉♥✐q✉❡❧② ❞❡t❡r♠✐♥❡❞ ❜② σ∗✳

❉❡✜♥✐t✐♦♥ ✶✳✷✳✾✳ ❆ ♥♦♥✲s②♠♣❧❡❝t✐❝ ❛✉t♦♠♦r♣❤✐s♠ ♦❢ ✜♥✐t❡ ♦r❞❡r n ♦♥ ❛ K3 s✉r❢❛❝❡
X ✐s ❛♥ ❛✉t♦♠♦r♣❤✐s♠ σ ∈ ❆✉t(X) t❤❛t s❛t✐s✜❡s σ∗(ωX) = λσωX ✇✐t❤ λσ 6= 1 ✭✐❢ n = 2
✇❡ ❝❛❧❧ σ ❛ ♥♦♥✲s②♠♣❧❡❝t✐❝ ✐♥✈♦❧✉t✐♦♥✮✱ ♦t❤❡r✇✐s❡ ✇❡ ❝❛❧❧ σ s②♠♣❧❡❝t✐❝✳ ▼♦r❡ ♣r❡❝✐s❡❧②✱

✇❡ ❛ss✉♠❡ t❤❛t σ∗(ωX) = ζnωX ✱ ✇❤❡r❡ ζn = e
2πi
n ✐s ❛ ♣r✐♠✐t✐✈❡ nt❤ r♦♦t ♦❢ t❤❡ ✉♥✐t②✳ ❲❡

❝❛❧❧ σ ❛ ♣✉r❡❧② ♥♦♥✲s②♠♣❧❡❝t✐❝ ❛✉t♦♠♦r♣❤✐s♠✳

❘❡♠❛r❦ ✶✳✷✳✶✵✳ ❙✐♥❝❡ ✐♥ t❤✐s t❤❡s✐s ✇❡ ♦♥❧② ✇♦r❦ ✇✐t❤ ♣✉r❡❧② ♥♦♥✲s②♠♣❧❡❝t✐❝ ❛✉t♦♠♦r✲
♣❤✐s♠s✱ ✇❡ ❝❛❧❧ t❤❡♠ ♥♦♥✲s②♠♣❧❡❝t✐❝ ❢♦r s✐♠♣❧✐❝✐t②✳

❚❤✐s t❤❡s✐s ✐s ❞❡✈♦t❡❞ t♦ t❤❡ st✉❞② ♦❢ ♥♦♥✲s②♠♣❧❡❝t✐❝ ❛✉t♦♠♦r♣❤✐s♠s ♦❢ ❡✈❡♥ ♦r❞❡r ♦♥
K3 s✉r❢❛❝❡s ❛♥❞ ❡s♣❡❝✐❛❧❧② t♦ ♥♦♥✲s②♠♣❧❡❝t✐❝ ❛✉t♦♠♦r♣❤✐s♠s ♦❢ ♦r❞❡r ❡✐❣❤t ❛♥❞ s✐①t❡❡♥
✭✐✳❡✳ n = 8, 16 ✐♥ ❉❡✜♥✐t✐♦♥ ✶✳✷✳✾✮✳
❲❡ ❞❡♥♦t❡ ❜② Fix(σ) t❤❡ ✜①❡❞ ❧♦❝✉s ♦❢ t❤❡ ❛✉t♦♠♦r♣❤✐s♠ σ s✉❝❤ t❤❛t✿

❋✐①(σ) = {x ∈ X | σ(x) = x}.

❲❡ ❝❛♥ ✜♥❞ ❡❛s✐❧② t❤❛t ❋✐①(σ) ⊂ ❋✐①(σi) ❢♦r i = 2, 3, . . . , n− 1.
❚❤❡ ✐♥✈❛r✐❛♥t ❧❛tt✐❝❡ ♦❢ σ ✐s ❣✐✈❡♥ ❜②✿

S(σ) = {x ∈ H2(X,Z) | σ∗(x) = x}.

Pr♦♣♦s✐t✐♦♥ ✶✳✷✳✶✶✳ ▲❡t X ❜❡ ❛ K3 s✉r❢❛❝❡ ✇✐t❤ ❛ ♣✉r❡❧② ♥♦♥✲s②♠♣❧❡❝t✐❝ ❛✉t♦♠♦r♣❤✐s♠
σ ♦❢ ✜♥✐t❡ ♦r❞❡r n✳ ❚❤❡♥ rk S(σ) > 0 ❛♥❞ S(σ) ⊆ Pic(X)✳

Pr♦♦❢✳ ❋✐rst✱ ♦❜s❡r✈❡ t❤❛t r❦ S(σ) > 0 s✐♥❝❡ t❤❡r❡ ✐s ❛❧✇❛②s ❛♥ ❛♠♣❧❡ ✐♥✈❛r✐❛♥t ❝❧❛ss ♦♥ X
✭s❡❡ ❬✽✱ ❚❤❡♦r❡♠ ✸✳✶❪✮✳
❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ❧❡t v ∈ S(σ) t❤❡♥ σ(v) = v✱ ♥♦✇ t❤❡ ✐♥t❡rs❡❝t✐♦♥ ♣r♦❞✉❝t ❝❛♥ ❜❡
❡①t❡♥❞❡❞ t♦ H2(X,Z)⊗ C s♦ ✇❡ ❤❛✈❡ ✿

〈v, ωX〉 = 〈σ∗(v), σ∗(ωX)〉 = 〈v, ζnωX〉,

s♦ t❤❛t 〈v, ωX〉 = 0✳ ❇② t❤❡ ❞❡s❝r✐♣t✐♦♥ ♦❢ P✐❝(X) = {ω⊥
X ∩H2(X,Z)} ✭s❡❡ ❘❡♠❛r❦ ✶✳✷✳✹✮

✇❡ ❣❡t t❤❛t v ∈ P✐❝(X) s♦ t❤❛t S(σ) ⊆ P✐❝(X)✳

❘❡♠❛r❦ ✶✳✷✳✶✷✳ ▲❡t ν ❜❡ ❛ ♥♦♥✲s②♠♣❧❡❝t✐❝ ✐♥✈♦❧✉t✐♦♥ ♦♥ X✳ ■♥ t❤❡ ❣❡♥❡r✐❝ ❝❛s❡ ✇❡ ❝❛♥
❛ss✉♠❡ t❤❛t P✐❝(X) = S(ν)✱ ✐✳❡✳ t❤❡ ❛❝t✐♦♥ ♦❢ t❤❡ ✐♥✈♦❧✉t✐♦♥ ν ✐s tr✐✈✐❛❧ ♦♥ P✐❝(X)✳
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❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ❧❡t
T (σ) = S(σ)⊥ ∩H2(X,Z).

❙✐♥❝❡ S(σ) ⊆ P✐❝(X) ✭s❡❡ Pr♦♣♦s✐t✐♦♥ ✶✳✷✳✶✶✮✱ t❤❡ tr❛♥s❝❡♥❞❡♥t❛❧ ❧❛tt✐❝❡ s❛t✐s✜❡s t❤❛t
TX ⊆ T (σ)✳ ❘❡❝❛❧❧ t❤❛t t❤❡ ❛❝t✐♦♥ ♦❢ σ ♦♥ TX ❛♥❞ T (σ) ✐s ❜② ♣r✐♠✐t✐✈❡ r♦♦ts ♦❢ t❤❡ ✉♥✐t②✱
s❡❡ ❬✽✱ ❚❤❡♦r❡♠ ✸✳✶ ✭❝✮❪✱ ♠♦r❡♦✈❡r t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦♣♦s✐t✐♦♥ ❤♦❧❞s✿

Pr♦♣♦s✐t✐♦♥ ✶✳✷✳✶✸✳ ▲❡t σ ❜❡ ❛ ♥♦♥✲s②♠♣❧❡❝t✐❝ ❛✉t♦♠♦r♣❤✐s♠ ♦❢ ❡✈❡♥ ♦r❞❡r n ♦♥ ❛ K3
s✉r❢❛❝❡ X✳ ❚❤❡♥ ❛❧❧ ♦❢ t❤❡ ❡✐❣❡♥✈❛❧✉❡s ♦❢ σ∗ ♦♥ H2(X,Z)⊗C ✭✇❤✐❝❤ ❛r❡ t❤❡ ♣r✐♠✐t✐✈❡ nt❤
r♦♦ts ♦❢ t❤❡ ✉♥✐t②✮ ❤❛✈❡ t❤❡ s❛♠❡ ♠✉❧t✐♣❧✐❝✐t② q✳

Pr♦♦❢✳ ❈♦♥s✐❞❡r t❤❡ r❡str✐❝t✐♦♥ ♦❢ σ∗ t♦ TX ✳ ❇② ❬✽✱ ❚❤❡♦r❡♠ ✸✳✶ ✭❝✮❪ t❤❡ ❡✐❣❡♥✈❛❧✉❡s ❢♦r t❤❡
❛❝t✐♦♥ ♦❢ σ∗ ♦♥ TX ⊗C ❛r❡ ♣r✐♠✐t✐✈❡ nt❤ r♦♦ts ♦❢ ✉♥✐t②✳ ❙✐♥❝❡ σ∗ ✐s ❛♥ ✐s♦♠❡tr② ♦❢ TX ✱ t❤❡
❝❤❛r❛❝t❡r✐st✐❝ ♣♦❧②♥♦♠✐❛❧ P (X) ♦❢ σ∗ ✐s ✐♥ Q[X]✳ ❚❤❡ ♠✐♥✐♠❛❧ ♣♦❧②♥♦♠✐❛❧ ♦❢ ❛ ♣r✐♠✐t✐✈❡
nt❤ r♦♦t ♦❢ ✉♥✐t② ✐s Xn/2 + 1✱ ❤❡♥❝❡ P (X) = (Xn/2 + 1).P (X) ✇❤❡r❡ P (X) ∈ Q[X]✳ ❚❤❡
r♦♦ts ♦❢ P (X) ❛r❡ ❛❣❛✐♥ ♣r✐♠✐t✐✈❡ r♦♦ts ♦❢ ✉♥✐t② ♦❢ ♦r❞❡r n ❜② ❬✽✱ ❚❤❡♦r❡♠ ✸✳✶ ✭❝✮❪✳ ❍❡♥❝❡
♦♥❡ ❝❛♥ ❝♦♥❝❧✉❞❡ t❤❛t P (X) = (Xn/2 + 1)q✱ t❤✐s ♣r♦✈❡s t❤❡ st❛t❡♠❡♥t✳

❘❡♠❛r❦ ✶✳✷✳✶✹✳ ❖❜s❡r✈❡ t❤❛t ✇✐t❤ ❛ ❧✐tt❧❡ ♠♦❞✐✜❝❛t✐♦♥ ✐♥ t❤❡ ♣r♦♦❢ ♦❢ t❤❡ ♣r❡✈✐♦✉s ♣r♦♣♦✲
s✐t✐♦♥ t❤❡ st❛t❡♠❡♥t ❛❧s♦ ❤♦❧❞s ❢♦r ♥♦♥✲s②♠♣❧❡❝t✐❝ ❛✉t♦♠♦r♣❤✐s♠s ✇✐t❤ ♦❞❞ ♦r❞❡r n✳

❚❤❡ ♠♦❞✉❧✐ s♣❛❝❡ ♦❢ K3 s✉r❢❛❝❡s ❝❛rr②✐♥❣ ❛ ♥♦♥✲s②♠♣❧❡❝t✐❝ ❛✉t♦♠♦r♣❤✐s♠ ♦❢ ❡✈❡♥
♦r❞❡r n ✭n 6= 2✮ ✇✐t❤ ❛ ❣✐✈❡♥ ❛❝t✐♦♥ ♦♥ t❤❡ K3 ❧❛tt✐❝❡ ✐s ❦♥♦✇♥ t♦ ❜❡ ❛ ❝♦♠♣❧❡① ❜❛❧❧
q✉♦t✐❡♥t ♦❢ ❞✐♠❡♥s✐♦♥ q − 1 ✇❤❡r❡ q ✐s r❛♥❦ ♦❢ t❤❡ ❡✐❣❡♥s♣❛❝❡ ♦❢ σ∗ ✐♥ H2(X,C) r❡❧❛t✐✈❡

t♦ t❤❡ ❡✐❣❡♥✈❛❧✉❡s ζn = e
2πi
n ✱ s❡❡ ❬✷✺✱ ➓✶✶❪✳ ❚❤❡ ❝♦♠♣❧❡① ❜❛❧❧ ✐s ❣✐✈❡♥ ❜②✿

B = {[w] ∈ P(V ) : (w,w) > 0},

✇❤❡r❡ V ✐s t❤❡ ζn✲❡✐❣❡♥s♣❛❝❡ ♦❢ σ∗ ✐♥ T (σn/2) ⊗ C✳ ❚❤✐s ✐♠♣❧✐❡s t❤❛t t❤❡ P✐❝❛r❞ ❣r♦✉♣
♦❢ ❛ K3 s✉r❢❛❝❡ ❝♦rr❡s♣♦♥❞✐♥❣ t♦ t❤❡ ❣❡♥❡r✐❝ ♣♦✐♥t ♦❢ s✉❝❤ s♣❛❝❡ ❡q✉❛❧s S(σn/2) ✭s❡❡ ❬✷✺✱
❚❤❡♦r❡♠ ✶✶✳✷❪✮✳ ❚❤✐s s❤♦✇s ♠♦r❡ ♣r❡❝✐s❡❧② t❤❡ ❝❛s❡ ✐♥ ❘❡♠❛r❦ ✶✳✷✳✶✷✳

❚❤❡ ❛❝t✐♦♥ ♦❢ t❤❡ ♥♦♥✲s②♠♣❧❡❝t✐❝ ❛✉t♦♠♦r♣❤✐s♠ σ ♦❢ ✜♥✐t❡ ♦r❞❡r n ♦♥ ❛ ♥❡✐❣❤❜♦r❤♦♦❞
♦❢ ❛ ✜①❡❞ ♣♦✐♥t x ∈ X ❝❛♥ ❜❡ ❧♦❝❛❧❧② ❧✐♥❡❛r✐③❡❞ ❛♥❞ ❞✐❛❣♦♥❛❧✐③❡❞ ❛♥❞ s♦ ✐s ❣✐✈❡♥ ❜② ❛
♠❛tr✐① ♦❢ t❤❡ ❢♦r♠✿

Ai,j =

(

ζin 0

0 ζjn

)

❢♦r i = 1, . . . , n ❛♥❞ i+ j ≡ 1 mod n✳
❲❡ ❞✐st✐♥❣✉✐s❤ t✇♦ ❝❛s❡s✿ ✐❢ (i, j) = (1, 0) ✭♦r (i, j) = (0, 1)✮ t❤❡ ♠❛tr✐① A1,0 ✐s

(

ζn 0
0 1

)

❛♥❞ t❤❡♥ t❤❡ ♣♦✐♥t x ❜❡❧♦♥❣s t♦ ❛ s♠♦♦t❤ ✜①❡❞ ❝✉r✈❡ ❢♦r σ ✭❝♦rr❡s♣♦♥❞✐♥❣ t♦ t❤❡ ❡✐❣❡♥✈❛❧✉❡
✶ ✐♥ t❤❡ ♠❛tr✐①✮✳ ❖t❤❡r✇✐s❡✱ ✐❢ i 6= 0, n ✭♦r j 6= 0, n ✮ t❤❡ ♣♦✐♥t x ✐s ❛♥ ✐s♦❧❛t❡❞ ✜①❡❞ ♣♦✐♥t
❜② σ ❛♥❞ ✇❡ s❛② t❤❛t x ✐s ❛ ✜①❡❞ ♣♦✐♥t ♦❢ t②♣❡ P i,j ✳ ❲❡ r❡❝❛❧❧ ♥♦✇ t❤❡ ❢♦❧❧♦✇✐♥❣ ✉s❡❢✉❧
❧❡♠♠❛ ✇❤✐❝❤ ❡①♣❧❛✐♥ ❤♦✇ ✇❡ ❦♥♦✇ t❤❡ t②♣❡ ♦❢ t❤❡ ✜①❡❞ ♣♦✐♥ts ✐♥ ❛ tr❡❡ ♦❢ s♠♦♦t❤ r❛t✐♦♥❛❧
❝✉r✈❡s✳ ❚❤✐s r❡s✉❧t✱ ✇❤✐❝❤ ❣❡♥❡r❛❧✐③❡s t❤❡ ▲❡♠♠❛ ✽✳✶ ✐♥ ❬✶✸❪✱ ✐s ♣r♦✈❡❞ ✐♥ ❬✷❪✳
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❋✐❣✉r❡ ✶✳✶✿ t❤❡ ❛❝t✐♦♥ ♦❢ ❛♥ ✐♥✈♦❧✉t✐♦♥ ♦♥ ❛ tr❡❡ ♦❢ s♠♦♦t❤ r❛t✐♦♥❛❧ ❝✉r✈❡s✳

▲❡♠♠❛ ✶✳✷✳✶✺✳ ▲❡t T =
∑

iRi ❜❡ ❛ tr❡❡ ♦❢ s♠♦♦t❤ r❛t✐♦♥❛❧ ❝✉r✈❡s ♦♥ ❛ K3 s✉r❢❛❝❡ X
s✉❝❤ t❤❛t ❡❛❝❤ Ri ✐s ✐♥✈❛r✐❛♥t ✉♥❞❡r t❤❡ ❛❝t✐♦♥ ♦❢ ❛ ♣✉r❡❧② ♥♦♥✲s②♠♣❧❡❝t✐❝ ❛✉t♦♠♦r♣❤✐s♠
σ ♦❢ ♦r❞❡r n✳ ❚❤❡♥✱ t❤❡ ♣♦✐♥ts ♦❢ ✐♥t❡rs❡❝t✐♦♥ ♦❢ t❤❡ r❛t✐♦♥❛❧ ❝✉r✈❡s Ri ❛r❡ ✜①❡❞ ❜② σ ❛♥❞
t❤❡ ❛❝t✐♦♥ ❛t ♦♥❡ ✜①❡❞ ♣♦✐♥t ❞❡t❡r♠✐♥❡s t❤❡ ❛❝t✐♦♥ ♦♥ t❤❡ ✇❤♦❧❡ tr❡❡✳

❘❡♠❛r❦ ✶✳✷✳✶✻✳ ❚❤❡ ❧♦❝❛❧ ❛❝t✐♦♥ ❛t t❤❡ ✐♥t❡rs❡❝t✐♦♥ ♣♦✐♥ts ♦❢ t❤❡ ❝✉r✈❡s Ri ❛♣♣❡❛r ✐♥ t❤❡
❢♦❧❧♦✇✐♥❣ ♦r❞❡r✿

. . .

(

ζn 0
0 1

)

,

(

ζn−1
n 0
0 ζ2n

)

,

(

ζn−2
n 0
0 ζ3n

)

, . . . ,

(

ζ2n 0
0 ζn−1

n

)

,

(

1 0
0 ζn

)

. . .

Pr❛❝t✐❝❛❧❧②✱ ✇❡ s❡❡ ❜② ▲❡♠♠❛ ✶✳✷✳✶✺ ❛♥❞ ❘❡♠❛r❦ ✶✳✷✳✶✻ t❤❛t✿ ❢♦r n = 2 t❤❡ ✜①❡❞ ❧♦❝✉s ♦❢ ❛
♥♦♥✲s②♠♣❧❡❝t✐❝ ✐♥✈♦❧✉t✐♦♥ ν ❞♦❡s ♥♦t ❝♦♥t❛✐♥ ✐s♦❧❛t❡❞ ♣♦✐♥t ✭s✐♥❝❡ t❤❡ ❧♦❝❛❧ ❛❝t✐♦♥ ♦❢ ν ❛t ❛

✜①❡❞ ♣♦✐♥t ✐s ♦❢ t②♣❡

(

1 0
0 −1

)

✮✳ ❙♦ t❤❛t ❢♦r ❛ tr❡❡ ♦❢ s♠♦♦t❤ r❛t✐♦♥❛❧ ❝✉r✈❡s✱ ❡❛❝❤ ❝✉r✈❡

✐s ♣r❡s❡r✈❡❞ ❜② ν✱ ✇❡ ❤❛✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣✳ ❆ ❝✉r✈❡ ❜❡t✇❡❡♥ t✇♦ ✐♥✈❛r✐❛♥t ✭♥♦t ♣♦✐♥t✇✐s❡
✜①❡❞✮ ❝✉r✈❡s ✐s ✜①❡❞ ❜② ν ♣♦✐♥t✇✐s❡❧②✱ ✇❤✐❧❡ t❤❡ ❝✉r✈❡ ✇❤✐❝❤ ✐♥t❡rs❡❝ts t✇♦ ♣♦✐♥t✇✐s❡ ✜①❡❞
❝✉r✈❡s ✐s ❥✉st ✐♥✈❛r✐❛♥t ❜② ν ✇✐t❤ t✇♦ ✜①❡❞ ♣♦✐♥ts ♦♥ ✐t ✭t❤❡ ✐♥t❡rs❡❝t✐♦♥ ♣♦✐♥ts ✇✐t❤ t❤❡
t✇♦ ✜①❡❞ ❝✉r✈❡s✮✳
❋✐❣✉r❡ ✶✳✶ s❤♦✇s t❤❡ s✐t✉❛t✐♦♥ ❢♦r ❛ tr❡❡ ♦❢ s❡✈❡♥ s♠♦♦t❤ r❛t✐♦♥❛❧ ❝✉r✈❡s✳ ❲❡ ❞❡♥♦t❡ t❤❡
✐♥✈❛r✐❛♥t ❝✉r✈❡ ✭♥♦t ♣♦✐♥t✇✐s❡ ✜①❡❞✮ ✇✐t❤ ❛ ❞♦tt❡❞ ❧✐♥❡✳
◆♦♥✲s②♠♣❧❡❝t✐❝ ✐♥✈♦❧✉t✐♦♥s✳
❆s ✇❡ ❤❛✈❡ s❡❡♥ ♣r❡✈✐♦✉s❧② t❤❡ ✜①❡❞ ❧♦❝✉s ❢♦r ❛♥② ♥♦♥✲s②♠♣❧❡❝t✐❝ ❛✉t♦♠♦r♣❤✐s♠ σ ♦❢
❡✈❡♥ ♦r❞❡r n ≥ 2 ♦♥ ❛ K3 s✉r❢❛❝❡ X✱ ✐s ❛ s✉❜s❡t ♦❢ t❤❡ ✜①❡❞ ❧♦❝✉s ♦❢ t❤❡ ✐♥✈♦❧✉t✐♦♥
ν := σn/2✳ ❙♦ t❤❛t ✐t ✐s ✈❡r② ✉s❡❢✉❧ t♦ ❜r✐❡✢② r❡❝❛❧❧ t❤❡ ❝❧❛ss✐✜❝❛t✐♦♥ t❤❡♦r❡♠ ❢♦r ♥♦♥✲
s②♠♣❧❡❝t✐❝ ✐♥✈♦❧✉t✐♦♥ ♦♥ K3 s✉r❢❛❝❡s ✭s❡❡ ❬✹✱ §2❪✮ ✇❤✐❝❤ ✇❛s ❣✐✈❡♥ ❜② ◆✐❦✉❧✐♥ ✐♥ ❬✾✱ §4❪ ❛♥❞
❬✶✶✱ §4❪✳

❚❤❡ ❋✐①❡❞ ❧♦❝✉s ❋✐①(ν) ✐s t❤❡ ❞✐s❥♦✐♥t ✉♥✐♦♥ ♦❢ s♠♦♦t❤ ❝✉r✈❡s ❛♥❞ t❤❡r❡ ❛r❡ ♥♦ ✐s♦✲
❧❛t❡❞ ✜①❡❞ ♣♦✐♥ts✳ ❚❤❡ ❧❛tt✐❝❡ S(ν) ✐s ✷✲❡❧❡♠❡♥t❛r② ✭✐✳❡✳ ✐ts ❞✐s❝r✐♠✐♥❛♥t ❣r♦✉♣ AS(ν) =
S(ν)∨/S(ν) ≃ (Z/2Z)⊕a✮ t❤✉s✱ ❛❝❝♦r❞✐♥❣ t♦ ❚❤❡♦r❡♠ ✶✳✶✳✺ ❛♥❞ ❘❡♠❛r❦ ✶✳✶✳✼✱ ✐ts ✐s♦♠❡tr②
❝❧❛ss ✐s ❞❡t❡r♠✐♥❡❞ ❜② t❤❡ ✐♥✈❛r✐❛♥ts r = r❦ S(ν) = r❦ P✐❝(X)✱ t❤❡ ❧❡♥❣t❤ a ❛♥❞ δ ✭✇❤❡r❡
✇❡ ✐♥tr♦❞✉❝❡ t❤❡ ✐♥✈❛r✐❛♥t δ ♦❢ S(ν) ❜② ♣✉tt✐♥❣ δ = 0 ✐❢ x2 ∈ Z ❢♦r ❛♥② x ∈ AS(ν) ❛♥❞
δ = 1 ♦t❤❡r✇✐s❡✮✳

❚❤❡♦r❡♠ ✶✳✷✳✶✼✳ ❬✾✱ ❚❤❡♦r❡♠ ✹✳✷✳✷❪
❚❤❡ ✜①❡❞ ❧♦❝✉s ♦❢ ❛ ♥♦♥✲s②♠♣❧❡❝t✐❝ ✐♥✈♦❧✉t✐♦♥ ♦♥ ❛ K3 s✉r❢❛❝❡ ✐s
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❋✐❣✉r❡ ✶✳✷✿ ◆♦♥✲s②♠♣❧❡❝t✐❝ ✐♥✈♦❧✉t✐♦♥s

• ❡♠♣t② ✐❢ r = 10, a = 10 ❛♥❞ δ = 0✱

• t❤❡ ❞✐s❥♦✐♥t ✉♥✐♦♥ ♦❢ t✇♦ ❡❧❧✐♣t✐❝ ❝✉r✈❡s ✐❢ r = 10, a = 8 ❛♥❞ δ = 0✱

• t❤❡ ❞✐s❥♦✐♥t ✉♥✐♦♥ ♦❢ ❛ ❝✉r✈❡ ♦❢ ❣❡♥✉s g ❛♥❞ k r❛t✐♦♥❛❧ ❝✉r✈❡s ♦t❤❡r✇✐s❡✱ ✇❤❡r❡

g = (22− r − a)/2, k = (r − a)/2.

❋✐❣✉r❡ ✶✳✷ s❤♦✇s ❛❧❧ t❤❡ ✈❛❧✉❡s ♦❢ t❤❡ tr✐♣❧❡ (r, a, δ) ✇❤✐❝❤ ❛r❡ ❛❝❤✐❡✈❡❞ ❛♥❞ t❤❡ ❝♦rr❡✲
s♣♦♥❞✐♥❣ ✐♥✈❛r✐❛♥ts (g, k) ♦❢ t❤❡ ✜①❡❞ ❧♦❝✉s✳

✶✳✸ ❊❧❧✐♣t✐❝ ✜❜r❛t✐♦♥s✳

❉❡✜♥✐t✐♦♥ ✶✳✸✳✶✳ ▲❡t X ❜❡ ❛ ❝♦♠♣❧❡① s✉r❢❛❝❡✳ ❆ ❣❡♥✉s ♦♥❡ ❝✉r✈❡ ✜❜r❛t✐♦♥ ✐s ❛
❤♦❧♦♠♦r♣❤✐❝ ♠❛♣ f : X −→ B t♦ ❛ s♠♦♦t❤ ❝✉r✈❡ B s✉❝❤ t❤❛t t❤❡ ❣❡♥❡r✐❝ ✜❜❡r ✐s ❛
s♠♦♦t❤ ❝♦♥♥❡❝t❡❞ ❝✉r✈❡ ♦❢ ❣❡♥✉s ♦♥❡✳ ❆♥ ❡❧❧✐♣t✐❝ ✜❜r❛t✐♦♥ ✐s ❛ ❣❡♥✉s ♦♥❡ ❝✉r✈❡ ✜❜r❛t✐♦♥
❛❞♠✐tt✐♥❣ ❛ s❡❝t✐♦♥ s : B −→ X✳ ❚❤❡ s✉r❢❛❝❡ X ✐s ❝❛❧❧❡❞ ❛♥ ❡❧❧✐♣t✐❝ s✉r❢❛❝❡✳ ❲❡ ❝❛❧❧ Fv

t❤❡ ✜❜❡r f−1(v) ♦✈❡r ❛ ♣♦✐♥t v ∈ B✳
❚❤❡ ▼♦r❞❡❧❧ ❲❡✐❧ ❣r♦✉♣ ✐s t❤❡ ❣r♦✉♣ ♦❢ t❤❡ s❡❝t✐♦♥s ♦❢ t❤❡ ❡❧❧✐♣t✐❝ ✜❜r❛t✐♦♥✳ ❚❤❡ ▼♦r❞❡❧❧
❲❡✐❧ ❣r♦✉♣ ✐s ✐♥❞✐❝❛t❡❞ ✇✐t❤ MW (X)✳

❚❤❡ ③❡r♦ s❡❝t✐♦♥ ♦❢ ❛♥ ❡❧❧✐♣t✐❝ ✜❜r❛t✐♦♥ ✐s ❛ ❝❤♦s❡♥ s❡❝t✐♦♥ s : B −→ X ❛♥❞ ✇❡
✐❞❡♥t✐❢② t❤❡ ♠❛♣ s ✇✐t❤ t❤❡ ❝✉r✈❡ s(B✮ ♦♥ X✳ ❚❤❡ ♣♦✐♥t ♦❢ ✐♥t❡rs❡❝t✐♦♥ ❜❡t✇❡❡♥ t❤❡ ③❡r♦
s❡❝t✐♦♥ ❛♥❞ ❛ ✜❜❡r ✐s t❤❡ ③❡r♦ ♦❢ t❤❡ ❣r♦✉♣ ❧❛✇ ♦♥ t❤❡ ✜❜❡r✳

❋♦r K3 s✉r❢❛❝❡s ✇❡ ❤❛✈❡ t❤❛t B = P1 ✭s❡❡ ❬✶✼❪✮ ❛♥❞ t❤❡ ✜❜r❛t✐♦♥ ❛❞♠✐ts ❛ ❲❡✐❡rstr❛ss
❢♦r♠✿

y2 = x3 + α(t)x+ β(t), ✭✶✳✸✳✶✮
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✇❤❡r❡ α(t) ❛♥❞ β(t) ❛r❡ t✇♦ ♣♦❧②♥♦♠✐❛❧s ✇✐t❤ ❝♦♠♣❧❡① ❝♦❡✣❝✐❡♥ts s✉❝❤ t❤❛t ❞❡❣ α(t) = 8
❛♥❞ ❞❡❣ β(t) = 12✳
❚❤❡ ❞✐s❝r✐♠✐♥❛♥t ♦❢ t❤❡ ✜❜r❛t✐♦♥ ✐s ❛ ❞❡❣r❡❡ ✷✹ ♣♦❧②♥♦♠✐❛❧✿

∆(t) = 4α(t)3 + 27β(t)2. ✭✶✳✸✳✷✮

❚❤❡ ❡q✉❛t✐♦♥ ✶✳✸✳✶ ✐s ❛ss♦❝✐❛t❡❞ ✇✐t❤ ❛♥ ❡❧❧✐♣t✐❝ ✜❜r❛t✐♦♥ ✐❢ ❛♥❞ ♦♥❧② ✐❢ ∆(t) ❞♦❡s ♥♦t ✈❛♥✐s❤
✐❞❡♥t✐❝❛❧❧②✳

❊❛❝❤ r♦♦t ♦❢ ∆(t) ❝♦rr❡s♣♦♥❞s t♦ ❛ ♣♦✐♥t p ♦❢ t❤❡ ❜❛s❡ P1 s✉❝❤ t❤❛t Fp ✐s ❛ s✐♥❣✉❧❛r
✜❜❡r ♦❢ t❤❡ ✜❜r❛t✐♦♥✳ ❚❤❡r❡ ❛r❡ ❛t ♠♦st ✜♥✐t❡❧② ♠❛♥② s✐♥❣✉❧❛r ✜❜❡rs✳ ▲❡t δ ❜❡ t❤❡ ♦r❞❡r
♦❢ ✈❛♥✐s❤✐♥❣ ♦❢ ∆ ✐♥ t❤❡ ♣♦✐♥t ❝♦rr❡s♣♦♥❞✐♥❣ t♦ t❤❡ s✐♥❣✉❧❛r ✜❜❡r✱ ❜② ❑♦❞❛✐r❛ ❝❧❛ss✐✜❝❛t✐♦♥
t❤❡ ♣♦ss✐❜❧❡ s✐♥❣✉❧❛r ✜❜❡rs ❛r❡✿

♥❛♠❡
Dynkin

diagrams ❞❡s❝r✐♣t✐♦♥ δ

II ❛ ❝✉s♣✐❞❛❧ r❛t✐♦♥❛❧ ❝✉r✈❡ ✷
I1 ♥♦❞❛❧ r❛t✐♦♥❛❧ ❝✉r✈❡ ✶
I2 A1 t✇♦ r❛t✐♦♥❛❧ ❝✉r✈❡s ♠❡❡t✐♥❣ tr❛♥s✈❡rs❛❧❧② ❛t t✇♦ ♣♦✐♥ts ✷

In, n ≥ 3 Ãn n

I∗n, n > 0 D̃k+4 n+ 6

III t✇♦ r❛t✐♦♥❛❧ ❝✉r✈❡s ♠❡❡t✐♥❣ ✐♥ ❛ ♣♦✐♥t ♦❢ ♦r❞❡r ✷ ✸
IV t❤r❡❡ r❛t✐♦♥❛❧ ❝✉r✈❡s ❛❧❧ ♠❡❡t✐♥❣ ❛t ♦♥❡ ♣♦✐♥t ✹

IV ∗ Ẽ6 ✽

III∗ Ẽ7 ✾

II∗ Ẽ8 ✶✵

❚❛❜❧❡ ✶✳✷✿ ❑♦❞❛✐r❛ ❝❧❛ss✐✜❝❛t✐♦♥

❚❤❡ ❊✉❧❡r ❝❤❛r❛❝t❡r✐st✐❝ ♦❢ t❤❡ s✐♥❣✉❧❛r ✜❜❡rs ❛r❡

e(In) = n, e(II) = 2, e(III) = 3, e(IV ) = 3,
e(I∗n) = n+ 6, e(II∗) = 10, e(III∗) = 9, e(IV ∗) = 8,

✇❤❡r❡ Θ0 ✐s t❤❡ ❝♦♠♣♦♥❡♥t ♦❢ ❛ ✜❜❡r ♠❡❡t✐♥❣ t❤❡ ③❡r♦ s❡❝t✐♦♥✳ ❚❤❡ ✜rst ❝♦❧✉♠♥ ✐♥ t❤❡
❚❛❜❧❡ ✶✳✷ ❝♦♥t❛✐♥s t❤❡ ♥❛♠❡ ♦❢ t❤❡ r❡❞✉❝✐❜❧❡ ✜❜❡r ❛❝❝♦r❞✐♥❣ t♦ ❑♦❞❛✐r❛ ❝❧❛ss✐✜❝❛t✐♦♥✱ t❤❡
s❡❝♦♥❞ t❤❡ ❉②♥❦✐♥ ❞✐❛❣r❛♠ ❛ss♦❝✐❛t❡❞ t♦ t❤❡ ✜❜❡r✱ t❤❡ ❧❛st ❝♦❧✉♠♥ ❝♦♥t❛✐♥s t❤❡ ♦r❞❡r ♦❢
✈❛♥✐s❤✐♥❣ ♦❢ ∆ ✐♥ t❤❡ ♣♦✐♥t ❝♦rr❡s♣♦♥❞✐♥❣ t♦ t❤❡ s✐♥❣✉❧❛r ✜❜❡r✳

❘❡♠❛r❦ ✶✳✸✳✷✳ ▲❡t F#
v ❜❡ t❤❡ s✉❜s❡t ♦❢ t❤❡ ✜❜❡r Fv ♦❜t❛✐♥❡❞ ❜② ❞❡❧❡t✐♥❣ t❤❡ s✐♥❣✉❧❛r

♣♦✐♥ts ♦❢ t❤❡ ✜❜❡r✱ ❛♥❞ ❧❡t F#
v,0 ❜❡ t❤❡ s✉❜s❡t ♦❢ F#

v ♦❜t❛✐♥❡❞ ❜② ❞❡❧❡t✐♥❣ t❤❡ ❝♦♠♣♦♥❡♥t

♠❡❡t✐♥❣ t❤❡ ③❡r♦ s❡❝t✐♦♥✳ ❚❤❡♥ F#
v ✐s ❛♥ ❆❜❡❧✐❛♥ ❣r♦✉♣✱ ✇✐t❤ t❤❡ ♦♣❡r❛t✐♦♥ ✐♥❞✉❝❡❞ ❜② t❤❡
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♦♣❡r❛t✐♦♥ ♦❢ t❤❡ ▼♦r❞❡❧❧ ❲❡✐❧ ❣r♦✉♣✳ ❋♦r ❡❛❝❤ t②♣❡ ♦❢ ✜❜❡r ✇❡ ❞❡s❝r✐❜❡ ❤❡r❡ t❤❡ ❣r♦✉♣s F#
v,0

❛♥❞ F#
v /F#

v,0 ❛♥❞ s♦ t❤❡ ❣r♦✉♣ F#
v ✳

❋✐❜❡r F#
v,0 F#

v /F#
v,0

I0 ❡❧❧✐♣t✐❝ 0
In, n ≥ 1 C∗ Z/nZ

I∗n C

{

Z/2Z× Z/2Z if n iseven
Z/4Z if n isodd

II, II∗ C 0
III, III∗ C Z/2Z
IV, IV ∗ C Z/3Z

■♥ ♣❛rt✐❝✉❧❛r t❤✐s ❣✐✈❡s str✐❝t ❝♦♥❞✐t✐♦♥s ♦♥ t❤❡ ❛✉t♦♠♦r♣❤✐s♠ ❣r♦✉♣ ♦❢ ❛♥ ❡❧❧✐♣t✐❝ ✜❜r❛t✐♦♥
✇✐t❤ ❛ r❡❞✉❝✐❜❧❡ ✜❜❡r✱ ❜❡❝❛✉s❡ ❛♥ ❛✉t♦♠♦r♣❤✐s♠ ♦❢ ❛ r❡❞✉❝✐❜❧❡ ✜❜❡r ❤❛s t♦ ❜❡ ❝♦♠♣❛t✐❜❧❡
✇✐t❤ t❤❡ ❣r♦✉♣ str✉❝t✉r❡ ♦❢ t❤❡ ✜❜❡r✳

❆ s✐♠♣❧❡ ❝♦♠♣♦♥❡♥t ♦❢ ❛ ✜❜❡r ✐s ❛ ❝♦♠♣♦♥❡♥t ✇✐t❤ ♠✉❧t✐♣❧✐❝✐t② ♦♥❡✳ ■♥ t❤❡ ❢♦❧❧♦✇✐♥❣
t❛❜❧❡ ✇❡ ❞❡s❝r✐❜❡ t❤❡ s✐♥❣✉❧❛r ✜❜❡rs ♦❢ ❛♥ ❡❧❧✐♣t✐❝❡ ✜❜r❛t✐♦♥ ✇✐t❤ t❤❡ ♠✉❧t✐♣❧✐❝✐t✐❡s ♦❢ t❤❡
✈❡rt✐❝❡s ♦❢ t❤❡ ❡①t❡♥❞❡❞ ❉②♥❦✐♥ ❞✐❛❣r❛♠s✱ ❛♥❞ ✇❡ ✐♥❞✐❝❛t❡ t❤❡ s✐♠♣❧❡ ❝♦♠♣♦♥❡♥ts✳

♥❛♠❡ s✐♠♣❧❡ ❝♦♠♣♦♥❡♥ts ❛ss♦❝✐❛t❡❞ ❉②♥❦✐♥ ❞✐❛❣r❛♠

Ãn Θi, i = 0, . . . , n− 1

D̃k+4 Θi, i = 0, 1, k + 3, k + 4

Ẽ6 Θi, i = 0, 4, 6

Ẽ7 Θi, i = 0, 7

Ẽ8 Θ7

❚❛❜❧❡ ✶✳✸✿ ❉②♥❦✐♥ ❞✐❛❣r❛♠s ✇✐t❤ t❤❡ ♠✉❧t✐♣❧✐❝✐t✐❡s ♦❢ t❤❡ ❝♦♠♣♦♥❡♥ts

❚❤❡ ◆ér♦♥✲❙❡✈❡r✐ ❣r♦✉♣ ♦❢ ❛ s✉r❢❛❝❡ ❛❞♠✐tt✐♥❣ ❛♥ ❡❧❧✐♣t✐❝ ✜❜r❛t✐♦♥ ❝♦♥t❛✐♥s t❤❡ ❝❧❛ss
♦❢ ❛ ✜❜❡r F ✭❛❧❧ t❤❡ ✜❜❡rs ❛r❡ ❛❧❣❡❜r❛✐❝❛❧❧② ❡q✉✐✈❛❧❡♥t✮ ❛♥❞ t❤❡ ❝❧❛ss ♦❢ t❤❡ ③❡r♦ s❡❝t✐♦♥ s✳
❙✐♥❝❡ t❤❡ ✜❜❡rs ❛r❡ ❛❧❧ ❛❧❣❡❜r❛✐❝❛❧❧② ❡q✉✐✈❛❧❡♥t F · F = 0✳ ❚❤❡ ③❡r♦ s❡❝t✐♦♥ ✐♥t❡rs❡❝ts ❛♥②
✜❜❡r ✐♥ ♦♥❡ ♣♦✐♥t✱ s♦ t❤❛t F · s = 1✳
❚❤❡ s❡❝t✐♦♥s ♦❢ ❛♥ ❡❧❧✐♣t✐❝ ✜❜r❛t✐♦♥ ♦♥ K3 s✉r❢❛❝❡s ❛r❡ r❛t✐♦♥❛❧ ❝✉r✈❡s ❛♥❞ t❤✐s ✐♠♣❧✐❡s t❤❛t
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t❤❡✐r s❡❧❢✲✐♥t❡rs❡❝t✐♦♥ ✐s ✲✷✳ ▼♦r❡♦✈❡r✱ ✐❢ X ✐s ❛ K3 s✉r❢❛❝❡ ❛❞♠✐ts ❛♥ ❡❧❧✐♣t✐❝ ✜❜r❛t✐♦♥✱ t❤❡♥
t❤❡r❡ ✐s ❛♥ ❡♠❜❡❞❞✐♥❣ ♦❢ Ū ✐♥ NS(X)✱ ✇❤❡r❡ Ū ✐s t❤❡ t✇♦ ❞✐♠❡♥s✐♦♥❛❧ ❧❛tt✐❝❡

Ū =

{

Z2,

[

0 1
1 −2

] }

.

❖❜s❡r✈❡ t❤❛t t❤❡ ❧❛tt✐❝❡ Ū ✐s ✐s♦♠❡tr✐❝ t♦ t❤❡ ❤②♣❡r❜♦❧✐❝ ♣❧❛♥❡ U ✳

❲❡ r❡❝❛❧❧ ♥♦✇ t❤❡ ❙❤✐♦❞❛✲❚❛t❡ ❢♦r♠✉❧❛ ✭s❡❡ ❬✷✵✱ ❙❡❝t✐♦♥ ✼❪✮✿ ▲❡t Re❞ ❜❡ t❤❡ s❡t
Red = {v ∈ P1|Fv is reducible}✳ ▲❡t ρ ❜❡ t❤❡ P✐❝❛r❞ ♥✉♠❜❡r ♦❢ t❤❡ s✉r❢❛❝❡ X ❛♥❞ mv ✐s
t❤❡ ♥✉♠❜❡r ♦❢ ✐rr❡❞✉❝✐❜❧❡ ❝♦♠♣♦♥❡♥ts ♦❢ t❤❡ ✜❜❡r Fv✳ ❚❤❡♥

ρ(X) = r❦ NS(X) = r❦ MW (X) + 2 +
∑

v∈Red

(mv − 1).

❚❤❡ ◆ér♦♥✲❙❡✈❡r✐ ❧❛tt✐❝❡ ♦❢ X ✐s ❣❡♥❡r❛t❡❞ ♦✈❡r Q ❜② F ✱ ❜② t❤❡ ❝❧❛ss❡s ♦❢ ✐rr❡❞✉❝✐❜❧❡
❝♦♠♣♦♥❡♥ts ♦❢ t❤❡ r❡❞✉❝✐❜❧❡ ✜❜❡r✱ ✇❤✐❝❤ ❞♦ ♥♦t ✐♥t❡rs❡❝t t❤❡ ③❡r♦ s❡❝t✐♦♥ ❛♥❞ ❜② t❤❡
s❡❝t✐♦♥s✳

❉❡✜♥✐t✐♦♥ ✶✳✸✳✸✳ ❚❤❡ tr✐✈✐❛❧ ❧❛tt✐❝❡ TrX ♦❢ ❛♥ ❡❧❧✐♣t✐❝ ✜❜r❛t✐♦♥ ♦♥ ❛ s✉r❢❛❝❡ ✐s t❤❡
❧❛tt✐❝❡ ❣❡♥❡r❛t❡❞ ❜② t❤❡ ❝❧❛ss ♦❢ t❤❡ ✜❜❡r✱ t❤❡ ❝❧❛ss ♦❢ t❤❡ ③❡r♦ s❡❝t✐♦♥ ❛♥❞ t❤❡ ✐rr❡❞✉❝✐❜❧❡
❝❧❛ss❡s ♦❢ t❤❡ r❡❞✉❝✐❜❧❡ ✜❜❡rs ✇❤✐❝❤ ❞♦ ♥♦t ✐♥t❡rs❡❝t t❤❡ ③❡r♦ s❡❝t✐♦♥✳

❘❡♠❛r❦ ✶✳✸✳✹✳ ❚❤❡ ❧❛tt✐❝❡ TrX ❛❞♠✐ts Ū ❛s s✉❜❧❛tt✐❝❡ ❛♥❞ ✐ts r❛♥❦ ✐s

r❦ TX = 2 +
∑

v∈Red

(mv − 1).

❲❡ r❡❝❛❧❧ ❛♥♦t❤❡r ✐♠♣♦rt❛♥t t❤❡♦r❡♠ ✇❤✐❝❤ ✐s ❣✐✈❡♥ ✐♥ ❬✷✵✱ ❚❤❡♦r❡♠ ✶✳✸❪✳

❚❤❡♦r❡♠ ✶✳✸✳✺✳ ❚❤❡ ▼♦r❞❡❧❧ ❲❡✐❧ ❣r♦✉♣ MW (X) ♦❢ t❤❡ ❡❧❧✐♣t✐❝ ✜❜r❛t✐♦♥ ♦♥ t❤❡ s✉r❢❛❝❡
X ✐s ✐s♦♠♦r♣❤✐❝ t♦ t❤❡ q✉♦t✐❡♥t NS(X)/TrX ✳

❆ss✉♠❡ f : X −→ P1 ❛❞♠✐ts ❛♥ n−t♦rs✐♦♥ s❡❝t✐♦♥ s̄✳ ■❢ X ✐s K3 s✉r❢❛❝❡✱ t❤❡ s❡❝t✐♦♥
s ✐♥❞✉❝❡s ❛♥ ❛✉t♦♠♦r♣❤✐s♠ ♦❢ t❤❡ s❛♠❡ ♦r❞❡r ♦♥ X✱ ❞❡✜♥❡❞ ❛s t❤❡ ✐❞❡♥t✐t② ♦♥ t❤❡ ❜❛s❡
♦❢ t❤❡ ✜❜r❛t✐♦♥ ❛♥❞ ❛s ❛ tr❛♥s❧❛t✐♦♥ ❜② t❤❡ s❡❝t✐♦♥ ♦♥ ❡❛❝❤ ✜❜❡r✳ ❚❤✐s ❛✉t♦♠♦r♣❤✐s♠ ✐s
❛ s②♠♣❧❡❝t✐❝ ❛✉t♦♠♦r♣❤✐s♠✳ ■♥ ❢❛❝t✱ t❤❡ ♥♦✇❤❡r❡ ✈❛♥✐s❤✐♥❣ ❤♦❧♦♠♦r♣❤✐❝ t✇♦ ❢♦r♠ ♦❢ ❛♥
❡❧❧✐♣t✐❝ K3 s✉r❢❛❝❡ X ✐s ❧♦❝❛❧❧② ❣✐✈❡♥ ❜② f(τ)(dx/y)∧dτ ✱ ✇❤❡r❡ f(τ) ✐s ❛ ♥♦✇❤❡r❡ ✈❛♥✐s❤✐♥❣
❤♦❧♦♠♦r♣❤✐❝ ❢✉♥❝t✐♦♥✳ ▲❡t dz = dx/y✳ ❚❤❡♥ dz ✐s ❛ ❤♦❧♦♠♦r♣❤✐❝ ❢♦r♠ ♦♥ ❡❛❝❤ ✜❜❡r E✳
❚❤❡ ❛✉t♦♠♦r♣❤✐s♠ ✐♥❞✉❝❡❞ ❜② t❤❡ t♦rs✐♦♥ s❡❝t✐♦♥ ❛❝ts ❛s t❤❡ ✐❞❡♥t✐t② ♦♥ τ ✱ ❜❡❝❛✉s❡ ✐t
✜①❡s t❤❡ ❜❛s❡ ♦❢ t❤❡ ❡❧❧✐♣t✐❝ ✜❜r❛t✐♦♥✳ ▼♦r❡♦✈❡r t❤❡ ❛✉t♦♠♦r♣❤✐s♠ ❛❝ts ♦♥ ❛ ✜❜❡r E ❛s ❛
tr❛♥s❧❛t✐♦♥✱ s♦ ✐t ✜①❡s dz✳ ■♥ ♦t❤❡r ✇♦r❞s✱ f(τ)dz ∧ dτ ✐s ✜①❡❞ ❜② t❤❡ ❛✉t♦♠♦r♣❤✐s♠✳



✷✵ ❈❍❆P❚❊❘ ✶✳ P❘❊▲■▼■◆❆❘■❊❙



❈❤❛♣t❡r ✷

◆♦♥✲s②♠♣❧❡❝t✐❝ ❛✉t♦♠♦r♣❤✐s♠s ♦❢

♦r❞❡r ✽

■♥ t❤✐s ❝❤❛♣t❡r ✇❡ st✉❞② ♥♦♥✲s②♠♣❧❡❝t✐❝ ❛✉t♦♠♦r♣❤✐s♠s ♦❢ ♦r❞❡r ❡✐❣❤t ♦♥ K3 s✉r❢❛❝❡s✳
❲❡ ♦❜t❛✐♥ ❛ ❝♦♠♣❧❡t❡ ❝❧❛ss✐✜❝❛t✐♦♥ ❢♦r t❤❡ ♥♦♥✲s②♠♣❧❡❝t✐❝ ❛✉t♦♠♦r♣❤✐s♠s ♦❢ ♦r❞❡r ✽ ♦♥ ❛
K3 s✉r❢❛❝❡s✱ ❛♥❞ ✇❡ ❣✐✈❡ s❡✈❡r❛❧ ❡①❛♠♣❧❡s s❤♦✇✐♥❣ t❤❡ ❡①✐st❡♥❝❡ ♦❢ s❡✈❡r❛❧ ❝❛s❡s ✐♥ t❤✐s
❝❧❛ss✐✜❝❛t✐♦♥

✷✳✶ ❚❤❡ ✜①❡❞ ❧♦❝✉s✳

▲❡t X ❜❡ ❛ K3 s✉r❢❛❝❡ ✇✐t❤ ❛ ♥♦♥✲s②♠♣❧❡❝t✐❝ ❛✉t♦♠♦r♣❤✐s♠ σ ♦❢ ♦r❞❡r ✽✱ t❤✐s ♠❡❛♥s
t❤❛t t❤❡ ❛❝t✐♦♥ ♦❢ σ∗ ♦♥ t❤❡ ✈❡❝t♦r s♣❛❝❡ H2,0(X) = CωX ♦❢ ❤♦❧♦♠♦r♣❤✐❝ t✇♦✲❢♦r♠s ✐s

♥♦t tr✐✈✐❛❧✳ ▼♦r❡ ♣r❡❝✐s❡❧② ✇❡ ❛ss✉♠❡ t❤❛t σ∗ωX = ζ8ωX ✱ ✇❤❡r❡ ζ8 = e
2πi
8 ✐s ❛ ♣r✐♠✐t✐✈❡

✽t❤ r♦♦t ♦❢ t❤❡ ✉♥✐t②✳ ❲❡ ❝❛❧❧ σ ✐♥ t❤✐s ❝❛s❡ ❛ ✭♣✉r❡❧②✮ ♥♦♥✲s②♠♣❧❡❝t✐❝ ❛✉t♦♠♦r♣❤✐s♠ ❢♦r
s✐♠♣❧✐❝✐t② ✇❡ ❥✉st ❝❛❧❧ ✐t ♥♦♥✲s②♠♣❧❡❝t✐❝✳

❲❡ ❞❡♥♦t❡ ❜② rσi , lσi ,mσi ❛♥❞ m1 ❢♦r i = 1, 2, 4 t❤❡ r❛♥❦ ♦❢ t❤❡ ❡✐❣❡♥s♣❛❝❡ ♦❢ (σi)∗ ✐♥
H2(X,C) r❡❧❛t✐✈❡ t♦ t❤❡ ❡✐❣❡♥✈❛❧✉❡s 1,−1, i ❛♥❞ ζ8 r❡s♣❡❝t✐✈❡❧② ✭❝❧❡❛r❧② mσ4 = 0✮✳ ❋♦r
s✐♠♣❧✐❝✐t② ✇❡ ❥✉st ✇r✐t❡ r, l,m ❢♦r i = 1✳ ❲❡ r❡❝❛❧❧ t❤❡ ✐♥✈❛r✐❛♥t ❧❛tt✐❝❡✿

S(σj) = {x ∈ H2(X,Z) | (σj)∗(x) = x},

❛♥❞ ✐ts ♦rt❤♦❣♦♥❛❧
T (σj) = S(σj)⊥ ∩H2(X,Z).

❖❜s❡r✈❡ ❡❛s✐❧② t❤❛t rk S(σi) = rσi ✱ ✇❡ ❤❛✈❡ ♠♦r❡♦✈❡r t❤❛t S(σi) ⊆ Pic(X) ❛♥❞ rσi > 0 ❢♦r
❛❧❧ i = 1, 2, 4 ✭s❡❡ ➓✶✳✷✳✷✳ Pr♦♣♦s✐t✐♦♥ ✶✳✷✳✶✶✮✳ ▼♦r❡ ♣r❡❝✐s❡❧② ✐♥ t❤❡ ❣❡♥❡r✐❝ ❝❛s❡ ✇❡ ❝❛♥
❛ss✉♠❡ t❤❛t Pic(X) = S(σ4) ❛s ✇❡ ❤❛✈❡ r❡♠❛r❦❡❞ ✐♥ ➓✶✳✷✳✷✳

❚❤❡ ❢♦❧❧♦✇✐♥❣ r❡s✉❧t ✇✐❧❧ ❜❡ ✉s❡❢✉❧ ❧❛t❡r✿

▲❡♠♠❛ ✷✳✶✳✶✳ ▲❡t µ ❜❡ ❛ ♣✉r❡❧② ♥♦♥✲s②♠♣❧❡❝t✐❝ ❛✉t♦♠♦r♣❤✐s♠ ♦❢ ✜♥✐t❡ ♦r❞❡r n✱ s✉❝❤ t❤❛t
P✐❝(X) = S(µ)✳ ❚❤❡♥ µ ♣r❡s❡r✈❡s ❡❛❝❤ s♠♦♦t❤ r❛t✐♦♥❛❧ ❝✉r✈❡ ✐♥ X ✭✇❤❡r❡ ✐t ✐s ❡✐t❤❡r
♣♦✐♥t✇✐s❡ ✜①❡❞ ❜② µ ♦r ✐t ❝♦♥t❛✐♥s t✇♦ ✐s♦❧❛t❡❞ ✜①❡❞ ♣♦✐♥ts✮✳

Pr♦♦❢✳ ▲❡t R ❜❡ ❛ s♠♦♦t❤ r❛t✐♦♥❛❧ ❝✉r✈❡ ✐♥ X✳ ❙✐♥❝❡ S(µ) ❂ P✐❝(X)✱ t❤❡ ❝❧❛ss ♦❢ R
✐♥ P✐❝(X) ❡q✉❛❧s t♦ t❤❡ ❝❧❛ss ♦❢ µ(R) ✭✐✳❡ R ∼ µ(R) ✐♥ Pic(X)✮✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱

✷✶
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s✐♥❝❡ ❜② ❬✶✷✱ ✭✷✳✺✳✶✮❪ h0(X,OX(R)) = dim(H0(X,OX(R)) = dim({D ❡✛❡❝t✐✈❡ ❞✐✈✐s♦r ❀
D ∼ R}) = 1✱ t❤❡♥ t❤❡r❡ ✐s ♦♥❧② ♦♥❡ ❡✛❡❝t✐✈❡ ❞✐✈✐s♦r r❛t✐♦♥❛❧❧② ❡q✉✐✈❛❧❡♥t t♦ R ✇❤✐❝❤ ✐s R
✐ts❡❧❢✱ s♦ µ(R) = R✳ ❍❡♥❝❡ ❛♥② s♠♦♦t❤ r❛t✐♦♥❛❧ ❝✉r✈❡ ✐♥ X ✐s ✐♥✈❛r✐❛♥t ❢♦r µ✳

❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ s✐♥❝❡ S(σi) ⊆ P✐❝(X) ❢♦r i = 1, 2, 4 t❤❡ tr❛♥s❝❡♥❞❡♥t❛❧ ❧❛tt✐❝❡
s❛t✐s✜❡s t❤❛t TX ⊆ T (σi) ❢♦r i = 1, 2, 4✳ ❲❡ ✇r✐t❡ T (σ) := T (σ1)✳ r❡❝❛❧❧ t❤❛t t❤❡ ❛❝t✐♦♥
♦❢ σ ♦♥ TX ❛♥❞ T (σ) ✐s ❜② ♣r✐♠✐t✐✈❡ r♦♦ts ♦❢ t❤❡ ✉♥✐t②✱ s❡❡ ❬✽✱ ❚❤❡♦r❡♠ ✸✳✶ ✭❝✮❪✱ ♠♦r❡♦✈❡r
t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦♣♦s✐t✐♦♥ ❤♦❧❞s✿

Pr♦♣♦s✐t✐♦♥ ✷✳✶✳✷✳ ▲❡t σ ❜❡ ❛ ♥♦♥✲s②♠♣❧❡❝t✐❝ ❛✉t♦♠♦r♣❤✐s♠ ♦❢ ♦r❞❡r eight ♦♥ ❛ K3
s✉r❢❛❝❡ X ✇✐t❤ S(σ4) ∼= P✐❝(X)✳ ❚❤❡♥ ❛❧❧ ♦❢ t❤❡ ❡✐❣❡♥✈❛❧✉❡s ♦❢ σ∗ ♦♥ H2(X,Z)⊗C ✇❤✐❝❤
❛r❡ t❤❡ ♣r✐♠✐t✐✈❡s ✽t❤ r♦♦ts ♦❢ t❤❡ ✉♥✐t② ❤❛✈❡ t❤❡ s❛♠❡ ♠✉❧t✐♣❧✐❝✐t② m1 ✭✐✳❡✳ rk TX = 4m1✮✳
▼♦r❡♦✈❡r✱ t❤❡ ❢♦❧❧♦✇✐♥❣ ✐♥❡q✉❛❧✐t✐❡s ❤♦❧❞✿

m1 ≤ 5 , 1 ≤ m+m1 ≤ 7

Pr♦♦❢✳ ❚❤❡ ✜rst ❤❛❧❢ ♦❢ t❤❡ st❛t❡♠❡♥t ✐s ♣r♦✈❡❞ ❜② Pr♦♣♦s✐t✐♦♥ ✶✳✷✳✶✸ ♦❢ ❈❤❛♣t❡r ✶✳ ❖♥ t❤❡
♦t❤❡r ❤❛♥❞✱ s✐♥❝❡ X ✐s ❛ K3 s✉r❢❛❝❡ t❤❡♥✱ r❦ TX ≤ 22 t❤✉s 4m1 ≤ 22 ❛♥❞ s♦ m1 ≤ 5✳ ❚♦
✜♥❞ t❤❡ s❡❝♦♥❞ ✐♥❡q✉❛❧✐t② ✇❡ ✉s❡ t❤❡ r❡❧❛t✐♦♥ 4(

∑

Ci⊆Fix(σ2)(1−g(Ci)) = 2(10− lσ2 −mσ2)

♦❢ ❬✷✱ Pr♦♣♦s✐t✐♦♥ ✶❪✱ ✇❤❡r❡ 2mσ2 = rkT(σ4) = 4m1 ❛♥❞ lσ2 = 2m✳ ❍❡♥❝❡✿

2(
∑

Ci⊆Fix(σ2)

(1− g(Ci))) = 10− lσ2 −mσ2

= 10− 2m− 2m1.

❙♦ t❤❛t✿
∑

Ci⊆Fix(σ2)

(1− g(Ci)) = 5− (m+m1).

❇✉t ❢♦r ❬✷✱ ❚❤❡♦r❡♠ ✵✳✶❪ ✇❡ ❣❡t✿

2(
∑

Ci⊆Fix(σ2)

(1− g(Ci))) + 4 ≥ 0,

❚❤✉s✿
∑

Ci⊆Fix(σ2)

(1− g(Ci)) ≥ −2.

❙♦ t❤❛t −2 ≤ (
∑

Ci⊆Fix(σ2)(1− g(Ci)) = 5− (m+m1) ❤❡♥❝❡ m+m1 ≤ 7.

❘❡♠❛r❦ ✷✳✶✳✸✳ • ■t ✐s ❛ str❛✐❣❤t❢♦r✇❛r❞ ❝♦♠♣✉t❛t✐♦♥ t♦ s❤♦✇ t❤❛t t❤❡ ✐♥✈❛r✐❛♥ts rσi , lσi ,mσi

❛♥❞ m1 ✇✐t❤ i = 1, 2, 4 s❛t✐s❢② t❤❡ ❢♦❧❧♦✇✐♥❣ r❡❧❛t✐♦♥s✿

rσ2 = r + l; rσ4 = r + l + 2m;
lσ2 = 2m; lσ4 = 4m1;

2mσ2 = 4m1.

• ❆s ❛ ❞✐r❡❝t ❝♦♥s❡q✉❡♥❝❡ ♦❢ t❤❡ ♣r❡✈✐♦✉s r❡❧❛t✐♦♥s ♦♥❡ ❝❛♥ ❣❡t ✐♠♠❡❞✐❛t❡❧② t❤❛t t❤❡
✐♥✈❛r✐❛♥ts lσ2 ❛♥❞ mσ2 ♦❢ σ2 ❛r❡ ❡✈❡♥ ♥✉♠❜❡rs✳
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❲❡ ❞❡♥♦t❡ ❜② Fix(σi) ❢♦r i = 1, 2, 4 t❤❡ ✜①❡❞ ❧♦❝✉s ♦❢ t❤❡ ❛✉t♦♠♦r♣❤✐s♠ σi s✉❝❤ t❤❛t✿

Fix(σi) = {x ∈ X | σi(x) = x},

✇❡ ❝❛♥ ✜♥❞ ❡❛s✐❧② t❤❛t Fix(σ) ⊆ Fix(σ2) ⊆ Fix(σ4). ■♥ ❢❛❝t t❤✐s s✐♠♣❧❡ r❡s✉❧t ❜❡s✐❞❡ t❤❡
❢❛❝ts ✐♥ ❘❡♠❛r❦ ✷✳✶✳✸ ✇✐❧❧ ❜❡ ✈❡r② ✉s❡❢✉❧ ❧❛t❡r ✇❤❡♥ ✇❡ ✇❛♥t t♦ ❞♦ t❤❡ ❝❧❛ss✐✜❝❛t✐♦♥ ♦❢
t❤❡ ♥♦♥✲s②♠♣❧❡❝t✐❝ ❛✉t♦♠♦r♣❤✐s♠s ♦❢ ♦r❞❡r ✽✳ ❙♦ t♦ ❞❡s❝r✐❜❡ t❤❡ ✜①❡❞ ❧♦❝✉s ♦❢ ♦r❞❡r ✽
♥♦♥✲s②♠♣❧❡❝t✐❝ ❛✉t♦♠♦r♣❤✐s♠s ✇❡ st❛rt r❡❝❛❧❧✐♥❣ t❤❡ ❢♦❧❧♦✇✐♥❣ r❡s✉❧t ❛❜♦✉t ♥♦♥✲s②♠♣❧❡❝t✐❝
✐♥✈♦❧✉t✐♦♥s ✭s❡❡ ❚❤❡♦r❡♠ ✶✳✷✳✶✼ ✐♥ ❈❤ ✶ ❛♥❞ ❛❧s♦ ❬✶✶✱ ➓✹❪✮✳

❚❤❡♦r❡♠ ✷✳✶✳✹✳ ▲❡t τ ❜❡ ❛ ♥♦♥✲s②♠♣❧❡❝t✐❝ ✐♥✈♦❧✉t✐♦♥ ♦♥ ❛ K3 s✉r❢❛❝❡ X✳ ❚❤❡ ✜①❡❞ ❧♦❝✉s
♦❢ τ ✐s ❡✐t❤❡r ❡♠♣t②✱ t❤❡ ❞✐s❥♦✐♥t ✉♥✐♦♥ ♦❢ t✇♦ ❡❧❧✐♣t✐❝ ❝✉r✈❡s ♦r t❤❡ ❞✐s❥♦✐♥t ✉♥✐♦♥ ♦❢ ❛
s♠♦♦t❤ ❝✉r✈❡ ♦❢ ❣❡♥✉s g ≥ 0 ❛♥❞ k s♠♦♦t❤ r❛t✐♦♥❛❧ ❝✉r✈❡s✳

▼♦r❡♦✈❡r✱ ✐ts ✜①❡❞ ❧❛tt✐❝❡ S(τ) ⊂ Pic(X) ✐s ❛ ✷✲❡❧❡♠❡♥t❛r② ❧❛tt✐❝❡ ✇✐t❤ ❞❡t❡r♠✐♥❛♥t 2a

s✉❝❤ t❤❛t✿

• S(τ) ∼= U(2)⊕ E8(2) ✐✛ t❤❡ ✜①❡❞ ❧♦❝✉s ♦❢ τ ✐s ❡♠♣t②❀

• S(τ) ∼= U ⊕ E8(2) ✐✛ τ ✜①❡s t✇♦ ❡❧❧✐♣t✐❝ ❝✉r✈❡s❀

• 2g = 22− rkS(τ)− a ❛♥❞ 2k = rkS(τ)− a ♦t❤❡r✇✐s❡✳

❲❡ ❞❡♥♦t❡ ❜② Nσi , kσi ❢♦r i = 1, 2, 4 t❤❡ ♥✉♠❜❡r ♦❢ ✐s♦❧❛t❡❞ ♣♦✐♥ts ❛♥❞ s♠♦♦t❤ r❛t✐♦♥❛❧
❝✉r✈❡s ✐♥ Fix(σi) ✭r❡♠❛r❦ t❤❛t Nσ4 ✐s ❛❧✇❛②s ❡q✉❛❧s t♦ ✵ s✐♥❝❡ Fix(σ4) ❞♦❡s ♥♦t ❝♦♥t❛✐♥
✐s♦❧❛t❡❞ ♣♦✐♥ts ❛s ✇❡ ❤❛✈❡ s❡❡♥ ✐♥ ❚❤❡♦r❡♠ ✷✳✶✳✹✮✳ ❋♦r s✐♠♣❧✐❝✐t② ✇❡ ✇r✐t❡ ❥✉st N :=
Nσ1 , k := kσ1 ✳ ❚❤❡ ✜①❡❞ ❧♦❝✉s ❜② σ ✐s ❣✐✈❡♥ ❜②✿

❋✐①(σ) = C ∪R1 ∪ . . . ∪Rk ∪ {p1, . . . , pN}

✇❤❡r❡ C ✐s ❛ s♠♦♦t❤ ❝✉r✈❡ ♦❢ ❣❡♥✉s g ≥ 0✱ Ri ❛r❡ s♠♦♦t❤ ❞✐s❥♦✐♥t r❛t✐♦♥❛❧ ❝✉r✈❡s ❛♥❞ pi ❛r❡
✐s♦❧❛t❡❞ ♣♦✐♥ts✳ ❖❜s❡r✈❡ t❤❛t ❜② ❬✷❪ t❤❡ ✜①❡❞ ❧♦❝✉s Fix(σ) ❝❛♥ ♥❡✈❡r ❝♦♥t❛✐♥ t✇♦ ❡❧❧✐♣t✐❝
❝✉r✈❡s✳ ❖♥❡ ❝❛♥ s❡❡ t❤✐s ❛❧s♦ ❞✐r❡❝t❧② s✐♥❝❡ ❛s ✇❡ ✇✐❧❧ s❡❡ ✐♥ Pr♦♣♦s✐t✐♦♥ ✷✳✶✳✽✱ L(σ) 6= 0✳

❘❡♠❛r❦ ✷✳✶✳✺✳ ❚❤❡ ♥♦♥✲s②♠♣❧❡❝t✐❝ ❛✉t♦♠♦r♣❤✐s♠ σ ♦❢ ♦r❞❡r ✽ ❛❝ts ♦♥ ❛ s❡t ♦❢ s♠♦♦t❤
r❛t✐♦♥❛❧ ❝✉r✈❡s ♦❢ X ❡✐t❤❡r tr✐✈✐❛❧❧② ✭✐✳❡✳ ❡❛❝❤ s♠♦♦t❤ r❛t✐♦♥❛❧ ❝✉r✈❡ ✐s σ✲✐♥✈❛r✐❛♥t ♦r
❡✈❡♥t✉❛❧❧② ♣♦✐♥t✇✐s❡ ✜①❡❞ ❜② σ✮ ♦r ✐t ❡①❝❤❛♥❣❡s s♠♦♦t❤ r❛t✐♦♥❛❧ ❝✉r✈❡s t✇♦ ❜② t✇♦✱ ♦r
✜♥❛❧❧② σ ♣❡r♠✉t❡s ❢♦✉r r❛t✐♦♥❛❧ ❝✉r✈❡s ❜❡t✇❡❡♥ t❤❡♠ ✭✐♥ ❢❛❝t ❡❛❝❤ ❝✉r✈❡ ✐♥ t❤❡ s❡t ♦❢
♣❡r♠✉t❡❞ s♠♦♦t❤ r❛t✐♦♥❛❧ ❝✉r✈❡s ❜② σ ❤❛s st❛❜✐❧✐③❡r ❣r♦✉♣ ✐♥ 〈σ〉 ♦❢ ♦r❞❡r ✷✱ ❤❡♥❝❡ ✐ts σ−
♦r❜✐t ❤❛s ❧❡♥❣t❤ ✹✮✳

▲❡♠♠❛ ✷✳✶✳✻✳ ❋♦✉r ❝②❝❧✐❝ ♣❡r♠✉t❡❞ s♠♦♦t❤ r❛t✐♦♥❛❧ ❝✉r✈❡s✱ ❜② ❛ ♥♦♥✲s②♠♣❧❡❝t✐❝ ❛✉t♦✲
♠♦r♣❤✐s♠ σ ♦❢ ♦r❞❡r ✽ ♦♥ ❛ K3 s✉r❢❛❝❡ X✱ ❛r❡ ❡❛❝❤ σ4✲✐♥✈❛r✐❛♥t✱ ❡✈❡♥t✉❛❧❧② ♣♦✐♥t✇✐s❡
✜①❡❞ ❜② σ4✳

Pr♦♦❢✳ ❲❡ ❝❛♥ ♣r♦✈❡ ✐t s✐♠♣❧② ❛s ❢♦❧❧♦✇s✳ ▲❡t Ci ; i ∈ {1, ..4} ❜❡ ❢♦✉r s♠♦♦t❤ r❛t✐♦♥❛❧ ❝✉r✈❡s
s✉❝❤ t❤❛t σ(Ci) = Ci+1 ; i = 1, 2, 3 ❛♥❞ σ(C4) = C1✱ ❛♥❞ ❛ss✉♠❡ t❤❛t C1 ✐s ✐♥✈❛r✐❛♥t ❜②
σ4✱ t❤❡♥ σ4(C2) = σ4(σ(C1)) = σ(σ4(C1)) = σ(C1) = C2✳ ■♥ ♣❛rt✐❝✉❧❛r ✐❢ C1 ✐s ♣♦✐♥t✇✐s❡
✜①❡❞✱ t❤❡♥ ♦♥❡ ♣r♦✈❡s ✐♥ ❛ s✐♠✐❧❛r ✇❛② t❤❛t C2 ✐s ♣♦✐♥t✇✐s❡ ✜①❡❞✳ ❆ s✐♠✐❧❛r ♣r♦♦❢ ❤♦❧❞s
❛❧s♦ ❢♦r C3 ❛♥❞ C4✱ s♦ ✇❡ ❣❡t t❤❡ st❛t❡♠❡♥t✳
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❲❡ ❞❡♥♦t❡ ❜② 2a t❤❡ ♥✉♠❜❡r ♦❢ ❡①❝❤❛♥❣❡❞ s♠♦♦t❤ r❛t✐♦♥❛❧ ❝✉r✈❡s ❜② σ ❛♥❞ ✜①❡❞ ❜②
σ2✱ ❛♥❞ ❜② 4s t❤❡ ♥✉♠❜❡r ♦❢ s♠♦♦t❤ r❛t✐♦♥❛❧ ❝✉r✈❡s ❝②❝❧✐❝ ♣❡r♠✉t❡❞ ❜② σ ❛♥❞ ✜①❡❞ ❜② σ4

✭❛♥❞ ❝❧❡❛r❧② t❤❡② ❛r❡ ✐♥t❡r❝❤❛♥❣❡❞ ❜② σ2 t✇♦ ❜② t✇♦✮✳

❘❡♠❛r❦ ✷✳✶✳✼✳ ▲❡t aσ2 ❜❡ t❤❡ ♥✉♠❜❡r ♦❢ ♣❛✐rs ♦❢ r❛t✐♦♥❛❧ ❝✉r✈❡s ✐♥t❡r❝❤❛♥❣❡❞ ❜② σ2 ❛♥❞
✜①❡❞ ✭t❤❛t ♠❡❛♥s ♣♦✐♥t✇✐s❡❧② ✜①❡❞✮ ❜② σ4 ✭s♦ t❤❛t t❤❡ ♥✉♠❜❡r ♦❢ ❝✉r✈❡s ✐s 2aσ2✮✱ t❤❡♥
2aσ2 = 4s ❛♥❞ s♦ aσ2 ∈ 2Z.

❚❤✐s r❡♠❛r❦ ✇✐❧❧ ❜❡ ✈❡r② ✉s❡❢✉❧ ❧❛t❡r ✐♥ t❤❡ st✉❞② ♦❢ t❤❡ ✜①❡❞ ❧♦❝✉s ♦❢ σ✳

Pr♦♣♦s✐t✐♦♥ ✷✳✶✳✽✳ ▲❡t σ ❜❡ ❛ ♣✉r❡❧② ♥♦♥✲s②♠♣❧❡❝t✐❝ ❛✉t♦♠♦r♣❤✐s♠ ♦❢ ♦r❞❡r ✽ ♦♥ ❛ K3
s✉r❢❛❝❡ X✳❚❤❡♥ Fix(σ) ✐s t❤❡ ❞✐s❥♦✐♥t ✉♥✐♦♥ ♦❢ s♠♦♦t❤ ❝✉r✈❡s ❛♥❞ N ≥ 2 ✐s♦❧❛t❡❞ ♣♦✐♥ts✳
▼♦r❡♦✈❡r✱ t❤❡ ❢♦❧❧♦✇✐♥❣ r❡❧❛t✐♦♥s ❤♦❧❞✿

n2,7 + n3,6 = 2 + 4α,

n4,5 + n2,7 − n3,6 = 2 + 2α,

N = 2 + r − l − 2α.

❍❡r❡ ✇❡ ❞❡♥♦t❡ ❜② ni,j t❤❡ ♥✉♠❜❡r ♦❢ ✐s♦❧❛t❡❞ ♣♦✐♥ts ♦❢ t②♣❡ P i,j ✇❤✐❝❤ ❛r❡ ✜①❡❞ ❜② σ✱ ❛♥❞
α =

∑

C⊂Fix(σ)

(1− g(C))✳

Pr♦♦❢✳ ▲❡t σ ❜❡ ❛ ♣✉r❡❧② ♥♦♥✲s②♠♣❧❡❝t✐❝ ❛✉t♦♠♦r♣❤✐s♠ ♦❢ ♦r❞❡r ✽✱ t❤❡♥ σ∗(ωX) = ζ8ωX

✇❤❡r❡ ζ8 = e
2πi
8 ✳ ❚❤❡ ❛❝t✐♦♥ ♦❢ σ ❛t ❛ ♣♦✐♥t ✐♥ Fix(σ) ❝❛♥ ❜❡ ❧♦❝❛❧❧② ❞✐❛❣♦♥❛❧✐③❡❞ ❛s

❢♦❧❧♦✇s ✭✉♣ t♦ ♣❡r♠✉t❛t✐♦♥ ♦❢ t❤❡ ❝♦♦r❞✐♥❛t❡s✱ ❜✉t t❤✐s ❞♦❡s ♥♦t ♣❧❛② ❛♥② r♦❧❡ ✐♥ t❤❡ ♥❡①t
❞✐s❝✉ss✐♦♥✮✿

A1,0 =

(

ζ8 0
0 1

)

, A2,7 =

(

i 0
0 ζ78

)

, A3,6 =

(

ζ38 0
0 −i

)

, A4,5 =

(

−1 0
0 ζ58

)

.

■♥ t❤❡ ✜rst ❝❛s❡ t❤❡ ♣♦✐♥t ❜❡❧♦♥❣s t♦ ❛ s♠♦♦t❤ ✜①❡❞ ❝✉r✈❡✱ ✇❤✐❧❡ ✐♥ t❤❡ ♦t❤❡r ❝❛s❡s ✐t ✐s ❛♥
✐s♦❧❛t❡❞ ✜①❡❞ ♣♦✐♥t✳ ✇❡ s❛② t❤❛t ❛♥ ✐s♦❧❛t❡❞ ♣♦✐♥t x ∈ Fix(σ) ✐s ♦❢ t②♣❡ P i,j ✐❢ t❤❡ ❧♦❝❛❧
❛❝t✐♦♥ ❛t x ✐s ❣✐✈❡♥ ❜② Ai,j ✳ ❲❡ ❞❡♥♦t❡ ❜② ni,j t❤❡ ♥✉♠❜❡r ♦❢ ✐s♦❧❛t❡❞ ✜①❡❞ ♣♦✐♥ts ❜② σ ♦❢
t②♣❡ P i,j ✳ ❚❤❡ ▲❡❢s❝❤❡t③ ♥✉♠❜❡r ♦❢ σ ✐s ✿

L(σ) =

2
∑

j=0

(−1)j(tr(σ∗|Hj(X,OX))

= (tr(σ∗|H0(X,OX))− (tr(σ∗|H1(X,OX)) + (tr(σ∗|H2(X,OX)).

❋♦r K3 s✉r❢❛❝❡s ✇❡ ❤❛✈❡ h1(X,OX) = 0✱ ❤❡♥❝❡ ✇❡ ❤❛✈❡ t♦ ❝♦♠♣✉t❡ t❤❡ ❛❝t✐♦♥ ♦❢ σ∗ ♦♥❧②
♦♥ H0(X,OX) ❛♥❞ H2(X,OX)✳ ❇② ❙❡rr❡ ❞✉❛❧✐t② ✇❡ ❣❡t✿

H2(X,OX) ∼= H0(X,Ω2
X)ν where H0(X,Ω2

X) = CωX.

❙✐♥❝❡ σ∗(ωX) = ζ8ωX ✇❡ ❤❛✈❡ t❤❛t σ∗ ❛❝ts ❜② ♠✉❧t✐♣❧✐❝❛t✐♦♥ ❜② ζ8 ♦♥ H0(X,Ω2
X)ν ✳ ❆♥❞

s✐♥❝❡ t❤❡ ❛❝t✐♦♥ ✐s tr✐✈✐❛❧ ♦♥ H0(X,OX) ✇❡ ♦❜t❛✐♥✿

L(σ) = 1− 0 + ζ8

= 1 + ζ78 .
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❲❡ r❡♠❛r❦ ✐♠♠❡❞✐❛t❡❧② t❤❛t s✐♥❝❡ L(σ) 6= 0 t❤❡ ✜①❡❞ ❧♦❝✉s ✐s ♥❡✈❡r ❡♠♣t②✳
◆♦✇ ✇❡ ❛ss✉♠❡ t❤❛t t❤❡ ✜①❡❞ ❧♦❝✉s ♦❢ σ ✐s ❛s ❢♦❧❧♦✇s✿

Fix(σ) = C ∪ R1 ∪ . . . ∪ Rk ∪ {p1, . . . , pN}
✇❤❡r❡ C ✐s ❛ s♠♦♦t❤ ❝✉r✈❡ ♦❢ ❣❡♥✉s g ≥ 0✱ Ri ❛r❡ s♠♦♦t❤ ❞✐s❥♦✐♥t r❛t✐♦♥❛❧ ❝✉r✈❡s ❛♥❞ pi
❛r❡ ✐s♦❧❛t❡❞ ♣♦✐♥ts✳

❲❡ ❛❧s♦ ❤❛✈❡ t❤❛t t❤❡ ▲❡❢s❝❤❡t③ ♥✉♠❜❡r L(σ) ❢♦r ❛ ♥♦♥✲s②♠♣❧❡❝t✐❝ ❛✉t♦♠♦r♣❤✐s♠ ♦❢
♦r❞❡r p ✐s ❣✐✈❡♥ ❜② t❤❡ ❢♦❧❧♦✇✐♥❣ ❢♦r♠✉❧❛ ✭s❡❡ ❬✷✹✱ ❚❤❡♦r❡♠ ✹✳✻❪✮ ✿

L(σ) =
∑

j

α(pj) +
∑

k

b(Dk).

❙✉❝❤ t❤❛t

α(pj) =
1

det(I− σ∗|Tpj
)

, b(Dk) =
1− g(Dk)

1− ζp
− ζp

(1− ζp)2
D2

k,

✇❤❡r❡ pj ✐s ❛♥ ✐s♦❧❛t❡❞ ✜①❡❞ ♣♦✐♥t✱ Dk ✐s ❛ ✜①❡❞ ❝✉r✈❡ ❛♥❞ Tpj ✐s t❤❡ t❛♥❣❡♥t s♣❛❝❡ ❛t
pj ✳ ❙✐♥❝❡ X ✐s ❛ K3 s✉r❢❛❝❡ t❤❡♥ t❤❡ s❡❧❢✲✐♥t❡rs❡❝t✐♦♥ ♦❢ Dk ✐s ❡q✉❛❧ t♦ D2

k = 2g(Dk)− 2✳

❍❡♥❝❡ L(σ) =
∑

j
α(pj) +

∑

k

(1+ζp)(1−g(Dk))
(1−ζp)2

, ❛♥❞ s♦ ❢♦r σ ♦❢ ♦r❞❡r ✽ ✇❡ ❣❡t ✿

L(σ) =
n2,7

det(I −A2,7)
+

n3,6

det(I −A3,6)
+

n4,5

det(I −A4,5)
+ α

(1 + ζ8)

(1− ζ8)2
,

L(σ) =
n2,7

(1− i)(1− ζ78 )
+

n3,6

(1 + i)(1− ζ38 )
+

n4,5

2(1− ζ58 )
+ α

(1 + ζ8)

(1− ζ8)2
.

✇❤❡r❡ α =
∑

C⊂Fix(σ)

(1− g(C))✳

❲❡ ✐♥tr♦❞✉❝❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ♥♦t❛t✐♦♥✿

Q := 2(1− i)(1− ζ78 )(1 + i)(1− ζ38 )(1− ζ58 )(1− ζ8)
2, Q1 :=

Q
(1−i)(1−ζ78 )

✱

Q2 :=
Q

(1+i)(1−ζ38 )
, Q3 :=

Q
2(1−ζ58 )

✱ Q4 :=
Q(1+ζ8)
(1−ζ8)

2 ❛♥❞ Q5 := Q(1 + ζ78 ).

✇❤❡r❡ ❜② ❝♦♠♣❛r✐♥❣ t❤❡ t✇♦ ❡①♣r❡ss✐♦♥s ♦❢ t❤❡ ▲❡❢s❝❤❡t③ ♥✉♠❜❡r L(σ) ✇❡ ❤❛✈❡✿

n2,7Q1 + n3,6Q2 + n4,5Q3 + αQ4 = L(σ) = Q5.

❇② ❝♦♠♣✉t✐♥❣ Q,Qi ❢♦r i ∈ {1, ..., 5}✱ ✇✐t❤ ζ8 =
√
2/2 + i

√
2/2 , ♦♥❡ ♦❜t❛✐♥s t❤❛t✿

−4
√
2 i n2,7 + 4(

√
2− 2)in3,6 + 4(1−

√
2)in4,5 + 8(1 +

√
2)iα = −8

√
2 i.

❍❡♥❝❡

(−4n2,7 + 4n3,6 − 4n4,5 + 8α)
√
2i = −8

√
2i.

(−8n3,6 + 4n4,5 + 8α)i = 0.

❙✐♥❝❡ ni,,j , α ∈ Z ✱ ✇❡ ♦❜t❛✐♥ t❤❡ t✇♦ ❢♦❧❧♦✇✐♥❣ r❡❧❛t✐♦♥s ✿
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n2,7 − n3,6 + n4,5 − 2α = 2.

−2n3,6 + n4,5 + 2α = 0.

❛♥❞ s♦ ✇❡ ❣❡t✿
{

n2,7 + n3,6 = 2 + 4α.
n4,5 + n2,7 − n3,6 = 2 + 2α .

✭✯✯✮

■♥ ♣❛rt✐❝✉❧❛r t❤✐s ✐♠♣❧✐❡s t❤❛t t❤❡ ❛✉t♦♠♦r♣❤✐s♠ σ ✜①❡s ❛t ❧❡❛st ✷ ✐s♦❧❛t❡❞ ♣♦✐♥ts✳ ■♥ ❢❛❝t
✐❢ α ≥ 0 t❤❡♥ ❜② t❤❡ ✜rst r❡❧❛t✐♦♥ ♦❢ ✭✯✯✮ ✇❡ ❣❡t n2,7 + n3,6 ≥ 2✳ ❖t❤❡r✇✐s❡✱ α ≤ −1 ❛♥❞
s♦ n2,7 + n3,6 ≤ −2 ❜② t❤❡ ✜rst r❡❧❛t✐♦♥ ❛❣❛✐♥ ✇❤✐❝❤ ✐s ♥♦t ♣♦ss✐❜❧❡✳

❲❡ ❝♦♥s✐❞❡r ♥♦✇ t❤❡ t♦♣♦❧♦❣✐❝❛❧ ▲❡❢s❝❤❡t③ ✜①❡❞ ♣♦✐♥t ❢♦r♠✉❧❛✿

χ(Fix(σ)) =
4
∑

j=0

(−1)jtr(σ∗|Hj(X,R))

= 2 + tr(σ∗|H2(X,R))

= 2 + r(1) + l(−1) +m(i− i) +m1(ζ8 + ζ38 + ζ58 + ζ78 )

= 2 + r − l.

❲❤❡r❡ tr(σ∗|H0(X,R)) = tr(σ∗|H4(X,R)) = 1, tr(σ∗|H1(X,R)) = tr(σ∗|H3(X,R)) = 0✱
❛♥❞m ✐s t❤❡ ♠✉❧t✐♣❧✐❝✐t② ♦❢ ∓i✱ m1 ✐s t❤❡ ♠✉❧t✐♣❧✐❝✐t② ♦❢ t❤❡ ✹ ❡✐❣❡♥✈❛❧✉❡ ζ8 ✭s❡❡ Pr♦♣♦s✐t✐♦♥
✷✳✶✳✷✮✳

❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ t❤❡ ❊✉❧❡r✲P♦✐♥❝❛ré ❝❤❛r❛❝t❛r✐st✐❝ χ(Fix(σ)) ✐s ❛❧s♦ ❣✐✈❡♥ ❜②✿

χ(Fix(σ)) =
∑

Ci⊂Fix(σ)

χ(Ci) +
∑

Pi

χ(Pi) . ✭■✮

❲❤❡r❡

χ(C) := h0(C,Z)− h1(C,Z) + h2(C,Z)

= 1− 2g(C) + 1

= 2− 2g(C).

❙✉❜st✐t✉t✐♥❣ ✐♥ t❤❡ r❡❧❛t✐♦♥ ✭■✮ ✇❡ ❣❡t t❤❡ ❢♦❧❧♦✇✐♥❣ ❡q✉❛❧✐t②✿

χ(Fix(σ)) =
∑

Ci⊂Fix(σ)

2(1− g(Ci)) +N

= 2α+ n2,7 + n3,6 + n4,5.

❈♦♠♣❛r✐♥❣ t❤❡ t✇♦ ❢♦r♠✉❧❛s ❢♦r χ(Fix(σ)) ✇❡ ♦❜t❛✐♥ t❤❡ r❡❧❛t✐♦♥ ✿

2α+ n2,7 + n3,6 + n4,5 = 2 + r − l .

❈♦♠♣❛r✐♥❣ ✇✐t❤ ✭✯✯✮ ✇❡ ❣❡t✿

n2,7 + n4,5 =
(4 + r − l)

2
;

n2,7 + 3n3,6 = 2 + r − l ;

2α = 2−N + r − l .
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❘❡♠❛r❦ ✷✳✶✳✾✳ ❚❤❡ ✐s♦❧❛t❡❞ ✜①❡❞ ♣♦✐♥ts✱ ❜② ❛ ♥♦♥✲s②♠♣❧❡❝t✐❝ ♦r❞❡r eight ❛✉t♦♠♦r♣❤✐s♠
σ ♦❢ t②♣❡ P 2,7 ❛♥❞ P 3,6 ❛r❡ ❛❧s♦ ✐s♦❧❛t❡❞ ♣♦✐♥ts ✐♥ Fix(σ2)✳ ❚❤❡ ♣♦✐♥ts ♦❢ t②♣❡ P 4,5 ✐♥
Fix(σ) ❛r❡ ❝♦♥t❛✐♥❡❞ ✐♥ ❛ s♠♦♦t❤ ✜①❡❞ ❝✉r✈❡ ❜② σ2✳ ■♥ ❢❛❝t t❤❡ ❛❝t✐♦♥ ♦❢ σ2 ❛t ❛ ♣♦✐♥t

♦❢ t②♣❡ P 4,5 ✐s ❣✐✈❡♥ ❜② t❤❡ ♠❛tr✐①

(

1 0
0 ζ28

)

✇❤✐❝❤ ✐♠♣❧✐❡s t❤❛t t❤✐s ♣♦✐♥t ❜❡❧♦♥❣s t♦ ❛

s♠♦♦t❤ ❝✉r✈❡ ✐♥ Fix(σ2)✳

❋r♦♠ ♥♦✇ ♦♥ ✇❡ ❞❡♥♦t❡ ❜② ni ✐♥st❡❛❞ ♦❢ ni,j t❤❡ ♥✉♠❜❡r ♦❢ ✐s♦❧❛t❡❞ ✜①❡❞ ♣♦✐♥ts ❜② σ
♦❢ t②♣❡ P i,j ✱ ✇❤❡r❡ i = 2, 3, 4 ❛♥❞ i+ j = 9✳

❲❡ r❡❝❛❧❧ ♥♦✇ ▲❡♠♠❛ ✶✳✷✳✶✺ ❛♥❞ t❤❡ ❢♦❧❧♦✇✐♥❣ ✉s❡❢✉❧ r❡♠❛r❦ ✇❤✐❝❤ ✐s ❛ ❞✐r❡❝t ❛♣♣❧✐❝❛✲
t✐♦♥ ♦❢ t❤❡ ❘❡♠❛r❦ ✶✳✷✳✶✻ ✇❤❡♥ t❤❡ ♦r❞❡r ♦❢ ❛ ♥♦♥✲s②♠♣❧❡❝t✐❝ ❛✉t♦♠♦r♣❤✐s♠ ✐s n = 8 ✭s❡❡
❛❧s♦ ❡✳❣✳ ❬✷✱ ▲❡♠♠❛ ✹❪✮✿

▲❡♠♠❛ ✷✳✶✳✶✵✳ ▲❡t T =
∑

iRi ❜❡ ❛ tr❡❡ ♦❢ s♠♦♦t❤ r❛t✐♦♥❛❧ ❝✉r✈❡s ♦♥ ❛ K3 s✉r❢❛❝❡ X
s✉❝❤ t❤❛t ❡❛❝❤ Ri ✐s ✐♥✈❛r✐❛♥t ✉♥❞❡r t❤❡ ❛❝t✐♦♥ ♦❢ ❛ ♣✉r❡❧② ♥♦♥✲s②♠♣❧❡❝t✐❝ ❛✉t♦♠♦r♣❤✐s♠
σ ♦❢ ♦r❞❡r q✳ ❚❤❡♥✱ t❤❡ ♣♦✐♥ts ♦❢ ✐♥t❡rs❡❝t✐♦♥ ♦❢ t❤❡ r❛t✐♦♥❛❧ ❝✉r✈❡s Ri ❛r❡ ✜①❡❞ ❜② σ ❛♥❞
t❤❡ ❛❝t✐♦♥ ❛t ♦♥❡ ✜①❡❞ ♣♦✐♥t ❞❡t❡r♠✐♥❡s t❤❡ ❛❝t✐♦♥ ♦♥ t❤❡ ✇❤♦❧❡ tr❡❡✳

❘❡♠❛r❦ ✷✳✶✳✶✶✳ ■♥ t❤❡ ❝❛s❡ ♦❢ ❛♥ ❛✉t♦♠♦r♣❤✐s♠ ♦❢ ♦r❞❡r ✽✱ ✇✐t❤ t❤❡ ❛ss✉♠♣t✐♦♥ ♦❢
▲❡♠♠❛ ✷✳✶✳✶✵✱ t❤❡ ❧♦❝❛❧ ❛❝t✐♦♥s ❛t t❤❡ ✐♥t❡rs❡❝t✐♦♥ ♣♦✐♥ts ♦❢ t❤❡ ❝✉r✈❡s Ri ❛♣♣❡❛r ✐♥ t❤❡
❢♦❧❧♦✇✐♥❣ ♦r❞❡r ✭✇❡ ❣✐✈❡ ♦♥❧② t❤❡ ❡①♣♦♥❡♥ts ♦❢ ζ8 ✐♥ t❤❡ ♠❛tr✐① ♦❢ t❤❡ ❧♦❝❛❧ ❛❝t✐♦♥✮✿

. . . , (0, 1), (7, 2), (6, 3), (5, 4), (4, 5), (3, 6), (2, 7), (1, 0), . . .

❆ss✉♠✐♥❣ t❤❛t T = R ❝♦♥s✐sts ♦❢ ♦♥❧② ♦♥❡ r❛t✐♦♥❛❧ ❝✉r✈❡✱ ✇❤✐❝❤ ✐s ♥♦t ♣♦✐♥t✇✐s❡ ✜①❡❞✱ ♦♥❡
❣❡t ✐♠♠❡❞✐❛t❡❧② t❤❛t σ ❤❛s ❡✐t❤❡r ♦♥❡ ✜①❡❞ ♣♦✐♥t ♦❢ t②♣❡ P 2,7 ❛♥❞ ❛♥♦t❤❡r ♦♥❡ ♦❢ t②♣❡ P 3,6

♦r t✇♦ ✜①❡❞ ♣♦✐♥ts ♦❢ t②♣❡ P 4,5✳

✷✳✷ ❊❧❧✐♣t✐❝ ✜❜r❛t✐♦♥s✳

Pr♦♣♦s✐t✐♦♥ ✷✳✷✳✶✳ ▲❡t σ ❜❡ ❛ ♣✉r❡❧② ♥♦♥✲s②♠♣❧❡❝t✐❝ ❛✉t♦♠♦r♣❤✐s♠ ♦❢ ♦r❞❡r ✽ ♦♥ ❛ K3
s✉r❢❛❝❡ X s✉❝❤ t❤❛t Pic(X) = S(σ4) ∼= U ⊕ L ❛♥❞ σ4 ✜①❡s ❛ ❝✉r✈❡ C ♦❢ ❣❡♥✉s g > 1✳
❚❤❡♥ X ❝❛rr✐❡s ❛ ❥❛❝♦❜✐❛♥ ❡❧❧✐♣t✐❝ ✜❜r❛t✐♦♥ π : X −→ P1 ✇❤♦s❡ ✜❜❡rs ❛r❡ σ4✲✐♥✈❛r✐❛♥t ✳
▼♦r❡♦✈❡r✿

• ■❢ L ✐s ✐s♦♠♦r♣❤✐❝ t♦ ❛ ❞✐r❡❝t s✉♠ ♦❢ r♦♦t ❧❛tt✐❝❡s ♦❢ t②♣❡s An,D4+n,E7 ♦r E8 t❤❡♥ π
❤❛s r❡❞✉❝✐❜❧❡ ✜❜❡rs ❞❡s❝r✐❜❡❞ ❜② L ❛♥❞ ❛ ✉♥✐q✉❡ s❡❝t✐♦♥ E ⊂ Fix(σ4)✳ ❚❤❡ ✜❜r❛t✐♦♥
π ✐s σ✲✐♥✈❛r✐❛♥t ✐❢ g > 4✳ ❋✐♥❛❧❧② t❤❡ ❣❡♥✉s ♦❢ ❛ ❝✉r✈❡ ✐♥ Fix(σ) ✭✐❢ ✐t ❡①✐sts✮ ✐s ❡q✉❛❧
t♦ ✷✳

• ■❢ L ✐s ♥♦t ✐s♦♠♦r♣❤✐❝ t♦ ❛ ❞✐r❡❝t s✉♠ ♦❢ r♦♦t ❧❛tt✐❝❡s✱ t❤❡♥ π ❤❛s t✇♦ s❡❝t✐♦♥s E,E
′ ⊂

Fix(σ4) ❛♥❞ C ✐♥t❡rs❡❝ts ❡❛❝❤ ✜❜❡r ✐♥ t✇♦ ♣♦✐♥ts✳ ❚❤❡ ✜❜r❛t✐♦♥ π ✐s σ−✐♥✈❛r✐❛♥t ✐❢
g > 2✳ ❋✐♥❛❧❧② t❤❡ ❣❡♥✉s ♦❢ ❛ ❝✉r✈❡ ✐♥ Fix(σ) ✭✐❢ ✐t ❡①✐sts✮ ✐s ✷ ❛♥❞ ✇❡ ❣❡t k ≥ 1 ✐♥
t❤✐s ❝❛s❡✳

Pr♦♦❢✳ ❚❤❡ ✜rst ❤❛❧❢ ♦❢ t❤❡ st❛t❡♠❡♥t ❢♦❧❧♦✇s ❢r♦♠ ❬✺✱ ▲❡♠♠❛ ✷✳✶✱ ✷✳✷❪✳ ■❢ σ4 ✜①❡s ❛ ❝✉r✈❡
C ♦❢ ❣❡♥✉s g > 1✱ t❤❡♥ t❤✐s ❝✉r✈❡ ✐s tr❛♥s✈❡rs❛❧ t♦ t❤❡ ✜❜❡rs ♦❢ π✳ ❚❤✐s ✐♠♣❧✐❡s t❤❛t
σ4 ♣r❡s❡r✈❡s ❡❛❝❤ ✜❜❡r ♦❢ π ❛♥❞ ❛❝ts ❛s ❛♥ ✐♥✈♦❧✉t✐♦♥ ♦♥ ✐t ✇✐t❤ ❢♦✉r ✜①❡❞ ♣♦✐♥ts✳ ■❢
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L ✐s ❛ r♦♦t ❧❛tt✐❝❡✱ t❤❡♥ ❜② ❬✻✱ ❚❤❡♦r❡♠ ✻✳✸❪ ✇❡ ❤❛✈❡ t❤❛t t❤❡ ▼♦r❞❡❧❧✲❲❡✐❧❧ ❣r♦✉♣ ♦❢ π
✐s MW (π) ∼= Pic(X)/T ✇❤❡r❡ T ❞❡♥♦t❡s t❤❡ s✉❜❣r♦✉♣ ♦❢ Pic(X) ❣❡♥❡r❛t❡❞ ❜② t❤❡ ③❡r♦
s❡❝t✐♦♥ ❛♥❞ ✜❜❡r ❝♦♠♣♦♥❡♥ts✳ ❍❡♥❝❡ s✐♥❝❡ L ✐s ❛ r♦♦t ❧❛tt✐❝❡ ❛♥❞ Pic(X) ∼= U⊕L ✇❡ ❤❛✈❡
t❤❛t MW (T ) ✐s tr✐✈✐❛❧✱ t❤✉s π ❤❛s ❛ ✉♥✐q✉❡ s❡❝t✐♦♥ E✳ ❙✐♥❝❡ σ4 ♣r❡s❡r✈❡s ❡❛❝❤ ✜❜❡r ♦❢ π✱
✇❡ ❤❛✈❡ E ⊂ Fix(σ4)✳ ❊✈❡♥t✉❛❧❧② t❤✐s ✐♠♣❧✐❡s t❤❛t C ✐♥t❡rs❡❝ts ❡❛❝❤ ✜❜❡r ✐♥ t❤r❡❡ ♣♦✐♥ts
✇✐t❤ ♠✉❧t✐♣❧✐❝✐t② ✭s✐♥❝❡ σ4 ❛❝ts ❛s ❛♥ ✐♥✈♦❧✉t✐♦♥ ♦♥ ❛ ❣❡♥❡r✐❝ ✜❜❡r ♦❢ π ✇✐t❤ ✹ ✜①❡❞ ♣♦✐♥ts
♦♥ ❡❛❝❤ ♦♥❡ ♦❢ t❤❡♠✮ ❛♥❞ ♦♥❡ ✜①❡❞ ♣♦✐♥t ❢♦r t❤❡ ❛❝t✐♦♥ ♦❢ σ4 ✐s ❝♦♥t❛✐♥❡❞ ✐♥ t❤❡ s❡❝t✐♦♥
E✳

◆♦✇ ✇❡ ♣r♦✈❡ t❤❛t π ✐s σ−✐♥✈❛r✐❛♥t ✐❢ g > 4✳ ▲❡t f ❜❡ t❤❡ ❝❧❛ss ♦❢ ❛ ✜❜❡r ♦❢ π ❛♥❞
s ❜❡ t❤❡ ❝❧❛ss ♦❢ t❤❡ ❝✉r✈❡ C✳ ❚❤❡ ❛✉t♦♠♦r♣❤✐s♠ σ ♣r❡s❡r✈❡s t❤❡ ❝✉r✈❡ C✱ ❛♥❞ ✇❡ ❤❛✈❡
t❤❛t C ∩ E = 0 s✐♥❝❡ t❤❡ ✜①❡❞ ❝✉r✈❡s ❢♦r σ4 ❝❛♥ ♥♦t ✐♥t❡rs❡❝t✳ ❆ss✉♠❡ t❤❛t f 6= σ∗(f)
t❤❡♥ t❤❡② ✐♥t❡rs❡❝t ✐♥ ❛t ❧❡❛st ✷ ♣♦✐♥ts✳ ■♥ ❢❛❝t ✐❢ f.σ∗(f) = 1 t❤❡♥ t❤✐s ✐s ❛ ✜①❡❞ ♣♦✐♥t
♦♥ f ❛♥❞ s♦ ❡✐t❤❡r C ✐s ✜①❡❞ ❜② σ ✇❤✐❝❤ ✐s ♥♦t ♣♦ss✐❜❧❡ ✭s✐♥❝❡ f.σ∗(f) ≥ 3 ✐♥ t❤✐s ❝❛s❡✱
✇❤❡r❡ C ✐♥t❡rs❡❝ts ❡❛❝❤ ✜❜❡r ✐♥ ✸ ♣♦✐♥ts✮✱ ♦r E ✐s ✜①❡❞ ❜② σ✳ ❚❤✐s ✐s ♥♦t ♣♦ss✐❜❧❡ t♦♦✱
s✐♥❝❡ ♦t❤❡r✇✐s❡ t❤❡ ❛❝t✐♦♥ ♦❢ σ ♦♥ t❤❡ ❜❛s✐s ♦❢ t❤❡ ✜❜r❛t✐♦♥ ✇♦✉❧❞ ❜❡ t❤❡ ✐❞❡♥t✐t② ❛♥❞ s♦
f = σ∗(f) ✇❤✐❝❤ ❝♦♥tr❛❞✐❝ts t❤❡ ❛ss✉♠♣t✐♦♥ f 6= σ∗(f)✳ ◆♦✇ ❛♣♣❧②✐♥❣ ❬✷✱ ▲❡♠♠❛ ✺❪ ✇❡
✜♥❞ t❤❛t✿

2g − 2 = s2 ≤ 2(s.f)2

f.σ∗(f) + 1
≤ 2.9

3
≤ 6,

✇❤✐❝❤ ✐♠♣❧✐❡s t❤❛t g = g(C) ≤ 4 ✐❢ π ✐s ♥♦t σ−✐♥✈❛r✐❛♥t✳ ❍❡♥❝❡ π ✐s σ✲✐♥✈❛r✐❛♥t ✐❢ g > 4✳
◆♦✇ ✇❡ s✉♣♣♦s❡ t❤❛t σ ✜①❡s t❤❡ ❝✉r✈❡ C✱ t❤❡♥ ❜② ❬✷✱ ❚❤❡♦r❡♠ ✷✳✶❪ ✇❡ ❣❡t g ≤ 2 ❛♥❞ π ✐s
♥♦t ✐♥✈❛r✐❛♥t ❜② σ ✭✇❤❡r❡ C ✐s ❝♦♥t❛✐♥❡❞ ❛✉t♦♠❛t✐❝❛❧❧② ✐♥ Fix(σ2)✮✳

■❢ L ✐s ♥♦t ❛ r♦♦t ❧❛tt✐❝❡✱ t❤❡♥ t❤❡ ▼♦r❞❡❧❧✲❲❡✐❧ ❣r♦✉♣ ♦❢ π ✐s ♥♦t tr✐✈✐❛❧✱ s♦ t❤❛t π ❤❛s
❛t ❧❡❛st t✇♦ s❡❝t✐♦♥s E

′

, E ⊂ Fix(σ4)✳ ❙✐♥❝❡ σ4 ✜①❡s ✹ ♣♦✐♥ts ♦♥ ❡❛❝❤ ❣❡♥❡r✐❝ ✜❜❡r✱ ✇❡
❤❛✈❡ t❤❛t s.f ≤ 2. ■❢ s.f = 1 ✭✐✳❡ t❤❡r❡ ❛r❡ t❤r❡❡ s❡❝t✐♦♥s ♦❢ π ✜①❡❞ ❜② σ4✮ t❤❡♥ g ≤ 1 ❜②
❬✷✱ ▲❡♠♠❛ ✺❪ t❤❛t ✐s ♥♦t ♣♦ss✐❜❧❡✳ ❍❡♥❝❡ C ✐♥t❡rs❡❝ts ❡❛❝❤ ✜❜❡r ✐♥ t✇♦ ♣♦✐♥ts✳ ■♥ t❤✐s ❝❛s❡
2 < g ≤ 5 ✐❢ π ✐s σ✲✐♥✈❛r✐❛♥t ❜② ❬✷✱ ▲❡♠♠❛ ✺❪ s✉❝❤ t❤❛t σ ❞♦❡s ♥♦t ❤❛✈❡ ❛♥② ✜①❡❞ ♣♦✐♥t ♦♥
❛ ❣❡♥❡r✐❝ ✜❜❡r ♦❢ π✱ ❛♥❞ g ≤ 2 ❜② t❤❡ s❛♠❡ ❬✷✱ ▲❡♠♠❛ ✺❪ ♦t❤❡r✇✐s❡✳
■❢ σ ✜①❡s ❛ ❝✉r✈❡ C✱ t❤❡♥ f.σ∗(f) ≥ 2 s✐♥❝❡ σ ✜①❡s t✇♦ ♣♦✐♥ts ♦♥ ❡❛❝❤ ✜❜❡r ❛♥❞ s♦ ✐t ❝❛♥♥♦t
♣r❡s❡r✈❡ ❛ ❣❡♥❡r✐❝ ✜❜❡r ♦❢ π ✭s✐♥❝❡ ♦t❤❡r✇✐s❡ ❡❛❝❤ ✜❜❡r ✇♦✉❧❞ ❛❞♠✐t ❛♥ ❛✉t♦♠♦r♣❤✐s♠
♦❢ ♦r❞❡r ✽✱ ❤❡♥❝❡ σ ✇♦✉❧❞ ❜❡ ❛ tr❛♥s❧❛t✐♦♥ ✇❤✐❝❤ ✐s ✐♠♣♦ss✐❜❧❡ t♦♦✮✳ ❍❡♥❝❡ π ✐s ♥♦t
✐♥✈❛r✐❛♥t ❜② σ ✇❤✐❝❤ ✐♠♣❧✐❡s t❤❛t g ≤ 2 ❜② ❬✷✱ ▲❡♠♠❛ ✺❪✳ ▼♦r❡♦✈❡r✱ σ ✜①❡s ❛t ❧❡❛st ♦♥❡
s♠♦♦t❤ r❛t✐♦♥❛❧ ❝✉r✈❡✳ ■♥ ❢❛❝t ❜② Pr♦♣♦s✐t✐♦♥ ✷✳✶✳✽ ✇❡ ❤❛✈❡ t❤❛t n2 + n3 = 2 + 4α ✇❤❡r❡
α = k + 1 − g(C) = k − 1 s✐♥❝❡ g(C) = 2✳ ❙♦ t❤❛t k > 0 ✭✇❤❡r❡ n2 + n3 = 4k − 2 ✐s ❛
♣♦s✐t✐✈❡ ♥✉♠❜❡r✮✳

✷✳✸ ❚❤❡ ❝❛s❡ ♦❢ ❛♥ ✐♥✈❛r✐❛♥t ❡❧❧✐♣t✐❝ ❝✉r✈❡✳

■♥ t❤✐s s❡❝t✐♦♥ ✇❡ s✉♣♣♦s❡ t❤❛t σ4 ✜①❡s ❛♥ ❡❧❧✐♣t✐❝ ❝✉r✈❡ C✳ ❚❤✉s t❤❡ K3 s✉r❢❛❝❡ X ❝❛rr✐❡s
❛♥ ❡❧❧✐♣t✐❝ ✜❜r❛t✐♦♥ πC : X −→ P1 ❤❛✈✐♥❣ C ❛s ❛ s♠♦♦t❤ ✜❜❡r✳ ❖❜s❡r✈❡ t❤❛t πC ✐s ✐♥✈❛r✐❛♥t
❜② σi ; i = 1, 2, 4 ✭s✐♥❝❡ σi ♣r❡s❡r✈❡s C ✇❤✐❝❤ ✐s ❛ ✜❜❡r ♦❢ πC ✮ ❛♥❞ ❛❧❧ ❝✉r✈❡s ✜①❡❞ ❜② σi

❛r❡ ❝♦♥t❛✐♥❡❞ ✐♥ t❤❡ ✜❜❡rs ♦❢ πC ✱ t❤❛t ❜❡❝❛✉s❡ t❤❡② ❛r❡ ❞✐s❥♦✐♥t ✇✐t❤ C ❛♥❞ t❤❡ ❛❝t✐♦♥ ♦♥
t❤❡ ❜❛s❡ ♦❢ σ ✐s ♥♦♥✲tr✐✈✐❛❧✳ ■♥ ❢❛❝t ✐❢ t❤❡ ❛❝t✐♦♥ ✇♦✉❧❞ ❜❡ tr✐✈✐❛❧ t❤❡♥ ❛ s♠♦♦t❤ ✜❜❡r ✇♦✉❧❞
❤❛✈❡ ❛♥ ❛✉t♦♠♦r♣❤✐s♠ ♦❢ ♦r❞❡r ✽✳ ❆♥ ❡❧❧✐♣t✐❝ ❝✉r✈❡ ❝❛♥ ❛❞♠✐t ♦♥❧② ❛✉t♦♠♦r♣❤✐s♠s ♦❢
♦r❞❡r ✷✱✹✱✻ ✭❞✐✛❡r❡♥t ❢r♦♠ ❛ tr❛♥s❧❛t✐♦♥✮✱ s♦ t❤❛t t❤✐s ❛✉t♦♠♦r♣❤✐s♠ s❤♦✉❧❞ ❜❡ ✐♥❞✉❝❡❞ ❜②
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❛ tr❛♥s❧❛t✐♦♥ ❜② ❛ ♣♦✐♥t ♦❢ ♦r❞❡r ✽ ♦♥ t❤❡ ❣❡♥❡r✐❝ ✜❜❡r✳ ❇✉t t❤❡♥ σ ✇♦✉❧❞ ❜❡ ❛ s②♠♣❧❡❝t✐❝
❛✉t♦♠♦r♣❤✐s♠✱ ✇❤✐❝❤ ❝♦♥tr❛❞✐❝ts ♦✉r ❛ss✉♠♣t✐♦♥ ♦♥ σ✳ ❍❡r❡ ✇❡ ❞✐st✐♥❣✉✐s❤ t❤❡ ❢♦❧❧♦✇✐♥❣
t❤r❡❡ ❝❛s❡s✿

• ❚❤❡ ❡❧❧✐♣t✐❝ ❝✉r✈❡ C ✐s ✜①❡❞ ❜② σ✳

• ❚❤❡ ❡❧❧✐♣t✐❝ ❝✉r✈❡ C ✐s ✜①❡❞ ❜② σ2 ❜✉t ✐s ♥♦t ❝♦♥t❛✐♥❡❞ ✐♥ Fix(σ)✳

• ❚❤❡ ❡❧❧✐♣t✐❝ ❝✉r✈❡ C ✐s ♦♥❧② ✜①❡❞ ❜② σ4✳

▲❡♠♠❛ ✷✳✸✳✶✳ ■❢ X ❝❛rr✐❡s ❛ σ−✐♥✈❛r✐❛♥t ❡❧❧✐♣t✐❝ ✜❜r❛t✐♦♥✱ s✉❝❤ t❤❛t σ4 ✜①❡s ❛♥ ✐rr❡✲
❞✉❝✐❜❧❡ s♠♦♦t❤ ✜❜❡r C ♦❢ t❤✐s ✜❜r❛t✐♦♥✱ t❤❡♥ σ ❛❝ts ✇✐t❤ ♦r❞❡r ✽ ♦♥ t❤❡ ❜❛s✐s ♦❢ t❤❡ ✜❜r❛t✐♦♥
❛♥❞ ✜①❡s t✇♦ ♣♦✐♥ts ♦♥ ✐t✳

Pr♦♦❢✳ ▲❡t πC : X −→ P1 ❜❡ ❛ σ−✐♥✈❛r✐❛♥t ❡❧❧✐♣t✐❝ ✜❜r❛t✐♦♥ ❤❛✈✐♥❣ C ❛s ❛ s♠♦♦t❤ ✜❜❡r
❛♥❞ s✉❝❤ t❤❛t C ✐s ✜①❡❞ ❜② t❤❡ ✐♥✈♦❧✉t✐♦♥ σ4✳ ❖❜s❡r✈❡ t❤❛t σ2 ✭r❡s♣❡❝t✐✈❡❧② σ4✮ ✐s ♥♦t
t❤❡ ✐❞❡♥t✐t② ♦♥ t❤❡ ❜❛s❡ ♦❢ πC ✱ s✐♥❝❡ ♦t❤❡r✇✐s❡ ✐t ✇♦✉❧❞ ❛❝t ❛s t❤❡ ✐❞❡♥t✐t② ♦♥ t❤❡ t❛♥❣❡♥t
s♣❛❝❡ ❛t ❛ ♣♦✐♥t ♦❢ C✱ ❝♦♥tr❛❞✐❝t✐♥❣ t❤❡ ❢❛❝t t❤❛t σ2 ✭r❡s♣❡❝t✐✈❡❧② σ4✮ ✐s ♣✉r❡❧② ♥♦♥✲
s②♠♣❧❡❝t✐❝✳ ❍❡♥❝❡ σ ❛❝ts ❛s ❛♥ ♦r❞❡r eight ❛✉t♦♠♦r♣❤✐s♠ ♦♥ P1 ❛♥❞ ❤❛s t✇♦ ✜①❡❞ ♣♦✐♥ts
♦♥ ✐t ❝♦rr❡s♣♦♥❞✐♥❣ t♦ C ❛♥❞ ❛♥♦t❤❡r ✜❜r❡ C

′

.

✷✳✸✳✶ ❚❤❡ ✜①❡❞ ❧♦❝✉s Fix(σ) ❝♦♥t❛✐♥s ❛♥ ❡❧❧✐♣t✐❝ ❝✉r✈❡✳

❍❡r❡ ✇❡ ❛ss✉♠❡ t❤❛t σ ✜①❡s ❛♥ ❡❧❧✐♣t✐❝ ❝✉r✈❡ C✱ ❛♥❞ s♦ ✐t ✇✐❧❧ ❜❡ ❛❧s♦ ✜①❡❞ ❜② ❛ ♥♦♥✲
s②♠♣❧❡❝t✐❝ ♦r❞❡r ❢♦✉r ❛✉t♦♠♦r♣❤✐s♠ σ2✳

❚❤❡♦r❡♠ ✷✳✸✳✷✳ ▲❡t σ ❜❡ ❛ ♣✉r❡❧② ♥♦♥✲s②♠♣❧❡❝t✐❝ ♦r❞❡r ❡✐❣❤t ❛✉t♦♠♦r♣❤✐s♠ ♦♥ ❛ K3
s✉r❢❛❝❡ X ✇✐t❤ Pic(X) = S(σ4) ❛♥❞ πC : X −→ P1 ❜❡ ❛♥ ❡❧❧✐♣t✐❝ ✜❜r❛t✐♦♥ ✇✐t❤ ❛ s♠♦♦t❤
✜❜❡r C ⊂ Fix(σ). ❚❤❡♥ σ ♣r❡s❡r✈❡s πC ❛♥❞ ❛❝ts ♦♥ ✐ts ❜❛s❡ ❛s ❛♥ ♦r❞❡r ❡✐❣❤t ❛✉t♦♠♦r♣❤✐s♠
✇✐t❤ t✇♦ ✜①❡❞ ♣♦✐♥ts ❝♦rr❡s♣♦♥❞✐♥❣ t♦ t❤❡ ✜❜❡r C ❛♥❞ ❛ ✜❜❡r C

′

✇❤✐❝❤ ✐s ❡✐t❤❡r s♠♦♦t❤ ♦r
♦❢ ❑♦❞❛✐r❛ t②♣❡ IV∗✳ ❚❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ✐♥✈❛r✐❛♥ts ♦❢ σ ❛r❡ ❣✐✈❡♥ ✐♥ ❚❛❜❧❡ ✷✳✶ ✳

m1 m r l (n2, n3, n4) N k A t②♣❡ ♦❢ C
′

✸ ✷ ✸ ✸ (2, 0, 0) 2 0 0 I0
2 2 6 4 (1, 1, 2) 4 0 1 IV∗

❚❛❜❧❡ ✷✳✶✿ ❚❤❡ ❝❛s❡ g❂✶✱ C ⊆ Fix(σ).

Pr♦♦❢✳ ❇② ▲❡♠♠❛ ✷✳✸✳✶ ✇❡ ❣❡t t❤❛t σ ❤❛s ♦r❞❡r ✽ ♦♥ P1 ✇✐t❤ t✇♦ ✜①❡❞ ♣♦✐♥ts ♦♥ ✐t
❝♦rr❡s♣♦♥❞✐♥❣ t♦ C ❛♥❞ ❛♥♦t❤❡r ✜❜❡r C

′

, ✇❤✐❝❤ ✐s ❡✐t❤❡r s♠♦♦t❤ ❡❧❧✐♣t✐❝ ♦r r❡❞✉❝✐❜❧❡ s✉❝❤
t❤❛t ✐t ❝♦♥t❛✐♥s ❛❧❧ ✜①❡❞ r❛t✐♦♥❛❧ ❝✉r✈❡s ❜② σ4✳

■❢ C
′

✐s ✐rr❡❞✉❝✐❜❧❡✱ t❤❡♥ α = k = 0 t❤✉s N = 2 + r − l ❛♥❞ N = n4 + 2 = 2n3 + 2 ❜②
Pr♦♣♦s✐t✐♦♥ ✷✳✶✳✽✳ ❲❡ ♦❜s❡r✈❡ t❤❛t n4 = 0✱ s✐♥❝❡ ♦t❤❡r✇✐s❡ σ2 ✇♦✉❧❞ ✜① ❛ ❝✉r✈❡ tr❛♥s✈❡rs❛❧
t♦ C

′

t❤❛t s❤♦✉❧❞ ♠❡❡t C ✭✇❤❡r❡ C
′

✐s ♥♦t ✜①❡❞ ❜② σ2 s✐♥❝❡ ✐t ❞♦❡s ♥♦t ✜① t✇♦ ❡❧❧✐♣t✐❝
❝✉r✈❡s ❜② ❬✷✱ Pr♦♣♦s✐t✐♦♥ ✶❪✮✳ ❇✉t C ✐s ❛❧s♦ ✜①❡❞ ❜② σ2✱ s♦ t❤✐s ✐s ♥♦t ♣♦ss✐❜❧❡✳ ❍❡♥❝❡ ✇❡
❣❡t t❤❛t N = 2 ❛♥❞ n3 = n4 = 0 t❤✉s n2 = 2✱ ✇❤✐❝❤ ✐♠♣❧✐❡s t❤❛t C

′

✐s s♠♦♦t❤ ❡❧❧✐♣t✐❝
❛♥❞ σ ❤❛s ♦r❞❡r ❢♦✉r ♦♥ ✐t ✭✇❤❡r❡ ✐t ✜①❡s t✇♦ ✐s♦❧❛t❡❞ ♣♦✐♥ts ♦♥ C

′

✮✳ ❯s✐♥❣ t❤❡ ❢❛❝t t❤❛t
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(rσ2 , lσ2 ,mσ2) = (6, 4, 6) ✭s❡❡ ❬✷✱ ❚❤❡♦r❡♠ ✸✳✶❪✮ ✇❡ ❣❡t ✐♠♠❡❞✐❛t❡❧② t❤❛t m1 = 3,m = 2✳
▼♦r❡♦✈❡r ✇❡ ❤❛✈❡ t❤❛t r − l = 0 ❛♥❞ r + l = 6✳ ❙♦ t❤❛t r = l = 3✳

❲❡ ♥♦✇ ❛ss✉♠❡ t❤❛t C
′

✐s r❡❞✉❝✐❜❧❡ ❛♥❞ ✇❡ ❝❧❛ss✐❢② t❤❡ ♣♦ss✐❜❧❡ Kodaira t②♣❡s ❢♦r ✐t✳
❙✐♥❝❡ t❤❡ ✜❜r❛t✐♦♥ ❛❞♠✐ts ❛❧s♦ ❛♥ ❛✉t♦♠♦r♣❤✐s♠ ♦❢ ♦r❞❡r ❢♦✉r σ2✱ ❜② ❬✷✱ ❚❤❡♦r❡♠ ✸✳✶❪ t❤❡
♣♦ss✐❜❧❡ t②♣❡s ♦❢ C

′

❛r❡✿ I4, IV ∗, I8, I12, I16. ❖❜s❡r✈❡ t❤❛t t❤❡ ❝❛s❡s C
′

✐s ♦❢ t②♣❡ I8 ❛♥❞ I16
✇✐t❤ aσ2 = 1, 3 r❡s♣❡❝t✐✈❡❧② ❝♦♥tr❛❞✐❝t ❘❡♠❛r❦ ✷✳✶✳✼✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ t❤❡ ❝❛s❡s ✇❤❡♥
C

′

✐s ♦❢ t②♣❡ I4 ❛♥❞ I12 ❝❛♥ ❜❡ ❡①❝❧✉❞❡❞ s✐♥❝❡ mσ2 = 2m1 ❛♥❞ lσ2 = 2m ❛r❡ ❡✈❡♥ ♥✉♠❜❡rs✳
■❢ C

′

= IV ∗✱ t❤❡♥ t❤❡ ❝❛s❡ ✇✐t❤ aσ2 = 1 ✐s ♥♦t ♣♦ss✐❜❧❡ ❜② ❘❡♠❛r❦ ✷✳✶✳✼ ❛❣❛✐♥✳ ❲❡
❛r❡ ❧❡❢t ✇✐t❤ t❤❡ ❝❛s❡ C

′

= IV ∗ ❛♥❞ (aσ2 , kσ2 , Nσ2) = (0, 1, 6)✳ ❖❜s❡r✈❡ t❤❛t n2 = n3 ✭s❡❡
❘❡♠❛r❦ ✷✳✶✳✶✶✱ ✇❤❡r❡ t❤❡ ✜①❡❞ ♣♦✐♥ts ❜② σ ❛r❡ ❝♦♥t❛✐♥❡❞ ✐♥ s♠♦♦t❤ r❛t✐♦♥❛❧ ❝✉r✈❡s✮ s♦
t❤❛t ✇❡ ❣❡t 2n2 = 2 + 4α ❜② Pr♦♣♦s✐t✐♦♥ ✷✳✶✳✽✳ ■❢ k = 1✱ t❤❡♥ n2 = n3 = 3 ❛♥❞ n4 = 0
✭s✐♥❝❡ kσ2 = k = 1✮✱ ❜✉t t❤❛t ❝♦♥tr❛❞✐❝ts t❤❡ ❢❛❝t t❤❛t n4 > 0 ❜② t❤❡ s❡❝♦♥❞ ❡q✉❛❧✐t② ♦❢
Pr♦♣♦s✐t✐♦♥ ✷✳✶✳✽✳ ❚❤✉s k = 0 ❛♥❞ s♦ n2 = n3 = 1✱ n4 = 2 ❛♥❞ σ ❛❝ts ❛s ❛ r❡✢❡❝t✐♦♥ ♦♥
t❤❡ ✜❜❡r IV ∗.
❇② t❤❡ s❛♠❡ ♣r❡✈✐♦✉s ❛r❣✉♠❡♥t ♦♥❡ ❝♦♠♣✉t❡s ❡❛s✐❧② t❤❡ ✈❛❧✉❡s ♦❢ m1,m, r ❛♥❞ l ❛s ✐♥
❚❛❜❧❡ ✷✳✶✳

✷✳✸✳✷ ❚❤❡ ✜①❡❞ ❧♦❝✉s Fix(σ2) ❝♦♥t❛✐♥s ❛♥ ❡❧❧✐♣t✐❝ ❝✉r✈❡✳

❲❡ ❛ss✉♠❡ t❤❛t C ⊂ Fix(σ2) ✐s ♥♦t ✜①❡❞ ❜② σ✱ s✐♥❝❡ ✇❡ ❤❛✈❡ ❛❧r❡❛❞② ❞✐s❝✉ss❡❞ t❤✐s
❝❛s❡ ✐♥ ❚❤❡♦r❡♠ ✷✳✸✳✷✳ ❖❜s❡r✈❡ ❤♦✇❡✈❡r t❤❛t ♦♥❡ ❝❛♥ ❡❛s✐❧② s❤♦✇ t❤❛t σ ♣r❡s❡r✈❡s C✳
❲❡ r❡❝❛❧❧ ✜rst s♦♠❡ ♥♦t❛t✐♦♥s✳ ▲❡t N

′

❜❡ t❤❡ ♥✉♠❜❡r ♦❢ ✐s♦❧❛t❡❞ ✜①❡❞ ♣♦✐♥ts ♦❢ σ ♦♥
❛ ❝✉r✈❡ C ⊆ Fix(σ4) ♦❢ ❣❡♥✉s g ≥ 1✱ ❛♥❞ ❧❡t 2A ❜❡ t❤❡ ♥✉♠❜❡r ♦❢ s♠♦♦t❤ r❛t✐♦♥❛❧
❝✉r✈❡s ✐♥t❡r❝❤❛♥❣❡❞ ❜② σ ❛♥❞ ✐♥✈❛r✐❛♥ts ✭❜✉t ♥♦t ♣♦✐♥t✇✐s❡ ✜①❡❞✮ ❜② σ2✳ ❲❡ r❡♠❛r❦ t❤❛t
Nσ2 = (n2 + n3) + 4A ❛♥❞ t❤❡ ✜①❡❞ ♣♦✐♥ts ♦♥ C ❛r❡ ♦❢ t②♣❡ P 4,5 ✐♥ t❤✐s ❝❛s❡✳

❚❤❡♦r❡♠ ✷✳✸✳✸✳ ▲❡t σ ❜❡ ❛ ♣✉r❡❧② ♥♦♥✲s②♠♣❧❡❝t✐❝ ❛✉t♦♠♦r♣❤✐s♠ ♦❢ ♦r❞❡r eight ♦♥ ❛ K3
s✉r❢❛❝❡ X ✇✐t❤ Pic(X) = S(σ4) ❛♥❞ C ❜❡ ❛♥ ❡❧❧✐♣t✐❝ ❝✉r✈❡ ✐♥ Fix(σ2) ❛♥❞ ❛ss✉♠❡ t❤❡r❡ ✐s
♥♦ ❡❧❧✐♣t✐❝ ✜①❡❞ ❝✉r✈❡ ❜② σ✳ ❚❤❡♥ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ✐♥✈❛r✐❛♥ts ♦❢ σ ❛r❡ ❣✐✈❡♥ ✐♥ ❚❛❜❧❡ ✷✳✷✳

m1 m r l N (n2, n3, n4) N
′

k a A t②♣❡ ♦❢ C
′

✸ ✷ ✸ ✸ ✷ (2, 0, 0) 0 0 ✵ ✵ I0
✸ ✷ ✺ ✶ ✻ ✭✵✱✷✱✹✮ ✹ ✵ ✵ ✵ I0
2 2 6 ✹ 4 (1, 1, 2) 0 0 0 ✶ IV∗

2 2 10 0 10 (3, 3, 4) 4 1 0 0 IV∗

❚❛❜❧❡ ✷✳✷✿ ❚❤❡ ❝❛s❡ g❂✶ ✱ Fix(σ2) ⊇ C * Fix(σ).

Pr♦♦❢✳ ❙✐♥❝❡ σ ♣r❡s❡r✈❡s C✱ t❤❡♥ t❤❡r❡ ✐s ❛ σ−✐♥✈❛r✐❛♥t ❡❧❧✐♣t✐❝ ✜❜r❛t✐♦♥ πC : X −→ P1

✇✐t❤ ✜❜❡r C✳ ❖❜s❡r✈❡ t❤❛t ❜② ▲❡♠♠❛ ✷✳✸✳✶ t❤❡ ❛✉t♦♠♦r♣❤✐s♠ σ ❤❛s ♦r❞❡r ❡✐❣❤t ♦♥ t❤❡
❜❛s✐s ♦❢ πC ❛♥❞ ✐t ❤❛s t✇♦ ✜①❡❞ ♣♦✐♥ts ♦♥ P1✱ ❝♦rr❡s♣♦♥❞✐♥❣ t♦ t❤❡ ✜❜❡r C ❛♥❞ ❛ ✜❜❡r C

′

♦❢ πC . ❚❤✐s ✐♠♣❧✐❡s t❤❛t ❛❧❧ r❛t✐♦♥❛❧ ❝✉r✈❡s ✜①❡❞ ❜② σ ❛r❡ ❝♦♥t❛✐♥❡❞ ✐♥ C
′

✳ ❖❜s❡r✈❡ t❤❛t σ
❛❝ts ♦♥ C ❡✐t❤❡r ❛s ❛♥ ✐♥✈♦❧✉t✐♦♥ ✇✐t❤ ❢♦✉r ✜①❡❞ ♣♦✐♥ts ♦r ❛s ❛ tr❛♥s❧❛t✐♦♥✳ ❇② t❤❡ s❛♠❡
❛r❣✉♠❡♥t ❛s ✐♥ ❚❤❡♦r❡♠ ✷✳✸✳✷ ✇❡ ❤❛✈❡ t❤❛t C

′

✐s ❡✐t❤❡r ❛ s♠♦♦t❤ ❡❧❧✐♣t✐❝ ❝✉r✈❡ ♦r ♦❢ t②♣❡
IV ∗✳
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■❢ C
′

✐s ✐rr❡❞✉❝✐❜❧❡✱ t❤❡♥ α = k = 0 t❤✉s N = 2 + r − l ❛♥❞ N = n4 + 2 = 2n3 + 2
❜② Pr♦♣♦s✐t✐♦♥ ✷✳✶✳✽✳ ❙✐♥❝❡ Fix(σ2) ❝❛♥ ♥♦t ❝♦♥t❛✐♥ t✇♦ ❡❧❧✐♣t✐❝ ❝✉r✈❡s ✭♦❜s❡r✈❡ t❤❛t C

′

♠✉st ❜❡ s♠♦♦t❤✮✱ ❛♥❞ s✐♥❝❡ σ ❛❝ts ♦♥ C ❡✐t❤❡r ❛s ❛♥ ✐♥✈♦❧✉t✐♦♥ ✇✐t❤ ❢♦✉r ✜①❡❞ ♣♦✐♥ts ♦❢
t②♣❡ P 4,5 ♦r ❛s ❛ tr❛♥s❧❛t✐♦♥ ✇✐t❤ ③❡r♦ ✜①❡❞ ♣♦✐♥t✱ ✇❡ ❤❛✈❡ n4 ❡✐t❤❡r ❡q✉❛❧ t♦ ✵ ♦r t♦ ✹
❛♥❞ (n2, n3) ❂ ✭✷✱✵✮ ♦r ✭✵✱✷✮ ❜② Pr♦♣♦s✐t✐♦♥ ✷✳✶✳✽✳ ■♥ t❤❡s❡ t✇♦ ❝❛s❡s C

′

✐s s♠♦♦t❤ ❡❧❧✐♣t✐❝
❛♥❞ σ ❛❝ts ♦♥ ✐t ❛s ❛♥ ♦r❞❡r ❢♦✉r ❛✉t♦♠♦r♣❤✐s♠ ✇✐t❤ t✇♦ ✜①❡❞ ♣♦✐♥ts✳

■❢ C
′

✐s ♦❢ t②♣❡ IV∗✱ t❤❡♥ t❤❡ ❝❡♥tr❛❧ ❝♦♠♣♦♥❡♥t ♦❢ ♠✉❧t✐♣❧✐❝✐t② 3 ✐s ✐♥✈❛r✐❛♥t ❢♦r σ✳ ■❢
t❤❡ ❝❡♥tr❛❧ ❝♦♠♣♦♥❡♥t ✐s ✜①❡❞ ❜② σ✱ t❤❡♥ k = 1 , A = a = 0 ❛♥❞ ❜② ▲❡♠♠❛ ✷✳✶✳✶✵ ✇❡
❤❛✈❡ t❤❛t n2 = n3 = 3✳ ❇② Pr♦♣♦s✐t✐♦♥ ✷✳✶✳✽ ✇❡ ❣❡t n4 = 2 + 2k = 4 t❤✉s σ ❛❝ts ❛s ❛♥
✐♥✈♦❧✉t✐♦♥ ♦♥ C ❛♥❞ N

′

= 4 ✳ ❖t❤❡r✇✐s❡ t❤❡ t✇♦ ❜r❛♥❝❤❡s ♦❢ t❤❡ ✜❜❡r C
′

❛r❡ ❡①❝❤❛♥❣❡❞
❜② σ t❤✉s k = 0 ❛♥❞ A = 1✳ ❖♥ ♦t❤❡r ❤❛♥❞✱ t❤❡ ❝❡♥tr❛❧ ❝♦♠♣♦♥❡♥t ♦❢ C

′

❤❛s t✇♦ ✐s♦❧❛t❡❞
✜①❡❞ ♣♦✐♥ts ♦❢ t②♣❡ P 4,5✳ ❇② ❛♣♣❧②✐♥❣ ▲❡♠♠❛ ✷✳✶✳✶✵ ✇❡ ♦❜t❛✐♥ t❤❛t n2 = n3 = 1 ❛♥❞ s♦
n4 = 2 ❜② Pr♦♣♦s✐t✐♦♥ ✷✳✶✳✽✳ ■♥ t❤✐s ❝❛s❡ σ ❛❝ts ❛s ❛ tr❛♥s❧❛t✐♦♥ ♦♥ C✳

✷✳✸✳✸ ❚❤❡ ✜①❡❞ ❧♦❝✉s Fix(σ4) ❝♦♥t❛✐♥s ❛♥ ❡❧❧✐♣t✐❝ ❝✉r✈❡✳

❲❡ ❛ss✉♠❡ t❤❛t Fix(σ) ❛♥❞ Fix(σ2) ❞♦ ♥♦t ❝♦♥t❛✐♥ ❛♥ ❡❧❧✐♣t✐❝ ❝✉r✈❡✳ ❖❜s❡r✈❡ t❤❛t t❤❡
✜①❡❞ ♣♦✐♥ts ❜② σ ♦♥ C ❛r❡ ♦❢ t②♣❡ P 2,7 ❛♥❞ P 3,6✳

❚❤❡♦r❡♠ ✷✳✸✳✹✳ ▲❡t σ ❜❡ ❛ ♣✉r❡❧② ♥♦♥✲s②♠♣❧❡t✐❝ ❛✉t♦♠♦r♣❤✐s♠ ♦❢ ♦r❞❡r eight s✉❝❤ t❤❛t
Fix(σ4) ❝♦♥t❛✐♥s ❛♥ ❡❧❧✐♣t✐❝ ❝✉r✈❡ C ❛♥❞ σi, i = 1, 2 ❞♦❡s ♥♦t ✜① ❛♥ ❡❧❧✐♣t✐❝ ❝✉r✈❡✳ ❚❤❡♥
✇❡ ❛r❡ ✐♥ ♦♥❡ ♦❢ t❤❡ ❝❛s❡s ❛♣♣❡❛r✐♥❣ ✐♥ ❚❛❜❧❡ ✷✳✸✳

m1 m r l N (n2, n3, n4) N
′

k a t②♣❡ ♦❢ C
′

✸ ✷ ✸ ✸ ✷ ✭✷✱✵✱✵✮ ✷ ✵ ✵ I0
✷ ✶ ✶✵ ✷ 8 (4, 2, 2) 2 1 0 I8
✷ ✶ ✽ ✹ ✻ ✭✵✱✷✱✹✮ ✷ ✵ ✵ I8
✷ ✶ ✻ ✻ ✷ ✭✷✱✵✱✵✮ ✷ ✵ ✶ I8
✷ ✸ ✹ ✹ ✷ ✭✷✱✵✱✵✮ ✷ ✵ ✵(s = 1) I8
✶ ✵ ✶✼ ✶ ✶✹ ✭✻✱✹✱✹✮ ✷ ✷ ✵ I16
✶ ✵ ✶✶ ✼ ✻ ✭✵✱✷✱✹✮ ✷ ✵ ✶ I16
✶ ✵ ✾ ✾ ✷ ✭✷✱✵✱✵✮ ✷ ✵ ✷ I16
✶ ✹ ✺ ✺ ✷ ✭✷✱✵✱✵✮ ✷ ✵ ✵(s = 2) I16
✷ ✷ ✻ ✹ ✹ ✭✶✱✶✱✷✮ ✵ ✵ ✵ IV∗

❚❛❜❧❡ ✷✳✸✿ ❚❤❡ ❝❛s❡ g = 1,Fix(σ4) ⊇ C * Fix(σ2).

Pr♦♦❢✳ ❆s ✐♥ t❤❡ ♣r♦♦❢ ♦❢ t❤❡♦r❡♠s ✷✳✸✳✷ ❛♥❞ ✷✳✸✳✸ t❤❡ K3 s✉r❢❛❝❡ X ❛❞♠✐ts ❛ σ−✐♥✈❛r✐❛♥t
❡❧❧✐♣t✐❝ ✜❜r❛t✐♦♥✳ ❇② ▲❡♠♠❛ ✷✳✸✳✶ t❤❡ ❛✉t♦♠♦r♣❤✐s♠ σ ❛❝ts ✇✐t❤ ♦r❞❡r ✽ ♦♥ t❤❡ ❜❛s✐s ♦❢
t❤❡ ✜❜r❛t✐♦♥ ✇✐t❤ t✇♦ ✜①❡❞ ♣♦✐♥ts✳ ▲❡t C ❛♥❞ C

′

❜❡ t❤❡ ✜❜❡rs ♦✈❡r t❤❡s❡ t✇♦ ♣♦✐♥ts✳
■❢ C

′

✐s ✐rr❡❞✉❝✐❜❧❡✱ t❤❡♥ σ ❛❝ts ♦♥ ✐t ❡✐t❤❡r ❛s ❛♥ ♦r❞❡r ❢♦✉r ❛✉t♦♠♦r♣❤✐s♠ ✇✐t❤ t✇♦
✜①❡❞ ♣♦✐♥ts ✭♦❢ t②♣❡ P 2,7, P 3,6✮ ♦r ❛s ❛ tr❛♥s❧❛t✐♦♥✳ ❖❜s❡r✈❡ t❤❛t n4 = 0 ✐♥ t❤✐s ❝❛s❡✳ ❙✐♥❝❡
k = 0 ❛♥❞ n4 = 0 ✭✇❤❡r❡ πC ❞♦❡s ♥♦t ❤❛✈❡ ❛ ✜①❡❞ s❡❝t✐♦♥ s✐♥❝❡ t❤❡ ❝✉r✈❡s ✐♥ Fix(σ4) ❞♦
♥♦t ✐♥t❡rs❡❝t ✮ ✇❡ ❤❛✈❡ ❜② Pr♦♣♦s✐t✐♦♥ ✷✳✶✳✽ t❤❛t (n2, n3) = (2, 0) ❛♥❞ r− l+2 = 2 s♦ r = l✳
❍❡♥❝❡ σ ❛❝ts ❛s ❛ tr❛♥s❧❛t✐♦♥ ♦♥ ♦♥❡ ♦❢ t❤✐s t✇♦ ❡❧❧✐♣t✐❝ ❝✉r✈❡s ❛♥❞ ❛s ❛♥ ❛✉t♦♠♦r♣❤✐s♠ ♦❢
♦r❞❡r ✹ ♦♥ t❤❡ ♦t❤❡r ✜❜❡r✳ ■♥ t❤✐s ❝❛s❡ σ2 ♦♥❧② ❤❛s ✐s♦❧❛t❡❞ ✜①❡❞ ♣♦✐♥ts s♦ t❤❛t ✇❡ ❛r❡ ✐♥



✸✷ ❈❍❆P❚❊❘ ✷✳ ◆❖◆✲❙❨▼P▲❊❈❚■❈ ❆❯❚❖▼❖❘P❍■❙▼❙ ❖❋ ❖❘❉❊❘ ✽

t❤❡ ❝❛s❡ g = 1 ❛♥❞ (mσ2 , rσ2) = (6, 6) ♦❢ ❚❛❜❧❡ ✻ ♦❢ ❬✷❪✳

■❢ C
′

✐s r❡❞✉❝✐❜❧❡✱ t❤❡♥ ✇❡ ✇✐❧❧ ❞✐st✐♥❣✉✐s❤ t❤❡ ❢♦❧❧♦✇✐♥❣ t✇♦ ❝❛s❡s✿

• kσ2 = 0 :
■♥ t❤✐s ❝❛s❡ ✇❡ ❤❛✈❡ t❤❛t k = n4 = 0 t❤✉s N = 2 ❛♥❞ (n2, n3) = (2, 0) ❜② Pr♦♣♦s✐t✐♦♥
✷✳✶✳✽✳ ❖❜s❡r✈❡ t❤❛t t❤❡s❡ t✇♦ ✜①❡❞ ♣♦✐♥ts ❜❡❧♦♥❣ t♦ t❤❡ ❝✉r✈❡ C ✭ t❤❡② ❝❛♥ ♥♦t ❜❡
❝♦♥t❛✐♥❡❞ ✐♥ ❛ r❛t✐♦♥❛❧ ❝✉r✈❡ ❜② ❘❡♠❛r❦ ✷✳✶✳✶✶✮ ❛♥❞ s♦ t❤❡ ❢♦✉r ✜①❡❞ ♣♦✐♥ts ❜② σ2

❛r❡ ❝♦♥t❛✐♥❡❞ ✐♥ C ✭❤❡r❡ Nσ2 = 4 ❜② ❬✷✱ Pr♦♣♦s✐t✐♦♥ ✶❪✮✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ✇❡ ❤❛✈❡
kσ2 = kσ = 0✱ t❤✐s ♠❡❛♥s t❤❛t σ ❛♥❞ σ2 ❞♦ ♥♦t ✜① ❛♥② ♣♦✐♥t ✐♥ C

′

✇❤✐❝❤ ❡①❝❧✉❞❡s
t❤❡ Kodaira t②♣❡s III, IV, I∗b , II

∗, III∗ ❛♥❞ IV ∗ ♦❢ C
′

✭✇❤❡r❡ ♦t❤❡r✇✐s❡ ✇❡ ❣❡t ❛
❝♦♥tr❛❞✐❝t✐♦♥ ✇✐t❤ t❤❡ ❢❛❝t t❤❛t π ✐s ✐♥✈❛r✐❛♥t ❜② σ✮✳

❆ss✉♠❡ t❤❛t ♥♦✇ C
′

✐s ♦❢ t②♣❡ IM ; M ≥ 4✳ ❙✐♥❝❡ kσ4 = 2aσ2 ✐♥ t❤✐s ❝❛s❡ ✭✇❤❡r❡
kσ2 = 0 ❛♥❞ t❤❡ ✐s♦❧❛t❡❞ ✜①❡❞ ♣♦✐♥ts ❜② σ2 ❛r❡ ❝♦♥t❛✐♥❡❞ ✐♥ t❤❡ s♠♦♦t❤ ✜❜❡r C✮
❛♥❞ ❛❧❧ ✜①❡❞ ❝✉r✈❡s ❜② σ4 ❛r❡ ❝♦♥t❛✐♥❡❞ ✐♥ C

′

✱ ✇❡ ❣❡t M = 2kσ4 = 4aσ2 ✭✐♥ ❢❛❝t ❛❧❧
❝♦♠♣♦♥❡♥ts ♦❢ C

′

❛r❡ ♣r❡s❡r✈❡❞ ❜② σ4 s✐♥❝❡ Pic(X) = S(σ4) ❛♥❞ ❛ ❝♦♠♣♦♥❡♥t ✇❤✐❝❤
✐s ♥♦t ✜①❡❞ ✐♥t❡rs❡❝ts t✇♦ ✜①❡❞ ♦♥❡s✮✳ ❍❡♥❝❡ C

′

✐s ♦❢ t②♣❡ I4a
σ2 ✳ ❇② ▲❡♠♠❛ ✷ ✇❡

❤❛✈❡ aσ2 ∈ 2Z s♦ t❤❛t C
′

✐s ♦❢ t②♣❡ I8 ✇✐t❤ 2aσ2 = 4 ♦r ♦❢ t②♣❡ I16 ✇✐t❤ 2aσ2 = 8✳
❚❤❛t ❝♦rr❡s♣♦♥❞s r❡s♣❡❝t✐✈❡❧② t♦ t❤❡ ❝❛s❡ (rσ2 ,mσ2) = (8, 4), (10, 2) ✐♥ ❬✷✱ ❚❛❜❧❡ ✻❪ ✳
❆ss✉♠❡ t❤❛t ♥♦✇ C

′

✐s ♦❢ t②♣❡ IM ; M ≥ 4✳ ❙✐♥❝❡ kσ4 = 2aσ2 ✐♥ t❤✐s ❝❛s❡ ✭✇❤❡r❡
k = n4 = 0✮ ❛♥❞ ❛❧❧ ✜①❡❞ ❝✉r✈❡s ❜② σ4 ❛r❡ ❝♦♥t❛✐♥❡❞ ✐♥ C

′

✱ t❤✉s M = 2kσ4 = 4aσ2 ✳ ■♥
❢❛❝t ❛❧❧ ❝♦♠♣♦♥❡♥ts ♦❢ C

′

❛r❡ ♣r❡s❡r✈❡❞ ❜② σ4 s✐♥❝❡ Pic(X) = S(σ4) ❛♥❞ ❛ ❝♦♠♣♦♥❡♥t
✇❤✐❝❤ ✐s ♥♦t ✜①❡❞ ✐♥t❡rs❡❝ts t✇♦ ✜①❡❞ ♦♥❡s✳ ❍❡♥❝❡ C

′

✐s ♦❢ t②♣❡ I4a
σ2 ✳ ❇② ❘❡♠❛r❦

✷✳✶✳✼ ✇❡ ❤❛✈❡ aσ2 ∈ 2Z s♦ t❤❛t C
′

✐s ♦❢ t②♣❡ I8 ✇✐t❤ 2aσ2 = 4 ♦r ♦❢ t②♣❡ I16 ✇✐t❤
2aσ2 = 8✳ ❚❤❛t ❝♦rr❡s♣♦♥❞s t♦ t❤❡ ❝❛s❡ (rσ2 ,mσ2) = (8, 4) r❡s♣❡❝t✐✈❡❧② (10, 2) ✐♥
❚❛❜❧❡ ✻ ♦❢ ❬✷❪✳

• kσ2 6= 0 :

❍❡r❡ ✇❡ ✇✐❧❧ st✉❞② t❤❡ ❝❛s❡s ✇❤❡♥ lσ2 = 0 ❛♥❞ lσ2 6= 0 ✭✐✳❡✳ t❤❡ ❛❝t✐♦♥ ♦❢ σ2 ✐s tr✐✈✐❛❧
♦r ♥♦♥ tr✐✈✐❛❧✮✳

✭✐✮ lσ2 6= 0✿
❇② ❬✷✱ ❚❤❡♦r❡♠ ✽✳✹❪ ❛♥❞ s✐♥❝❡ Fix(σ) ⊆ Fix(σ2) ❛♥❞ mσ2 = 2m1 ✐s ❛♥ ❡✈❡♥ ♥✉♠❜❡r✱
✇❡ ❣❡t t❤❛t C

′

✐s ❡✐t❤❡r ♦❢ ❑♦❞❛✐r❛ t②♣❡ IV ∗ ❛♥❞ σ2 ❛❝ts ♦♥ C ❛s ❛ tr❛♥s❧❛t✐♦♥✱ ♦r
✐t ✐s ♦❢ t②♣❡ I8 s✉❝❤ t❤❛t kσ2 = 2 ❛♥❞ σ2 ❛❝ts ❛s ❛♥ ✐♥✈♦❧✉t✐♦♥ ♦♥ C✳ ■❢ C

′

✐s ♦❢
t②♣❡ IV ∗✱ t❤❡♥ t❤❡ ❝❡♥tr❛❧ ❝♦♠♣♦♥❡♥t ♦❢ ♠✉❧t✐♣❧✐❝✐t② ✸ ✐s ✐♥✈❛r✐❛♥t ✭♥♦t ♥❡❝❡ss❛r✐❧②
♣♦✐♥t✇✐s❡ ✜①❡❞✮ ❜② σ ❛♥❞ ♣♦✐♥t✇✐s❡ ✜①❡❞ ❜② σ2✿ ✐♥ ❢❛❝t s✐♥❝❡ C

′

✐s ♣r❡s❡r✈❡❞ ❜②
σi, i = 1, 2, 4 t❤✉s ❡✐t❤❡r σ ♣r❡s❡r✈❡s ❡❛❝❤ ❝♦♠♣♦♥❡♥t ♦❢ IV ∗ ♦r ✐t ❡①❝❤❛♥❣❡s t❤❡ t✇♦
❜r❛♥❝❤❡s ♦❢ IV ∗✳ ■♥ t❤✐s t✇♦ ❝❛s❡s σ2 ♣r❡s❡r✈❡s ❡❛❝❤ ❝♦♠♣♦♥❡♥t ♦❢ C

′

❛♥❞ ✐t ✜①❡s
t❤❡ ❝❡♥tr❛❧ ❝♦♠♣♦♥❡♥t ♦❢ ♠✉❧t✐♣❧✐❝✐t② ✸ s✐♥❝❡ ✐t ❤❛s ❛t ❧❡❛st t❤r❡❡ ✜①❡❞ ♣♦✐♥ts ❜②
σ2 ✭❤❡r❡ ✇❡ ❤❛✈❡ kσ2 = 1 ❛♥❞ s♦ k ≤ 1✮✳ ❲❡ ❤❛✈❡ t❤❡♥ t❤❛t ❡✐t❤❡r k = 1 ✇❤❡♥
σ ♣r❡s❡r✈❡s ❡❛❝❤ ❝♦♠♣♦♥❡♥t ♦❢ C

′

✱ ❤❡♥❝❡ a = A = 0 ❛♥❞ (n2, n3, n4) = (3, 3, 4) ❜②
Pr♦♣♦s✐t✐♦♥ ✷✳✶✳✽✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ❜② ❛♣♣❧②✐♥❣ ▲❡♠♠❛ ✷✳✶✳✶✵ ♦♥❡ ❣❡t t❤❛t t❤❡
✜❜❡r C

′

❝♦♥t❛✐♥s ♦♥❧② ✸ ✜①❡❞ ♣♦✐♥ts ♦❢ t②♣❡ P 2,7 ❛♥❞ ✸ ✜①❡❞ ♣♦✐♥ts ♦❢ t②♣❡ P 3,6✳
❙♦ t❤❛t t❤❡ ❢♦✉r ✜①❡❞ ♣♦✐♥ts ❜② σ ♦❢ t②♣❡ P 4,5 ❛r❡ ❝♦♥t❛✐♥❡❞ ✐♥ t❤❡ s♠♦♦t❤ ✜❜❡r
C✳ ❚❤❛t ✐s ♥♦t ♣♦ss✐❜❧❡ s✐♥❝❡ ♦t❤❡r✇✐s❡ σ ✇♦✉❧❞ ❛❝t ♦♥ C ❛s ❛♥ ✐♥✈♦❧✉t✐♦♥ ✇❤✐❝❤
❝♦♥tr❛❞✐❝ts ♦✉r ❛ss✉♠♣t✐♦♥✳ ❖r k = 0 s✉❝❤ t❤❛t t❤❡ ❛✉t♦♠♦r♣❤✐s♠ σ ❡①❝❤❛♥❣❡s t❤❡
t✇♦ ❜r❛♥❝❤❡s ♦❢ C

′

✳ ❇② ❛♣♣❧②✐♥❣ ▲❡♠♠❛ ✷✳✶✳✶✵ ✇❡ ❣❡t t❤❛t t❤❡ ✜❜❡r C
′

❝♦♥t❛✐♥s t✇♦
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✜①❡❞ ♣♦✐♥ts ♦❢ t②♣❡ P 4,5 ✭♦♥ t❤❡ ❝❡♥tr❛❧ ❝♦♠♣♦♥❡♥t ♦❢ ♠✉❧t✐♣❧✐❝✐t② ✸✮ ❛♥❞ ♦♥❡ ♣♦✐♥t
♦❢ t②♣❡ P 2,7 ❛♥❞ ❛♥♦t❤❡r ♦♥❡ ♦❢ t②♣❡ P 3,6✳ ■♥ t❤✐s ❝❛s❡ σ ❛❝ts ♦♥ C ❛s ❛ tr❛♥s❧❛t✐♦♥
✇❤❡r❡ (n2, n3, n4) = (1, 1, 2) ❜② Pr♦♣♦s✐t✐♦♥ ✷✳✶✳✽✳

◆♦✇ ❛ss✉♠❡ t❤❛t C
′

✐s ♦❢ t②♣❡ I8✱ t❤✉s ✐t ❝♦♥t❛✐♥s ❛t ♠♦st t✇♦ ✜①❡❞ ❝✉r✈❡s ❜② σ
s✐♥❝❡ kσ2 = 2✳ ■❢ k = 2 t❤❡♥ n4 = 0 ❛♥❞ s♦ N = 10 ❜② Pr♦♣♦s✐t✐♦♥ ✷✳✶✳✽✳ ❍❡♥❝❡ σ
✜①❡s ✻ ♣♦✐♥ts ♦♥ C✳ ■t ✐s ✐♠♣♦ss✐❜❧❡ s✐♥❝❡ C ❤❛s ❛t ♠♦st ✷ ✜①❡❞ ♣♦✐♥ts ❜② σ ♦♥ ✐t✳
■❢ k = 1✱ t❤❡♥ n4 = 2 ✇❤❡r❡ kσ2 = k + n4/2 + 2a. ❆♣♣❧②✐♥❣ ▲❡♠♠❛ ✷✳✶✳✶✵ ♦♥ C

′

✇❡ ❣❡t t❤❛t ✐t ❤❛s ✸ ♣♦✐♥ts ♦❢ t②♣❡ P 2,7✱ ✷ ♣♦✐♥ts ♦❢ t②♣❡ P 4,5 ❛♥❞ ♦♥❡ ♣♦✐♥t ♦❢ t②♣❡
P 3,6✳ ❇② Pr♦♣♦s✐t✐♦♥ ✷✳✶✳✽ ✇❡ ❤❛✈❡ t❤❛t N = 8 ❛♥❞ s♦ C ❤❛s t✇♦ ✜①❡❞ ♣♦✐♥ts ❜② σ
✭♦❢ t②♣❡ P 2,7 ❛♥❞ P 3,6 r❡s♣❡❝t✐✈❡❧②✮✳ ❚❤✉s σ ❛❝ts ❛s ❛♥ ❛✉t♦♠♦r♣❤✐s♠ ♦❢ ♦r❞❡r ✹ ♦♥
C✳ ❋✐♥❛❧❧② ✐❢ k = 0✱ t❤❡♥ s✐♥❝❡ kσ2 = 2 = n4/2 + 2a ✇❡ ❣❡t n4 = 0, 4 ❛♥❞ a = 1, 0✳ ■❢
n4 = 0 t❤❡♥ N = 2 ✱ (n2, n3) = (2, 0) ❛♥❞ r = l ❜② Pr♦♣♦s✐t✐♦♥ ✷✳✶✳✽✳ ❚❤✉s σ ❛❝ts
♦♥ C

′

❛s ❛ r♦t❛t✐♦♥ ✇✐t❤ ♥♦ ✜①❡❞ ♣♦✐♥t ♦♥ ✐t✳ ■❢ n4 = 4 ❛♥❞ a = 0✱ t❤❡♥ σ ❛❝ts ❛s
❛ r❡✢❡❝t✐♦♥ ♦♥ C

′

✳ ❙✉❝❤ t❤❛t (n2, n3) = (0, 2) ❛♥❞ r − l = 4 ❜② Pr♦♣♦s✐t✐♦♥ ✷✳✶✳✽✳
❖❜s❡r✈❡ t❤❛t σ ❛❝ts ♦♥ C ❛s ❛♥ ❛✉t♦♠♦r♣❤✐s♠ ♦❢ ♦r❞❡r ✹ ✐♥ t❤✐s ❝❛s❡ ✭✇❤❡♥ k = 0✮✳
✭✐✐✮ lσ2 = 0✿

❇② ❡q✉❛❧✐t② ✭✶✮ ✐♥ ❬✷✱ ❚❤❡♦r❡♠ ✽✳✶❪ ✇❡ ❣❡t t❤❛t 1−2aσ2 = mσ2+1−N
′

σ2/2 ✭✇❤❡r❡ N
′

σ2

✐s t❤❡ ♥✉♠❜❡r ♦❢ ✜①❡❞ ♣♦✐♥ts ❜② σ2 ♦♥ C✮✳ ❚❤✉s mσ2 = N
′

σ2/2− 2aσ2 ✳ ❙✐♥❝❡ N
′

σ2❂
✵ ♦r ✹ ❛♥❞ aσ2 ∈ 2Z ❜② ❘❡♠❛r❦ ✷✳✶✳✼✱ t❤❡♥ (mσ2 , N

′

σ2 , aσ2) = (2, 4, 0) ❛♥❞ σ2 ❛❝ts
♦♥ C ❛s ❛♥ ✐♥✈♦❧✉t✐♦♥✳ ❇② ❬✷✱ Pr♦♣♦s✐t✐♦♥ ✶❪ ♦♥❡ ❝❛♥ ✜♥❞ t❤❛t 2kσ2 = 10−mσ2 = 8
❛♥❞ s♦ kσ2 = 4. ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ❜② t❤❡ s❛♠❡ ♣r❡✈✐♦✉s ❛r❣✉♠❡♥t ❛♥❞ s✐♥❝❡
kσ2 = 4 ✇❡ ❣❡t t❤❛t C

′

✐s ❛ r❡❞✉❝✐❜❧❡ ✜❜❡r ❝♦♥t❛✐♥✐♥❣ ❢♦✉r ✜①❡❞ r❛t✐♦♥❛❧ ❝✉r✈❡s ❜②
σ2✳ ❙♦ ❜② ❝❤❡❝❦✐♥❣ ❛❧❧ t❤❡ ♣♦ss✐❜✐❧✐t✐❡s ♦❢ ❑♦❞❛✐r❛ t②♣❡s ❢♦r ✜❜❡rs ♦♥❡ ❣❡ts t❤❛t
C

′

✐s ♦❢ t②♣❡ IM s✉❝❤ t❤❛t M ≥ 8✳ ■♥ ❢❛❝t ❛❧❧ ❝♦♠♣♦♥❡♥ts ♦❢ IM ❛r❡ ♣r❡s❡r✈❡❞
❜② σ4 ❛♥❞ ❛ ❝♦♠♣♦♥❡♥t ✇❤✐❝❤ ✐s ♥♦t ✜①❡❞ ❜② σ4 ✐♥t❡rs❡❝ts t✇♦ ✜①❡❞ ♦♥❡s✱ s♦ t❤❛t
M = 2kσ4 ✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ✇❡ ❤❛✈❡ t❤❛t kσ4 = kσ2 +(Nσ2 −N

′

σ2)/2+2aσ2 ✱ s✐♥❝❡
(N

′

σ2 , aσ2) = (4, 0) ❛♥❞ Nσ2 = 2kσ2 + 4 ❜② ❬✷✱ Pr♦♣♦s✐t✐♦♥ ✶❪ ✇❡ ❣❡t kσ4 = 2kσ2 ✳ ❙♦
t❤❛t M = 2kσ4 = 2(kσ2) = 4kσ2 ✳ ❍❡♥❝❡ C

′

✐s ♦❢ t②♣❡ I16 ✐♥ t❤✐s ❝❛s❡ ✭✇❤❡r❡ kσ2 = 4✮✳
■❢ k 6= 0✱ t❤❡♥ σ ✇♦✉❧❞ ♣r❡s❡r✈❡ ❡❛❝❤ ❝♦♠♣♦♥❡♥ts ♦❢ C

′

✳ ❚❤✉s a = 0✱ k =
2, (n2, n3, n4) = (6, 4, 4) ❜② ▲❡♠♠❛ ✷✳✶✳✶✵✳ ❖t❤❡r✇✐s❡ k = 0 t❤✉s ❡✐t❤❡r n4 = 4, a = 1
s♦ σ ❛❝ts ❛s ❛ r❡✢❡❝t✐♦♥ ♦♥ C

′

, ♦r n4 = 0, a = 2 t❤❡♥ σ ❛❝ts ♦♥ C
′

❛s ❛ r♦t❛t✐♦♥ ✇✐t❤
♥♦ ✜①❡❞ ♣♦✐♥t ♦♥ ✐t✳

❋✐♥❛❧❧②✱ t♦ ✜♥❞ t❤❡ ✐♥✈❛r✐❛♥ts r, l ❛♥❞ m1 ♦❢ σ ✐♥ ❛❧❧ t❤❡ ♣r❡✈✐♦✉s ❝❛s❡s ✇❡ ✉s❡ t❤❡ ❢❛❝ts
t❤❛t r+ l = rσ2 , 2m1 = mσ2 ❛♥❞ t❤❡ r❡❧❛t✐♦♥ N = 2+ r− l− 2k ✐♥ Pr♦♣♦s✐t✐♦♥ ✷✳✶✳✽✳

✷✳✹ ❚❤❡ ❝❛s❡ ✇❤❡♥ σ2 ❛❝ts ❛s t❤❡ ✐❞❡♥t✐t② ♦♥ t❤❡ P✐❝❛r❞ ❣r♦✉♣✳

■♥ t❤✐s s❡❝t✐♦♥ ✇❡ ✇✐❧❧ ❛ss✉♠❡ t❤❛t m = lσ2 = 0 ✭✐✳❡✳ σ2 ❛❝ts ❛s t❤❡ ✐❞❡♥t✐t② ♦♥ S(σ4) ∼=
Pic(X)✮✳ ❲❡ r❡❝❛❧❧ ✜rst s♦♠❡ ♥♦t❛t✐♦♥s✳ ▲❡t gσi ❢♦r i = 1, 2, 4 ❞❡♥♦t❡s t❤❡ ❣❡♥✉s ♦❢ t❤❡
❝✉r✈❡ C ⊂ Fix(σi)✱ 2h t❤❡ ♥✉♠❜❡r ♦❢ ✐♥t❡r❝❤❛♥❣❡❞ ♣♦✐♥ts ❜② σ ♦♥ t❤❡ ❝✉r✈❡ C✱ ❛♥❞ ✇❡
❞❡♥♦t❡ ❜② N

′

σi ❢♦r i = 1, 2 t♦ ❜❡ t❤❡ ♥✉♠❜❡r ♦❢ ✐s♦❧❛t❡❞ ✜①❡❞ ♣♦✐♥ts ❜② σi ♦♥ C ✭❢♦r
s✐♠♣❧✐❝✐t② ✇❡ ✇✐❧❧ ❥✉st ✇r✐t❡ N

′

❢♦r i = 1✮✳

❚❤❡♦r❡♠ ✷✳✹✳✶✳ ▲❡t σ ❜❡ ❛ ♣✉r❡❧② ♥♦♥✲s②♠♣❧❡❝t✐❝ ❛✉t♦♠♦r♣❤✐s♠ ♦❢ ♦r❞❡r ✽ ♦♥ ❛ K3
s✉r❢❛❝❡ X s✉❝❤ t❤❛t σ2 ❛❝ts tr✐✈✐❛❧❧② ♦♥ Pic(X) ∼= S(σ4)✳ ❚❤❡♥ t❤❡ ✐♥✈❛r✐❛♥ts ♦❢ t❤❡ ✜①❡❞
❧♦❝✉s ♦❢ σ✱ t❤❡ ❧❛tt✐❝❡ S(σ4) = S(σ2) ❛♣♣❡❛r ✐♥ ❚❛❜❧❡ ✷✳✹ s❡❡ ❛❧s♦ ❚❛❜❧❡ ✷✳✸ ❢♦r g = 1✳
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r l m1 (n2, n3, n4) N
′

h k a gσ4 S(σ4)

✶ ✶ ✺ ✭✷✱✵✱✵✮ ✷ ✶ ✵ ✵ ✾ U(2)

✻ ✵ ✹ ✭✺✱✶✱✵✮ ✹ ✵ ✶ ✵ ✼ U ⊕D4

✹ ✷ ✹ ✭✶✱✶✱✷✮ ✷ ✷ ✵ ✵ ✻ U(2)⊕D4

✻ ✵ ✹ ✭✺✱✶✱✵✮ ✻ ✵ ✶ ✵
✼ ✸ ✸ ✭✵✱✷✱✹✮ ✷ ✶ ✵ ✵ ✺ U(2)⊕ E8

✾ ✶ ✸ ✭✷✱✵✱✵✮ ✷ ✶ ✵ ✶
✾ ✶ ✸ ✭✹✱✷✱✷✮ ✷ ✶ ✶ ✵
✾ ✶ ✸ ✭✹✱✷✱✷✮ ✹ ✶ ✶ ✵ ✹ U ⊕D⊕2

4

✼ ✸ ✸ ✭✵✱✷✱✹✮ ✷ ✸ ✵ ✵ ✸ U(2)⊕D⊕2
4

✺ ✺ ✸ ✭✷✱✵✱✵✮ ✷ ✸ ✵ ✶
✽ ✻ ✷ ✭✶✱✶✱✷✮ ✵ ✷ ✵ ✶ ✸ U ⊕ E8 ⊕D4

✶✷ ✷ ✷ ✭✸✱✸✱✹✮ ✭✹✲✵✮ ✭✵✲✷✮ ✶ ✵
✶✵ ✹ ✷ ✭✺✱✶✱✵✮ ✹ ✵ ✶ ✶
✶✹ ✵ ✷ ✭✼✱✸✱✷✮ ✹ ✵ ✷ ✵
✽ ✻ ✷ ✭✶✱✶✱✷✮ ✷ ✷ ✵ ✶ ✷ U(2)⊕ E8 ⊕D4

✶✷ ✷ ✷ ✭✸✱✸✱✹✮ ✷ ✷ ✶ ✵

❚❛❜❧❡ ✷✳✹✿ ❚❤❡ ❝❛s❡ m = 0, gσ4 > 1 ✳

Pr♦♦❢✳ ❙✐♥❝❡ σ2 ❛❝ts tr✐✈✐❛❧❧② ♦♥ Pic(X) ∼= S(σ4)✱ t❤❡♥ 2m = lσ2 = 0 ❛♥❞ ❜② ❬✷✱ Pr♦♣♦s✐t✐♦♥
✺❪ ✇❡ ❤❛✈❡ 4s = 2aσ2 = 0✳ ❙♦ t❤❛t t❤❡ ✐♥✈❛r✐❛♥ts ♦❢ t❤❡ ✜①❡❞ ❧♦❝✉s ♦❢ σ2 ❛r❡ ♦♥❡ ♦❢ t❤❡
❝❛s❡s ❛♣♣❡❛r✐♥❣ ✐♥ ❚❛❜❧❡ ✺ ♦❢ ❬✷✱ ❚❤❡♦r❡♠ ✻✳✶❪ t❤❛t ✐s✿

mσ2 rσ2 N1 N
′

σ2 kσ2 gσ4 S(σ4)

10 2 2 2 0 10 U
2 0 4 0 9 U(2)

8 6 2 4 1 7 U ⊕D4

6 0 6 1 6 U(2)⊕D4

6 10 6 2 2 6 U ⊕ E8

10 4 4 2 5 U(2)⊕ E8

10 2 6 2 4 U ⊕D⊕2
4

10 0 8 2 3 U(2)⊕D⊕2
4

4 14 6 4 3 3 U ⊕D4 ⊕ E8

14 4 6 3 2 U(2)⊕D4 ⊕ E8

2 18 10 2 4 2 U ⊕ E⊕2
8

18 8 4 4 1 U(2)⊕ E⊕2
8

❍❡r❡ N1 = Nσ2 −N
′

σ2 ❞❡♥♦t❡s t❤❡ ♥✉♠❜❡r ♦❢ ✐s♦❧❛t❡❞ ✜①❡❞ ♣♦✐♥ts ♦❢ σ2

❝♦♥t❛✐♥❡❞ ✐♥ s♠♦♦t❤ r❛t✐♦♥❛❧ ❝✉r✈❡s.

❖❜s❡r✈❡ t❤❛t t❤❡ ✜①❡❞ ♣♦✐♥ts ❜② σ ♦♥ C ❛r❡ ♦❢ t②♣❡ P 2,7 ❛♥❞ P 3,6 s✐♥❝❡ σ ❛❝ts ♦♥ C ❛s ❛♥
❛✉t♦♠♦r♣❤✐s♠ ♦❢ ♦r❞❡r ❢♦✉r✳ ❇② ❘✐❡♠❛♥♥✲❍✉r✇✐t③ ❢♦r♠✉❧❛ ❛♣♣❧✐❡❞ t♦ t❤❡ ❛✉t♦♠♦r♣❤✐s♠
σ ♦♥ C ✇❡ ❤❛✈❡ t❤❛t✿

2g(C)− 2 = ❞❡❣ (σ|C )(2g(D)− 2) + ❞❡❣R,
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✇❤❡r❡D = C/〈σ|C 〉 ✐s t❤❡ q✉♦t✐❡♥t ❝✉r✈❡ ❛♥❞R ✐s t❤❡ r❛♠✐✜❝❛t✐♦♥ ❞✐✈✐s♦r✳ ❙✐♥❝❡ ❞❡❣ (σ|C ) =
4 ✭✇❤❡r❡ σ ❛❝ts ♦♥ C ❛s ❛♥ ❛✉t♦♠♦r♣❤✐s♠ ♦❢ ♦r❞❡r ❢♦✉r✮ ✇❡ ❣❡t✿

2g(C)− 2 = 4(2g(D)− 2) + ❞❡❣ R,

t❤✉s
2g(C) + 6− ❞❡❣ R

8
= g(D).

❙✉❝❤ t❤❛t ❞❡❣ R = 3(N
′

) + 2h ✭s✐♥❝❡ σ ❛❝ts ❛s ❛♥ ♦r❞❡r ❢♦✉r ❛✉t♦♠♦r♣❤✐s♠s ♦♥ C✮ ✇❤❡r❡
N

′

❞❡♥♦t❡s t❤❡ ♥✉♠❜❡r ♦❢ ✜①❡❞ ♣♦✐♥ts ❜② σ ♦♥ C ❛♥❞ 2h t❤❡ ♥✉♠❜❡r ♦❢ ✐♥t❡r❝❤❛♥❣❡❞ ♣♦✐♥ts
❜② σ ♦♥ ✐t✳ ❙✐♥❝❡ g(D) ∈ Z≥0 ✇❡ ❤❛✈❡✿

2g(C) + 6− 3N
′ − 2h ≡ 0 mod 8. ✭■✮

❲❡ ✇✐❧❧ ♥♦✇ ❞✐s❝✉ss ❡❛❝❤ ❝❛s❡ ♦❢ t❤❡ ♣r❡✈✐♦✉s t❛❜❧❡ s❡♣❛r❛t❡❧② t♦ ♦❜t❛✐♥ t❤❡ ❝♦♠♣❧❡t❡
❝❧❛ss✐✜❝❛t✐♦♥ ♦❢ ♦r❞❡r ✽ ❛✉t♦♠♦r♣❤✐s♠s σ ✇❤❡♥ m = 0✳ ❆t ✜rst✱ ✐t ✐s ✉s❡❢✉❧ t♦ r❡❝❛❧❧ s♦♠❡
♦❢ t❤❡ r❡❧❛t✐♦♥s ✇❤✐❝❤ ✇✐❧❧ ❜❡ ✉s❡❞ ❧❛t❡r✱ t❤❛t ❛r❡✿ kσ2 = k+n4/2+2a,N

′

σ2 = N
′

+2h ❛♥❞
N1 = (n2 + n3) − N

′

+ 4A ✇❤❡r❡ 2A ✐s t❤❡ ♥✉♠❜❡r ♦❢ s♠♦♦t❤ r❛t✐♦♥❛❧ ❝✉r✈❡s ✇❤✐❝❤ ❛r❡
❡①❝❤❛♥❣❡❞ ❜② σ ❛♥❞ ✐♥✈❛r✐❛♥ts ✇✐t❤ t✇♦ ✐s♦❧❛t❡❞ ✜①❡❞ ♣♦✐♥ts ♦❢ σ2 ✭s❡❡ ❘❡♠❛r❦ ✷✳✶✳✾✮✳

g(C) = 10 : ❖❜s❡r✈❡ t❤❛t kσ2 = 0 ✐♥ t❤✐s ❝❛s❡✱ t❤✉s ❜② Pr♦♣♦s✐t✐♦♥ ✷✳✶✳✽ ✇❡ ❤❛✈❡

n2 + n3 = 2 ✇❤❡r❡ k = 0✳ ❙✐♥❝❡ N
′

σ2 = 2 ❜② ✭■✮ ✇❡ ❤❛✈❡ t❤❛t (N
′

, h) = (0, 1) ✭✇❤❡r❡
N

′

σ2 = N
′

+ 2h✮✳ ❍❡♥❝❡ t❤❡ t✇♦ ✜①❡❞ ♣♦✐♥ts ❜② σ ❛r❡ ❝♦♥t❛✐♥❡❞ ✐♥ t❤❡ s♠♦♦t❤ r❛t✐♦♥❛❧
❝✉r✈❡ ✜①❡❞ ❜② σ4 ❛♥❞ ✐♥✈❛r✐❛♥t ❜② σi; i = 1, 2✳ ❙♦ t❤❛t n2 = n3 = 1 ❜② ❘❡♠❛r❦ ✷✳✶✳✶✶✱
❛♥❞ n4 = 2 ❜② Pr♦♣♦s✐t✐♦♥ ✷✳✶✳✽✳ ❚❤✐s ❣✐✈❡s ❛ ❝♦♥tr❛❞✐❝t✐♦♥ ✇✐t❤ kσ2 = 0✳ ■♥ ❢❛❝t t❤❡ t✇♦
✜①❡❞ ♣♦✐♥ts ♦❢ t②♣❡ P 4,5 ❛r❡ ❝♦♥t❛✐♥❡❞ ✐♥ ❛ ✜①❡❞ r❛t✐♦♥❛❧ ❝✉r✈❡ ♦❢ σ2 ✭s❡❡ ❘❡♠❛r❦ ✷✳✶✳✾✮✳
g(C) = 9 : ❙✐♥❝❡ N

′

σ2 = 4 ❜② ✭■✮ ✇❡ ❣❡t t❤❛t (N
′

, h) = (2, 1)✳ ❖♥ ♦t❤❡r ❤❛♥❞✱ ❜② Pr♦♣♦✲
s✐t✐♦♥ ✷✳✶✳✽ ❛♥❞ s✐♥❝❡ kσ2 = k = 0 ✇❡ ❤❛✈❡ (n2, n3, n4) = (2, 0, 0). ❙♦ t❤❛t t❤❡ t✇♦ ✜①❡❞
♣♦✐♥ts ❜② σ ♦♥ C ❛r❡ ♦❢ t②♣❡ P 2,7✳
g(C) = 7 : ❙✐♥❝❡ N

′

σ2 = 4 ❜② ✭■✮ ✇❡ ❤❛✈❡ t❤❛t (N
′

, h) = (4, 0), (0, 2) ✭✇❤❡r❡ N
′

σ2 = N
′

+2h✮✳

❖❜s❡r✈❡ t❤❛t ✐❢ (N
′

, h) = (4, 0) ❛♥❞ k = 0✱ t❤❡♥ n4 = 2 s✐♥❝❡ kσ2 = 1✳ ❇② Pr♦♣♦s✐t✐♦♥ ✷✳✶✳✽
✇❡ ❣❡t n2 = n3 = 1 ✇❤✐❝❤ ❝♦♥tr❛❞✐❝ts N

′

= 4 ✭✐♥ ❢❛❝t N
′ ≤ (n2+n3) s✐♥❝❡ t❤❡ ✜①❡❞ ♣♦✐♥ts

❜② σ ♦♥ C ❛r❡ ♦❢ t②♣❡ P 2,7 ❛♥❞ P 3,6✮✳ ■❢ k = 1 t❤❡♥ n4 = 0 ✭✇❤❡r❡ kσ2 = k = 1✮ ❛♥❞ s♦
(n2, n3) = (5, 1) ❜② Pr♦♣♦s✐t✐♦♥ ✷✳✶✳✽✳ ❖❜s❡r✈❡ t❤❛t r = 6 = rσ2 ❛♥❞ l = 0 ❜② Pr♦♣♦s✐t✐♦♥
✷✳✶✳✽✱ ❤❡♥❝❡ σ ❛❝ts tr✐✈✐❛❧❧② ♦♥ Pic(X) ✐♥ t❤✐s ❝❛s❡✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ✐❢ (N

′

, h) = (0, 2)
t❤❡♥ n2 + n3 = 2 = N1✳ ❚❤✉s n2 = n3 = 1 s✐♥❝❡ t❤✐s t✇♦ ✜①❡❞ ♣♦✐♥ts ❛r❡ ❝♦♥t❛✐♥❡❞ ✐♥
s♠♦♦t❤ r❛t✐♦♥❛❧ ❝✉r✈❡ ✭s❡❡ ❘❡♠❛r❦ ✷✳✶✳✶✶✮✳ ❚❤✉s k = 0 ❛♥❞ n4 = 2 ❜② Pr♦♣♦s✐t✐♦♥ ✷✳✶✳✽✳
■♥ t❤✐s ❝❛s❡ ✇❡ ❤❛✈❡ t❤❛t Pic(X) = S(σ2) ∼= U⊕ D4✳ ❚❤✉s ❜② Pr♦♣♦s✐t✐♦♥ ✷✳✷✳✶ ❛♥❞ s✐♥❝❡
g(C) > 4 ✇❡ ❦♥♦✇ t❤❛t t❤❡ K3 s✉r❢❛❝❡ X ❝❛rr✐❡s ❛ σ−✐♥✈❛r✐❛♥t ❡❧❧✐♣t✐❝ ✜❜r❛t✐♦♥ ✇✐t❤
s✐♥❣✉❧❛r ✜❜❡r ♦❢ t②♣❡ I∗0 ✱s✉❝❤ t❤❛t C ✐♥t❡rs❡❝ts ❡❛❝❤ ✜❜❡r ❛t t❤r❡❡ ♣♦✐♥ts✱ t❤✉s ✐t ♠❡❡ts
t❤r❡❡ ❝♦♠♣♦♥❡♥ts ♦❢ I∗0 ♦❢ ♠✉❧t✐♣❧✐❝✐t② ♦♥❡✳ ❙✐♥❝❡ N

′

= 0 ❛♥❞ h = 2 ✇❡ ❣❡t t❤❛t t❤❡ ❢♦✉r
✜①❡❞ ♣♦✐♥ts ♦❢ σ2 ♦♥ C ❛r❡ ❡①❝❤❛♥❣❡❞ t✇♦ ❜② t✇♦ ❜② σ✱ ❜✉t t❤✐s ✐s ♥♦t ♣♦ss✐❜❧❡ s✐♥❝❡ t❤❡
✜❜r❛t✐♦♥ ✐s σ−✐♥✈❛r✐❛♥t✳
g(C) = 6, kσ2 = 1 : ❯s✐♥❣ t❤❡ s❛♠❡ ❛r❣✉♠❡♥t ✇❡ ❣❡t t❤❛t (N

′

, h) = (2, 2) ✱ (6, 0) ❛♥❞

(n2, n3, n4, k) ❂ ✭✶✱✶✱✷✱✵✮✱ ✭✺✱✶✱✵✱✶✮ r❡s♣❡❝t✐✈❡❧②✱ ✇❤❡r❡ N
′

σ2 = 6 ✐♥ t❤✐s ❝❛s❡✳ ❖❜s❡r✈❡ t❤❛t
l = 0 ✇❤❡♥ (n2, n3, n4) = (5, 1, 0) ❜② Pr♦♣♦s✐t✐♦♥ ✷✳✶✳✽✳ ❚❤✉s σ ❛❝ts tr✐✈✐❛❧❧② ♦♥ Pic(X) ✐♥
t❤✐s ❝❛s❡✳
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g(C) = 6, kσ2 = 2 : ❙✐♥❝❡ N
′

σ2 = 2 ❜② ✭■✮ ✇❡ ❣❡t (N
′

, h) = (0, 1)✳ ❚❤✐s ♠❡❛♥s t❤❛t σ ❞♦❡s
♥♦t ✜① ❛♥② ♣♦✐♥t ♦♥ C ❛♥❞ t❤❡ ✜①❡❞ ♣♦✐♥ts ❜② ✐t ❛r❡ ❝♦♥t❛✐♥❡❞ ✐♥ s♠♦♦t❤ r❛t✐♦♥❛❧ ❝✉r✈❡s✳
❚❤✉s n2 = n3 ❜② ❘❡♠❛r❦ ✷✳✶✳✶✶✱ s♦ t❤❛t n4 = 2+2k ❜② Pr♦♣♦s✐t✐♦♥ ✷✳✶✳✽ ✇❤✐❝❤ ❝♦♥tr❛❞✐❝ts
t❤❡ ❡q✉❛❧✐t② kσ2 = 2 = k + n4/2 + 2a✳ ■♥ ❢❛❝t ✇❡ ❣❡t 2 = 2k + 1 ❜② t❤❡ ♣r❡✈✐♦✉s r❡❧❛t✐♦♥s✳
g(C) = 5 : ❙✐♥❝❡ N

′

σ2 = 4 ❜② ✭■✮ ✇❡ ❣❡t (N
′

, h) = (2, 1)✳ ❙✐♥❝❡ kσ2 = 2 ❜② t❤❡ r❡✲
❧❛t✐♦♥ kσ2 = k + n4/2 + 2a ❛♥❞ Pr♦♣♦s✐t✐♦♥ ✷✳✶✳✽ ✇❡ ❤❛✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ♣♦ss✐❜✐❧✐t✐❡s✿
(k, a, n2, n3, n4) = (1, 0, 4, 2, 2), (0, 0, 0, 2, 4) ❛♥❞ (0, 1, 2, 0, 0) ✇❤❡r❡ t❤❡ ❝❛s❡ k = 2 ✐s ♥♦t
♣♦ss✐❜❧❡ s✐♥❝❡ ♦t❤❡r✇✐s❡ n2 + n3 = 10 > Nσ2 ✳
g(C) = 4 : ❙✐♥❝❡ N

′

σ2 = 6 t❤✉s ❡✐t❤❡r (N
′

, h) = (0, 3) ♦r (4, 1)✳ ❯s✐♥❣ t❤❡ s❛♠❡ ❛r❣✉♠❡♥t

✇❡ ♦❜t❛✐♥ t❤❛t t❤❡ ❝❛s❡ (N
′

, h) = (0, 3) ✐s ♥♦t ♣♦ss✐❜❧❡✳ ❖❜s❡r✈❡ t❤❛t s✐♥❝❡ N
′

= 4 ✇❡ ❣❡t
n2 + n3 ≥ 4 t❤✉s k ≥ 1 ❜② Pr♦♣♦s✐t✐♦♥ ✷✳✶✳✽✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ k 6= 2 s✐♥❝❡ ♦t❤❡r✇✐s❡
n2 + n3 = 10 > Nσ2 ❜② Pr♦♣♦s✐t✐♦♥ ✷✳✶✳✽ ❛❣❛✐♥✳ ❚❤✉s k = 1 ❛♥❞ (n2, n3, n4) = (4, 2, 2)
✇❤❡r❡ kσ2 = 2✳
g(C) = 3, kσ2 = 2 : ❙✐♥❝❡ N

′

σ2 = 8 ❜② ✭■✮ ✇❡ ❣❡t (N
′

, h) = (2, 3)✳ ❖❜s❡r✈❡ t❤❛t n2 + n3 =

N
′

= 2 ✇❤❡r❡ N
′

σ2 = Nσ2 = 8 ✐♥ t❤✐s ❝❛s❡✳ ❙♦ t❤❛t k = 0 ❜② Pr♦♣♦s✐t✐♦♥ ✷✳✶✳✽ ❛♥❞ ❡✐t❤❡r
(k, a, n2, n3, n4) ❡q✉❛❧s ✭✵✱✶✱✷✱✵✱✵✮ ♦r ✭✵✱✵✱✵✱✷✱✹✮✳
g(C) = 3, kσ2 = 3 : ❙✐♥❝❡ N

′

σ2 = 4 ❜② ✭■✮ ✇❡ ❤❛✈❡ t❤❛t (N
′

, h) = (0, 2), (4, 0)✳ ❖♥ t❤❡
♦t❤❡r ❤❛♥❞✱ s✐♥❝❡ kσ2 = 3 ✇❡ ❣❡t k ≤ 2✳ ■♥ ❢❛❝t k ❝❛♥♥♦t ❜❡ ❡q✉❛❧ ✸ s✐♥❝❡ ♦t❤❡r✇✐s❡
n2+n3 = 14 > Nσ2 ❜② Pr♦♣♦s✐t✐♦♥ ✷✳✶✳✽✱ ✇❤✐❝❤ ✐s ✐♠♣♦ss✐❜❧❡✳ ■❢ k = 2 t❤❡♥ (n2, n3) = (7, 3)
❜② Pr♦♣♦s✐t✐♦♥ ✷✳✶✳✽ ✇❤❡r❡ n4 = 2 ✐♥ t❤✐s ❝❛s❡ ✭s✐♥❝❡ kσ2 = 3 = n4/2 + k + 2a✮✳ ❚❤✉s
N

′

σ2 = N
′

= 4 s✐♥❝❡ n2 + n3 = 10 = Nσ2 ✳ ❖❜s❡r✈❡ t❤❛t r = rσ4 = 14, l = 0 ❜② Pr♦♣♦s✐t✐♦♥
✷✳✶✳✽ ❛♥❞ s♦ σ ❛❝ts tr✐✈✐❛❧❧② ♦♥ Pic(X)✳
■❢ k = 1 t❤❡♥ (n4, a) ❡✐t❤❡r ❡q✉❛❧s (0, 1) ♦r (4, 0)✳ ■❢ n4 = 0 ❜② Pr♦♣♦s✐t✐♦♥ ✷✳✶✳✽ ✇❡ ❣❡t
(n2, n3) = (5, 1) s♦ ✇❡ ❤❛✈❡ (N

′

, h) = (4, 0)✳ ■❢ n4 = 4 t❤❡♥ (n2, n3) = (3, 3) ❜② Pr♦♣♦s✐t✐♦♥
✷✳✶✳✽ ❛♥❞ t❤❛t ❝♦rr❡s♣♦♥❞s t♦ (N

′

, h) = (0, 2)✳ ❇♦t❤ ❝❛s❡s (N
′

, h) = (4, 0) = (0, 2) ❛r❡
♣♦ss✐❜❧❡✳
❋✐♥❛❧❧② ✐❢ k = 0 t❤❡♥ n2 + n3 = 2 ❜② Pr♦♣♦s✐t✐♦♥ ✷✳✶✳✽✳ ❚❤✉s (N

′

, h) = (0, 2) ✭✇❤❡r❡ t❤❡
✜①❡❞ ♣♦✐♥ts ❜② σ ♦♥ C ❛r❡ ♦❢ t②♣❡ P 2,7 ♦r P 3,6✮✳ ❙♦ t❤❛t n2 = n3 = 1 ❜② ❘❡♠❛r❦ ✷✳✶✳✶✶
✭s✐♥❝❡ t❤❡ t✇♦ ✜①❡❞ ♣♦✐♥ts ❛r❡ ❝♦♥t❛✐♥❡❞ ✐♥ ❛ s♠♦♦t❤ r❛t✐♦♥❛❧ ❝✉r✈❡✮✳ ❚❤✉s n4 = 2 ❜②
Pr♦♣♦s✐t✐♦♥ ✷✳✶✳✽ ❛♥❞ ✇❡ ❛r❡ ✐♥ t❤❡ ❝❛s❡ (k, n4, a) = (0, 2, 1)✳
g(C) = 2, kσ2 = 3 : ❙✐♥❝❡ N

′

σ2 = 6 ✇❡ ❤❛✈❡ (N
′

, h) = (2, 2)✳ ❆s ✇❡ ❤❛✈❡ s❡❡♥ ❜❡❢♦r❡✱ t❤❡
❝❛s❡ k = 3 ✐s ♥♦t ♣♦ss✐❜❧❡ s✐♥❝❡ n2 + n3 > Nσ2 ✱ ❛♥❞ ✐❢ k = 2 ❜② Pr♦♣♦s✐t✐♦♥ ✷✳✶✳✽ ✇❡ ❣❡t
n2 + n3 = 10 = Nσ2 ✇❤✐❝❤ ✐s ❛❧s♦ ♥♦t ♣♦ss✐❜❧❡ s✐♥❝❡ N

′

σ2 6= N
′

✳ ■❢ k = 1 t❤❡♥ n2 + n3 = 6

❜② Pr♦♣♦s✐t✐♦♥ ✷✳✶✳✽✳ ❙✐♥❝❡ N
′

= 2 t❤❡ ❧❛st ❢♦✉r ✜①❡❞ ♣♦✐♥ts ❜② σ ✭♦❢ t②♣❡ P 2,7, P 3,6✮
❛r❡ ❝♦♥t❛✐♥❡❞ ✐♥ s♠♦♦t❤ r❛t✐♦♥❛❧ ❝✉r✈❡s✱ s♦ t❤❛t n2, n3 ≥ 2 ✭s❡❡ ❘❡♠❛r❦ ✷✳✶✳✶✶✮✳ ❍❡♥❝❡
(n2, n3, n4) = (3, 3, 4) ❜② Pr♦♣♦s✐t✐♦♥ ✷✳✶✳✽ ❛♥❞ ✇❡ ❛r❡ ✐♥ t❤❡ ❝❛s❡ (k, n4, a) = (1, 4, 0)✳
■❢ k = 0 t❤❡♥ n2 + n3 = 2 = N

′

✳ ❖❜s❡r✈❡ t❤❛t n4 ≤ 4 ❜② Pr♦♣♦s✐t✐♦♥ ✷✳✶✳✽ ❛♥❞ s♦
(k, a, n2, n3, n4) = (0, 1, 1, 1, 2)✳
g(C) = 2, kσ2 = 4 : ❙✐♥❝❡ N

′

σ2 = 2 ❜② ✭■✮ ✇❡ ❣❡t (N
′

, h) = (0, 1)✱ s♦ t❤❛t t❤❡ ✜①❡❞ ♣♦✐♥ts
❜② σ ♦❢ t②♣❡ P 2,7, P 3,6 ❛r❡ ❝♦♥t❛✐♥❡❞ ✐♥ s♠♦♦t❤ r❛t✐♦♥❛❧ ❝✉r✈❡s✳ ❚❤✉s n2 = n3 = 1 + 2k
❛♥❞ n4 = 2 + 2k ❜② Pr♦♣♦s✐t✐♦♥ ✷✳✶✳✽ ✭s❡❡ ❘❡♠❛r❦ ✷✳✶✳✶✶✮✳ ❖♥ ♦t❤❡r ❤❛♥❞✱ ✇❡ ❤❛✈❡ t❤❛t
kσ2 = k + n4/2 + 2a t❤✉s ❜② ♣r❡✈✐♦✉s r❡♠❛r❦ ✇❡ ❣❡t 4 = 2(k + a) + 1 ✇❤✐❝❤ ❣✐✈❡s ❛
❝♦♥tr❛❞✐❝t✐♦♥✳ ❍❡♥❝❡ t❤❡ ❝❛s❡ g(C) = 2, kσ2 = 4 ✐s ♥♦t ♣♦ss✐❜❧❡✳
g(C) = 1, kσ2 = 4✿ ❙✐♥❝❡ N

′

σ2 = 4 ❜② ✭■✮ ✇❡ ❣❡t (N
′

, h) = (2, 1)✳ ❙✐♥❝❡ σ2 ✜①❡s ❛♥ ❡❧✲
❧✐♣t✐❝ ❝✉r✈❡ C t❤❡ K3 s✉r❢❛❝❡ X ❝❛rr✐❡s ❛♥ ❡❧❧✐♣t✐❝ ✜❜r❛t✐♦♥ πC : X −→ P1 ❤❛s C ❛s ❛
s♠♦♦t❤ ✜❜❡r ✭❛s ✇❡ ❤❛✈❡ s❡❡♥ ✐♥ ❙❡❝t✐♦♥ ✷✳✸✮✳ ▼♦r❡♦✈❡r✱ t❤❡ ✜❜r❛t✐♦♥ πC ✐s ✐♥✈❛r✐❛♥t ❜②



✷✳✺✳ ❚❍❊ ❈❯❘❱❊ C ■❙ ❖❋ ●❊◆❯❙ G > 1✳ ✸✼

σi; i = 1, 2, 4 ❛♥❞ σ ❛❝ts ✇✐t❤ ♦r❞❡r ✽ ♦♥ t❤❡ ❜❛s✐s ♦❢ t❤❡ ✜❜r❛t✐♦♥ ❛♥❞ ✜①❡s t✇♦ ♣♦✐♥ts
♦♥ ✐t ❝♦rr❡s♣♦♥❞✐♥❣ t♦ t❤❡ ❡❧❧✐♣t✐❝ ❝✉r✈❡ C ❛♥❞ ❛♥♦t❤❡r ✜❜❡r C

′

✳ ❆❧❧ ❝✉r✈❡s ✜①❡❞ ❜② σi

❛r❡ ❝♦♥t❛✐♥❡❞ ✐♥ t❤❡ ✜❜❡rs ♦❢ πC ✱ t❤❛t ❜❡❝❛✉s❡ t❤❡② ❛r❡ ❞✐s❥♦✐♥t ✇✐t❤ C✳ ❙✐♥❝❡ kσ2 = 4
t❤❡ ✜❜❡r C

′

✐s r❡❞✉❝✐❜❧❡ ❛♥❞ ✐t ❤❛s ❢♦✉r ✜①❡❞ r❛t✐♦♥❛❧ ❝✉r✈❡s ❜② σ2✳ ❙♦ ❜② ❝❤❡❝❦✐♥❣ ❛❧❧ t❤❡
♣♦ss✐❜✐❧✐t✐❡s ♦❢ ❑♦❞❛✐r❛ t②♣❡s ❢♦r ✜❜❡rs ♦♥❡ ❣❡ts t❤❛t C

′

✐s ♦❢ t②♣❡ IM s✉❝❤ t❤❛t M ≥ 8✳ ❖♥
t❤❡ ♦t❤❡r ❤❛♥❞✱ σ2 ♣r❡s❡r✈❡❞ ❡❛❝❤ ❝♦♠♣♦♥❡♥t ✐♥ C

′

s✐♥❝❡ aσ2 = 0✳ ❙♦ t❤❛t ❜② ❛♣♣❧② ▲❡♠♠❛
✷✳✶✳✶✵ ✇❡ ❣❡t t❤❛t C

′

✐s ♦❢ t②♣❡ I16✳ ■❢ k 6= 0✱ t❤❡♥ σ ✇♦✉❧❞ ♣r❡s❡r✈❡ ❡❛❝❤ ❝♦♠♣♦♥❡♥ts ♦❢
C

′

✳ ❚❤✉s a = 0✱ k = 2, (n2, n3, n4) = (6, 4, 4) ❜② ▲❡♠♠❛ ✷✳✶✳✶✵✳ ❖t❤❡r✇✐s❡ k = 0 t❤✉s
❡✐t❤❡r n4 = 4, a = 1 s♦ σ ❛❝ts ❛s ❛ r❡✢❡❝t✐♦♥ ♦♥ C

′

, ♦r n4 = 0, a = 2 t❤❡♥ σ ❛❝ts ♦♥ C
′

❛s
❛ r♦t❛t✐♦♥ ✇✐t❤ ♥♦ ✜①❡❞ ♣♦✐♥t ♦♥ ✐t✳ ❚❤✐s ❝❛s❡s ❛♣♣❡❛r❡❞ ✐♥ ❚❛❜❧❡ ✷✳✸✳

❋✐♥❛❧❧②✱ t♦ ✜♥❞ t❤❡ ✐♥✈❛r✐❛♥ts r, l ❛♥❞ m1 ♦❢ σ ✇❡ ✉s❡ t❤❡ ❢❛❝ts t❤❛t r+ l = rσ2 , 2m1 =
mσ2 ❛♥❞ t❤❡ r❡❧❛t✐♦♥ N = 2 + r − l − 2k ✐♥ Pr♦♣♦s✐t✐♦♥ ✷✳✶✳✽✳

❈♦r♦❧❧❛r② ✷✳✹✳✷✳ ▲❡t σ ❜❡ ❛ ♣✉r❡❧② ♥♦♥✲s②♠♣❧❡❝t✐❝ ❛✉t♦♠♦r♣❤✐s♠ ♦♥ ❛ K3 s✉r❢❛❝❡ X s✉❝❤
t❤❛t σ ❛❝ts tr✐✈✐❛❧❧② ♦♥ Pic(X) ✭✐✳❡ l = m = 0✮✳ ❚❤❡♥ k > 0 ❛♥❞ a = A = h = 0✱ ♠♦r❡♦✈❡r
❛❧❧ ❝❛s❡s ✐♥ t❤❡ t❛❜❧❡ ❞♦ ❡①✐st✳

m1 r N
′

N (n2, n3, n4) gσ4 k S(σ4)

✹ ✻ ✹ ✻ ✭✺✱✶✱✵✮ ✼ ✶ U ⊕D4

✹ ✻ ✻ ✻ ✭✺✱✶✱✵✮ ✻ ✶ U(2)⊕D4

✷ ✶✹ ✹ ✶✷ ✭✼✱✸✱✷✮ ✸ ✷ U ⊕D4 ⊕ E8

❚❛❜❧❡ ✷✳✺✿ ❚❤❡ ❝❛s❡ rk Pic(X) = S(σ) = r ✳

Pr♦♦❢✳ ❚❤❡s❡ ❝❛s❡s ❛r❡ ♦❜t❛✐♥❡❞ ❜② ❚❤❡♦r❡♠ ✷✳✹✳✶✳ ❖♥ ♦t❤❡r ❤❛♥❞✱ ✇❡ ❝❛♥ ✜♥❞ t❤❡s❡ ❝❛s❡s
❞✐r❡❝t❧② ❢r♦♠ t❤❡ ❛ss✉♠♣t✐♦♥ l = 0 ✇✐t❤♦✉t ✉s✐♥❣ ❚❤❡♦r❡♠ ✻✳✶ ✐♥ ❬✷❪✱ s❡❡ ❆♣♣❡♥❞✐① ❇
✇❤❡r❡ ✇❡ ❤❛✈❡ ❣✐✈❡♥ ❛♥ ✐♥❞❡♣❡♥❞❡♥t ♣r♦♦❢ ✭♥♦t ❜❛s❡❞ ♦♥ t❤❡ ❝❧❛ss✐✜❝❛t✐♦♥ ♦❢ ♦r❞❡r ❢♦✉r
❛✉t♦♠♦r♣❤✐s♠s ❬✷❪✮ ♦❢ ♣r♦♣♦s✐t✐♦♥s ✐♥ ❬✶✹✱ ➓✺❪✳
❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ✇❡ ❣✐✈❡ ❡①❛♠♣❧❡s s❤♦✇✐♥❣ t❤❡ ❡①✐st❡♥❝❡ ♦❢ ❛❧❧ t❤❡s❡ ❝❛s❡s ✐♥ ❙❡❝t✐♦♥
✷✳✽✳

✷✳✺ ❚❤❡ ❝✉r✈❡ C ✐s ♦❢ ❣❡♥✉s g > 1✳

❲❡ ♥♦✇ ❛ss✉♠❡ t❤❛t t❤❡ ❝✉r✈❡ C ⊆ Fix(σ4) ✐s ♦❢ ❣❡♥✉s g > 1 ✭t❤❡ ❝❛s❡ ✇❤❡♥ g = 1 ❤❛s
❛❧r❡❛❞② ❜❡❡♥ st✉❞✐❡❞ ✐♥ § ✸✮✳ ❚❤✉s t❤❡ ♦t❤❡r ❝✉r✈❡s ✜①❡❞ ❜② σ4 ❛r❡ s♠♦♦t❤ r❛t✐♦♥❛❧ ❜②
❚❤❡♦r❡♠ ✷✳✶✳✹✳ ■❢ t❤❡ ❝✉r✈❡ C ✐s ❝♦♥t❛✐♥❡❞ ✐♥ t❤❡ ✜①❡❞ ❧♦❝✉s Fix(σi) ❢♦r i ∈ {1, 2, 4} t❤❡♥
✇❡ ❞❡♥♦t❡ ❜② gσi ✐ts ❣❡♥✉s ✭gσ st❛♥❞s ❢♦r gσ1✮✳

✷✳✺✳✶ ❚❤❡ ❝✉r✈❡ C ✐s ❝♦♥t❛✐♥❡❞ ✐♥ Fix(σ2).

■♥ t❤✐s ♣❛rt ✇❡ ♣r♦✈❡ ✜rst t❤❛t t❤❡ ❣❡♥✉s ♦❢ ❝✉r✈❡s ✐♥ Fix(σ) ✐s ❛t ♠♦st ♦♥❡✱ t❤❡♥ ✇❡ ❝❧❛ss✐❢②
t❤❡ ❝❛s❡ ✇✐t❤ Fix(σ2) ❝♦♥t❛✐♥s ❛ ✜①❡❞ ❝✉r✈❡ C ♦❢ ❣❡♥✉s g(C) > 1✳ ❲❡ r❡❝❛❧❧ s♦♠❡ ♥♦t❛t✐♦♥
t❤❛t ✇✐❧❧ ❜❡ ✉s❡❞ ❤❡r❡✳ ▲❡t N

′

❞❡♥♦t❡s t❤❡ ♥✉♠❜❡r ♦❢ ✜①❡❞ ♣♦✐♥ts ❛r❡ ❝♦♥t❛✐♥❡❞ ✐♥ C✱
4s = 2aσ2 ❞❡♥♦t❡s t❤❡ ♥✉♠❜❡r ♦❢ s♠♦♦t❤ ❝✉r✈❡s t❤❛t ❛r❡ ♣❡r♠✉t❡❞ ❜② σ✱ ✐♥t❡r❝❤❛♥❣❡❞ ❜②
σ2 ❛♥❞ ✜①❡❞ ❜② σ4✱ ❛♥❞ ❧❡t Nσ2 ❜❡ t❤❡ ♥✉♠❜❡r ♦❢ ✐s♦❧❛t❡❞ ✜①❡❞ ♣♦✐♥ts ❜② σ2✳
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❚❤❡♦r❡♠ ✷✳✺✳✶✳ ▲❡t X ❜❡ ❛ K3 s✉r❢❛❝❡ ❛♥❞ σ ❜❡ ❛ ♣✉r❡❧② ♥♦♥✲s②♠♣❧❡❝t✐❝ ❛✉t♦♠♦r♣❤✐s♠
♦❢ ♦r❞❡r eight ♦♥ ✐t s✉❝❤ t❤❛t Pic(X) = S(σ4) ✳ ❚❤❡♥ ✐❢ C ⊂ Fix(σ) ✇❡ ❣❡t g(C) ≤ 1✳
▼♦r❡♦✈❡r ✇❡ ❤❛✈❡ t❤❛t ✐❢ σ2 ✜①❡s ❛ ❝✉r✈❡ ♦❢ ❣❡♥✉s gσ2 > 1 t❤❡♥ t❤❡ ✐♥✈❛r✐❛♥ts ❛ss♦❝✐❛t❡❞
t♦ σ ❛r❡ ❣✐✈❡♥ ✐♥ ❚❛❜❧❡ ✷✳✻ ✳

m1 m r l (n2, n3, n4) N N
′

k a s gσ2 S(σ4)

✸ ✸ ✸ ✶ (1, 1, 2) ✹ ✷ ✵ ✵ ✵ ✷ U ⊕A⊕8
1

✷ ✹ ✹ ✷ (1, 1, 2) ✹ ✷ ✵ ✵ ✶ ✷ U ⊕A⊕4
1 ⊕ E8

U ⊕D4 ⊕D8

❚❛❜❧❡ ✷✳✻✿ ❚❤❡ ❝❛s❡ gσ2 > 1.

Pr♦♦❢✳ ■❢ σ ✜①❡s ❛ ❝✉r✈❡ C ♦❢ ❣❡♥✉s gσ > 1✱ t❤❡♥ t❤❡ ❝✉r✈❡ C ✐s ❛❧s♦ ❝♦♥t❛✐♥❡❞ ✐♥ Fix(σ2)
✭s✐♥❝❡ Fix(σ) ⊆ Fix(σ2)) s♦ t❤❛t ❜② ❬✷✱ ❚❤❡♦r❡♠ ✹✳✶❪ ✇❡ ❣❡t kσ2 = 0✳ ❚❤✉s k = 0 ❛♥❞

α =
∑

Ci⊂Fix(σ)

(1− g(Ci)) = (1− g(C)) ≤ −1.

❚❤✐s ❣✐✈❡s t❤❡ ✐♥q✉❛❧✐t② (n2 + n3) ≤ −2 ❜② Pr♦♣♦s✐t✐♦♥ ✷✳✶✳✽ ✇❤✐❝❤ ✐s ❝❧❡❛r❧② ♥♦t ♣♦ss✐❜❧❡✳
❍❡♥❝❡ ✐❢ C ✐s ❝♦♥t❛✐♥❡❞ ✐♥ Fix(σ) t❤❡♥ g(C) = 0, 1✳

❲❡ ♥♦✇ ❛ss✉♠❡ t❤❛t Fix(σ2) ❝♦♥t❛✐♥s ❛ ❝✉r✈❡ C ♦❢ ❣❡♥✉s gσ2 > 1✱ t❤❡♥ t❤❡ ✐♥✈❛r✐❛♥ts
♦❢ σ2 ❛r❡ ❣✐✈❡♥ ✐♥ ❚❛❜❧❡ ✷ ♦❢ ❬✷❪✳ ❙✐♥❝❡ mσ2 = 2m1 ✐s ❛♥ ❡✈❡♥ ♥✉♠❜❡r ❛♥❞ aσ2 ∈ 2Z ❜②
❘❡♠❛r❦ ✷✳✶✳✼✱ s♦ t❤❡r❡ ❛r❡ ❥✉st t✇♦ ♣♦ss✐❜❧❡ ❝❛s❡s ♦❢ ✐♥✈❛r✐❛♥ts ❛ss♦❝✐❛t❡❞ t♦ σ2 t❤❛t ❛r❡
(gσ2 , aσ2 , rσ2 , Nσ2) = (2, 0, 4, 2) ❛♥❞ (2, 2, 6, 2)✳ ❙✐♥❝❡ gσ2(C) = 2 ✐♥ t❤❡s❡ t✇♦ ❝❛s❡s✱ t❤❡♥
❜② ❘✐❡♠❛♥♥✲❍✉r✇✐t③ ❢♦r♠✉❧❛ ✇❡ ❤❛✈❡ t❤❛t✿

2g(C)− 2 = ❞❡❣(σ|C )(2g(D)− 2) + degR,

✇❤❡r❡ D = C/〈σ|C 〉 ❛♥❞ R ✐s t❤❡ ❞✐✈✐s♦r ♦❢ r❛♠✐✜❝❛t✐♦♥✳ ❙✐♥❝❡ deg(σ|C) = 2 ✭✇❤❡r❡ σ ❛❝ts
❛s ❛♥ ✐♥✈♦❧✉t✐♦♥ ♦♥ C✮ ✇❡ ❣❡t✿

2g(C)− 2 = 2(2g(D)− 2) + degR,

❛♥❞ s♦
6− degR

4
= g(D),

s✉❝❤ t❤❛t degR = N
′

✐♥ t❤✐s ❝❛s❡✱ s✐♥❝❡ σ ❛❝ts ❛s ❛♥ ✐♥✈♦❧✉t✐♦♥ ♦♥ C✳ ❍❡♥❝❡ σ ❤❛s ❡✐t❤❡r
✷ ♦r ✻ ✜①❡❞ ♣♦✐♥ts ♦❢ t②♣❡ P 4,5 ♦♥ ✐t ✭✐✳❡ N

′

= n4 = ✷ ♦r ✻ ✇❤❡r❡ kσ2 = 0✮✳ ❖❜s❡r✈❡ t❤❛t
s✐♥❝❡ k = 0 ❜② Pr♦♣♦s✐t✐♦♥ ✷✳✶✳✽ ✇❡ ❣❡t n4+2n2 = 4✱ ❤❡♥❝❡ n4 = 2 = N

′

❛♥❞ n2 = n3 = 1✳
❚♦ ✜♥❞ t❤❡ ✐♥✈❛r✐❛♥ts ♦❢ t❤❡ ❧❛tt✐❝❡ S(σ) ❢♦r t❤❡ ✜rst ❝❛s❡ ✉s✐♥❣ t❤❡ ❢❛❝t t❤❛t (rσ2 , lσ2 ,mσ2)

= (4, 6, 6) ❜② ❬✷✱ ❚❤❡♦r❡♠ ✹✳✶❪ ✇❡ ❣❡t ✐♠♠❡❞✐❛t❡❧② t❤❛t 2m = lσ2 = 6 ❛♥❞ 2m1 = mσ2 = 6✳
▼♦r❡♦✈❡r ✇❡ ❤❛✈❡ t❤❛t r + l = rσ2 = 4 ❛♥❞ N = 4 = 2 + r − l ❜② Pr♦♣♦s✐t✐♦♥ ✷✳✶✳✽✱ s♦
r = 3 ❛♥❞ l = 1✳ ❯s✐♥❣ t❤❡ s❛♠❡ ❛r❣✉♠❡♥t ✇❡ ♦❜t❛✐♥ t❤❡ ✈❛❧✉❡s ♦❢ r, l,m ❛♥❞ m1 ❢♦r t❤❡
s❡❝♦♥❞ ❝❛s❡ ❛♣♣❡❛r✐♥❣ ✐♥ ❚❛❜❧❡ ✷✳✻✳ ❍❡r❡ (rσ2 , lσ2 ,mσ2) = (6, 8, 4)✳

❈♦r♦❧❧❛r② ✷✳✺✳✷✳ ▲❡t X ❜❡ ❛ K3 s✉r❢❛❝❡ ❛♥❞ ρ ❜❡ ❛ ♣✉r❡❧② ♥♦♥✲s②♠♣❧❡❝t✐❝ ❛✉t♦♠♦r♣❤✐s♠
♦❢ ♦r❞❡r ✶✻ ❛❝ts ♦♥ ✐t ❛♥❞ s✉❝❤ t❤❛t Pic(X) = S(ρ8)✳ ❚❤❡♥ ρ ❞♦❡s ♥♦t ✜① ❛♥② ❝✉r✈❡ ♦❢
❣❡♥✉s ❜✐❣❣❡r t❤❛♥ ♦♥❡✳



✷✳✺✳ ❚❍❊ ❈❯❘❱❊ C ■❙ ❖❋ ●❊◆❯❙ G > 1✳ ✸✾

❘❡♠❛r❦ ✷✳✺✳✸✳ • ❲❡ ❝❛♥ s❛② ♠♦r❡ ❣❡♥❡r❛❧❧② t❤❛t t❤❡ ✜①❡❞ ❧♦❝✉s ♦❢ ❛ ♣✉r❡❧② ♥♦♥✲
s②♠♣❧❡❝t✐❝ ❛✉t♦♠♦r♣❤✐s♠ ♦❢ ♦r❞❡r 2q ; q ≥ 3 ❞♦❡s ♥♦t ❝♦♥t❛✐♥ ❛ ❝✉r✈❡ C ♦❢ ❣❡♥✉s
g(C) > 1✳

• ❇② ❚❤❡♦r❡♠ ✷✳✺✳✶ ✇❡ ❣❡t t❤❛t Pic(X) ∼= S(σ4) = U⊕ L s✉❝❤ t❤❛t L ✐s♦♠♦r♣❤✐❝ t♦ ❛
❞✐r❡❝t s✉♠ ♦❢ r♦♦t ❧❛tt✐❝❡s ♦❢ t②♣❡ A1, E8, D4, D8✳ ❚❤✉s ❜② Pr♦♣♦s✐t✐♦♥ ✷✳✷✳✶ t❤❡ K3
s✉r❢❛❝❡ X ❝❛rr✐❡s ❛ σ4✲✐♥✈❛r✐❛♥t ❡❧❧✐♣t✐❝ ✜❜r❛t✐♦♥ π ✇✐t❤ ✉♥✐q✉❡ s❡❝t✐♦♥ ✜①❡❞ ❜② σ4✳
❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ❜② Pr♦♣♦s✐t✐♦♥ ✷✳✷✳✶ ❛❣❛✐♥ t❤❡ ❛✉t♦♠♦r♣❤✐s♠ σi; i = 1, 2 ❞♦❡s ♥♦t
♣r❡s❡r✈❡ t❤✐s ❡❧❧✐♣t✐❝ ✜❜r❛t✐♦♥ s✐♥❝❡ C ⊂ Fix(σ2)✳ ❍❡♥❝❡ ❢♦r ❡❛❝❤ ❣❡♥❡r✐❝ ✜❜❡r F ♦❢
π ✇❡ ❣❡t F ❛♥❞ σ2(F ) ✐♥t❡rs❡❝t ✐♥ ✸ ♣♦✐♥ts ♦♥❧② ✇✐t❤ ♠✉❧t✐♣❧✐❝✐t② ✭✶✱✶✱✷✮ s✉❝❤ t❤❛t
t❤❡s❡ t❤r❡❡ ♣♦✐♥ts ❛r❡ ❛❧s♦ t❤❡ ✐♥t❡rs❡❝t✐♦♥ ♣♦✐♥ts ✇✐t❤ t❤❡ ❝✉r✈❡ C✳ ❚❤✐s ❡①♣❧❛✐♥ ✇❤②
✇❡ ❝❛♥ ♥♦t ✉s❡ Pr♦♣♦s✐t✐♦♥ ✷✳✷✳✶ ❤❡r❡ t♦ ♣r♦✈❡ t❤❛t kσ2 ≥ 1✳

❘❡♠❛r❦ ✷✳✺✳✹✳ ■♥ t❤❡ ❆♣♣❡♥❞✐① ❆ ✇❡ s❡❡ t❤❛t ✐❢ f4 ✐s ❛♥ ❤♦♠♦❣❡♥❡♦✉s ♣♦❧②♥♦♠✐❛❧ ♦❢
❞❡❣r❡❡ ✹✱ t❤❛t ❞❡✜♥❡s ❛ s♠♦♦t❤ ❣❡♥❡r✐❝ s✉r❢❛❝❡ X ✐♥ P3✱ t❤❡♥ ✐t ❞♦❡s ♥♦t ❡①✐st σ ♦❢ ♦r❞❡r
✽ ❛❝t✐♥❣ ♦♥ X s✉❝❤ t❤❛t f4 ✐s ❛♥ ❛✣♥❡ ✐♥✈❛r✐❛♥t ♦❢ σ✳

✷✳✺✳✷ ❚❤❡ ❝✉r✈❡ C ✐s ✜①❡❞ ♦♥❧② ❜② σ4 ❛♥❞ Fix(σ) ❝♦♥t❛✐♥s ❛ r❛t✐♦♥❛❧ ❝✉r✈❡✳

◆♦✇ ❧❡t σ ❜❡ ❛ ♣✉r❡❧② ♥♦♥✲s②♠♣❧❡❝t✐❝ ❛✉t♦♠♦r♣❤✐s♠ ♦❢ ♦r❞❡r ❡✐❣❤t ♦♥ ❛ K3 s✉r❢❛❝❡ X✳
❙✉❝❤ t❤❛t 2m = lσ2 > 0 ❛♥❞ Fix(σ) ❝♦♥t❛✐♥s ❛t ❧❡❛st ♦♥❡ s♠♦♦t❤ r❛t✐♦♥❛❧ ❝✉r✈❡ ✭✐✳❡✳ k > 0✮
❛♥❞ t❤❡ ✜①❡❞ ❝✉r✈❡s ❜② σ2 ❛r❡ ❛❧s♦ r❛t✐♦♥❛❧ ✭t❤❡ ❝❛s❡ ♦❢ Fix(σ) ❝♦♥t❛✐♥s ♦♥❧② ✐s♦❧❛t❡❞ ♣♦✐♥ts
✐s st✉❞✐❡❞ ✐♥ ❙❡❝t✐♦♥ ✷✳✼✮✳ ❚❤❡♥ t❤❡ ✜①❡❞ ❧♦❝✉s ♦❢ σ2 ❛♥❞ ♦❢ σ4 ❛r❡ ❣✐✈❡♥ ❛s ❢♦❧❧♦✇s ✿

❋✐①(σ2) = E1 ∪ · · · ∪ Ek
σ2 ∪ {p1, . . . pN

σ2},

❋✐①(σ4) = C ∪ {E1 ∪ · · · ∪ Ek
σ2} ∪ {G1, . . . GN1/2} ∪ {F1 ∪ F

′

1 ∪ · · · ∪ Fa
σ2 ∪ F

′

a
σ2
}.

❲❤❡r❡ C ✐s ❛ ❝✉r✈❡ ♦❢ ❣❡♥✉s gσ4 > 0 ✱ Ei, Gi, Fi ❛r❡ s♠♦♦t❤ r❛t✐♦♥❛❧ ❝✉r✈❡s s✉❝❤ t❤❛t
σ2(Fi) = F

′

i ✱ σ
2(Gi) = Gi ❛♥❞ ❡❛❝❤ Gi ❝♦♥t❛✐♥s ❡①❛❝t❧② t✇♦ ✐s♦❧❛t❡❞ ✜①❡❞ ♣♦✐♥ts ❜② σ2

✇❤❡r❡ N1 ❞❡♥♦t❡s t❤❡ ♥✉♠❜❡r ♦❢ ✐s♦❧❛t❡❞ ✜①❡❞ ♣♦✐♥ts ❜② σ2 ♦♥ s♠♦♦t❤ r❛t✐♦♥❛❧ ❝✉r✈❡s✳
❲❡ r❡❝❛❧❧ t❤❡ ♥♦t❛t✐♦♥s t❤❛t ✇✐❧❧ ❜❡ ✉s❡❞ ❤❡r❡✿ ✇❡ ❞❡♥♦t❡ ❜② 2h t❤❡ ♥✉♠❜❡r ♦❢ ✐♥t❡r✲

❝❤❛♥❣❡❞ ♣♦✐♥ts ❜② σ ♦♥ t❤❡ ❝✉r✈❡ C❀ 2A ❜❡ t❤❡ ♥✉♠❜❡r ♦❢ s♠♦♦t❤ r❛t✐♦♥❛❧ ❝✉r✈❡s ✇❤✐❝❤
❛r❡ ✐♥t❡r❝❤❛♥❣❡❞ ❜② σ ❛♥❞ ✐♥✈❛r✐❛♥ts ❜② σ2 ✇✐t❤ t✇♦ ✐s♦❧❛t❡❞ ✜①❡❞ ♣♦✐♥ts ♦♥ ❡❛❝❤ ♦♥❡ ♦❢
t❤❡♠✳ ❋✐♥❛❧❧② ❛s ✐♥ t❤❡ ♣r❡✈✐♦✉s s❡❝t✐♦♥ ✇❡ ❞❡♥♦t❡ ❜② N

′

, N
′

σ2 t❤❡ ♥✉♠❜❡r ♦❢ ✐s♦❧❛t❡❞ ✜①❡❞
♣♦✐♥ts ❜② σ r❡s♣❡❝t✐✈❡❧② σ2 ♦♥ C✳

❘❡♠❛r❦ ✷✳✺✳✺✳ ❇② ❧♦♦❦✐♥❣ ✐♥ t❤❡ ✜①❡❞ ❧♦❝✉s ♦❢ t❤❡ ♣✉r❡❧② ♥♦♥✲s②♠♣❧❡❝t✐❝ ❛✉t♦♠♦r♣❤✐s♠
♦❢ ♦r❞❡r ❡✐❣❤t σ ❛♥❞ ✐ts sq✉❛r❡ σ2 ❛♥❞ ✉s✐♥❣ t❤❡ ❢❛❝t ✐♥ ❘❡♠❛r❦ ✷✳✶✳✾ ♦♥❡ ❝❛♥ ❣❡t t❤❛t t❤❡r❡
❛r❡ r❡❧❛t✐♦♥s ❜❡t✇❡❡♥ t❤❡ ✐s♦❧❛t❡❞ ♣♦✐♥ts ❛♥❞ s♠♦♦t❤ r❛t✐♦♥❛❧ ❝✉r✈❡s ✇❤✐❝❤ ❛r❡ ✜①❡❞ ❜② σ
❛♥❞ σ2 ❣✐✈❡♥ ❛s ❢♦❧❧♦✇s✿

kσ2 = k + 2a+ n4/2. ✭✷✳✺✳✶✮

Nσ2 = (n2 + n3) + 4A+ 2h. ✭✷✳✺✳✷✮

N
′

σ2 = N
′

+ 2h. ✭✷✳✺✳✸✮

N1 = (n2 + n3)−N
′

+ 4A. ✭✷✳✺✳✹✮

s♦ ❜② Pr♦♣♦s✐t✐♦♥ ✷✳✶✳✽ ✇❡ ❤❛✈❡

N1 = 2 + 4(k +A)−N
′

. ✭✷✳✺✳✺✮
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❆♥❞ ❜② ❝♦♠♣✉t✐♥❣ t❤❡ ❞✐✛❡r❡♥❝❡ χ(Fix(σ2)) − χ(Fix(σ)) t♦♣♦❧♦❣✐❝❛❧❧② ❛♥❞ ✉s✐♥❣ t❤❡
▲❡❢s❝❤❡t③✬s ❢♦r♠✉❧❛ ✇❡ ❣❡t t❤❛t✿

2a+ 2A+ h = l −m. ✭✷✳✺✳✻✮

❚❤❡♦r❡♠ ✷✳✺✳✻✳ ▲❡t σ ❜❡ ❛ ♣✉r❡❧② ♥♦♥✲s②♠♣❧❡❝t✐❝ ❛✉t♦♠♦r♣❤✐s♠ ♦❢ ♦r❞❡r ✽ ♦♥ ❛ K3
s✉r❢❛❝❡ X s✉❝❤ t❤❛t k > 0 ❛♥❞ t❤❡ ✜①❡❞ ❝✉r✈❡s ❜② σ2 ❛r❡ r❛t✐♦♥❛❧✳ ▲❡t gσ4 = g(C) > 1 ❜❡
t❤❡ ❣❡♥✉s ♦❢ t❤❡ ❝✉r✈❡ C ⊂ Fix(σ4)✳ ❚❤❡♥ σ ✜①❡s ❡①❛❝t❧② ♦♥❡ s♠♦♦t❤ r❛t✐♦♥❛❧ ❝✉r✈❡ ❛♥❞
✇❡ ❛r❡ ✐♥ ♦♥❡ ♦❢ t❤❡ ❝❛s❡s ✇❤✐❝❤ ❛♣♣❡❛r ✐♥ ❚❛❜❧❡✷✳✼✳

m r l N N
′

✭n2, n3, n4) a k A h s kσ2 N
′

σ2 gσ4

✶ ✶✸ ✸ ✶✵ ✷ ✭✸✱✸✱✹✮ ✵ ✶ ✵ ✷ ✶ ✸ ✻ ✷
✶ ✼ ✶ ✻ ✹ ✭✺✱✶✱✵✮ ✵ ✶ ✵ ✵ ✵ ✶ ✹ ✸
✷ ✽ ✷ ✻ ✹ ✭✺✱✶✱✵✮ ✵ ✶ ✵ ✵ ✵ ✶ ✹ ✸

❚❛❜❧❡ ✷✳✼✿ ❚❤❡ ❝❛s❡ gσ4 > 1✱ C * Fix(σ2).

Pr♦♦❢✳ ❖❜s❡r✈❡ t❤❛t t❤❡ ❛✉t♦♠♦r♣❤✐s♠ σ ❛❝ts ❛s ❛♥ ❛✉t♦♠♦r♣❤✐s♠ ♦❢ ♦r❞❡r ❢♦✉r ♦♥ C
s✉❝❤ t❤❛t t❤❡ ✜①❡❞ ♣♦✐♥ts ❜② σ ♦♥ C ❛r❡ ♦❢ t②♣❡ P 2,7 ❛♥❞ P 3,6✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ❜②
❬✷✱ ❚❤❡♦r❡♠ ✽✳✶❪ ✇❡ ❣❡t gσ4 ≤ mσ2 ❛♥❞ t❤❡ ✐♥✈❛r✐❛♥ts ❛ss♦❝✐❛t❡❞ t♦ σ2 ❛r❡ ❣✐✈❡♥ ✐♥ t❤❡
❢♦❧❧♦✇✐♥❣ t❛❜❧❡✿

mσ2 + lσ2 kσ2 gσ4 ≤ aσ2 ≤
4 3 3 2
6 2 5 3
8 1 7 4

❖❜s❡r✈❡ t❤❛t ✐❢ kσ2 = 3 t❤❡♥ lσ2 = mσ2 = 2 ❛♥❞ aσ2 ✐s ❡✐t❤❡r ❡q✉❛❧s t♦ 0 ♦r 2✳ ■♥ ❢❛❝t
✇❡ ❤❛✈❡ t❤❛t lσ2 = 2m > 0 ❛♥❞ mσ2 = 2m1 > 0 ❛r❡ ❡✈❡♥ ♥✉♠❜❡rs✱ ❛♥❞ 2aσ2 = 4s ∈ 4Z ❜②
❘❡♠❛r❦ ✷✳✶✳✼✳

❚♦ ❝♦♠♣✉t❡ t❤❡ ♥✉♠❜❡r ♦❢ ✜①❡❞ ♣♦✐♥ts ♦❢ σ2 ♦♥ C ✇❡ r❡♣❧❛❝❡ t❤❡ ♣♦ss✐❜❧❡ ✈❛❧✉❡s ♦❢ t❤❡
✐♥✈❛r✐❛♥ts ♦❢ σ2 ✐♥ r❡❧❛t✐♦♥s ✭✶✮ ❛♥❞ ✭✷✮ ♦❢ ❬✷✱ ❚❤❡♦r❡♠ ✽✳✶❪ t❤❛t ❛r❡ ✿

gσ4 − 2aσ2 = mσ2 − lσ2 + 1−N
′

σ2/2,

4aσ2 ≤ 8− 2kσ2 +N
′

σ2 + lσ2 −mσ2 .

❲❤❡r❡ gσ4 ≤ mσ2 ✐♥ t❤✐s ❝❛s❡ ❛s ✇❡ ❤❛✈❡ s❡❡♥ ♣r❡✈✐♦✉s❧②✳ ❲❡ s❤♦✇ ❢♦r ❡①❛♠♣❧❡ t❤❛t
❢♦r (lσ2 ,mσ2 , kσ2 , aσ2 , gσ4) = (2, 2, 3, 0, 3) ✇❡ ❣❡t N

′

σ2 = −4 ✇❤✐❝❤ ✐s ♥♦t ♣♦ss✐❜❧❡✱ ❛♥❞ ✐❢
(lσ2 ,mσ2 , kσ2 , aσ2 , gσ4) = (2, 6, 1, 4, 3) t❤❡♥N

′

σ2 = 12 ✱ ❝♦tr❛❞✐❝t✐♥❣ t❤❡ ❢❛❝t t❤❛tNσ2 ≥ N
′

σ2

✇❤❡r❡ Nσ2 = 6 ❜② ❬✷✱ Pr♦♣♦s✐t✐♦♥ ✶❪✳ ❇② ❛ s✐♠✐❧❛r ❛r❣✉♠❡♥t ✇❡ ✜♥❞ t❤❡ ♣♦ss✐❜✐❧✐t✐❡s ❢♦r
t❤❡ ✐♥✈❛r✐❛♥ts ♦❢ σ2 ✇❤✐❝❤ ❛♣♣❡❛rs ✐♥ t❤❡ t❛❜❧❡ ❜❡❧♦✇ ✿

Nσ2 kσ2 aσ2 gσ4 lσ2 mσ2 N
′

σ2

10 3 2 2 2 2 6

8 2 0 (3, 2) 2 4 (0, 2)
2 3 2 4 8

6 1 0 ≤ 5 2 6 (10− 2gσ4)
2 3 4 4 4
4 2 6 2 6
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❇② ❘✐❡♠❛♥♥✲❍✉r✇✐t③ ❢♦r♠✉❧❛ ❛♣♣❧✐❡❞ t♦ t❤❡ ❛✉t♦♠♦r♣❤✐s♠ σ ♦♥ C ✇❡ ❤❛✈❡ t❤❛t ✿

2g(C)− 2 = ❞❡❣(σ|C )(2g(D)− 2) + ❞❡❣R,

✇❤❡r❡ D = C/ < σ|C > ❛♥❞ R ✐s t❤❡ ❞✐✈✐s♦r ♦❢ r❛♠✐✜❝t✐♦♥✳ ❙✐♥❝❡ σ ❛❝ts ♦♥ C ❛s ❛♥

❛✉t♦♠♦r♣❤✐s♠ ♦❢ ♦r❞❡r ❢♦✉r ✇❡ ❣❡t ❞❡❣(σ|C ) = 4 ❛♥❞ ❞❡❣R = 3N
′

+2h✱ ✇❤❡r❡ ✇❡ ❞❡♥♦t❡❞

❜② N
′

t❤❡ ♥✉♠❜❡r ♦❢ ✜①❡❞ ♣♦✐♥ts ❜② σ ♦♥ C ❛♥❞ ❜② 2h t❤❡ ♥✉♠❜❡r ♦❢ ✐♥t❡r❝❤❛♥❣❡❞ ♣♦✐♥ts
❜② σ ♦♥ ✐t✳ ❍❡♥❝❡

2g(C) + 6− (3N
′

+ 2h) ≡ 0 mod 8, ✭■✮

s✐♥❝❡ g(D) ∈ Z≥0✳ ◆♦✇ ✇❡ ❣✐✈❡ ❛ ❞❡t❛✐❧❡❞ ❡①♣❧❛♥❛t✐♦♥ ♦❢ ❡❛❝❤ ♦❢ t❤❡ ❝❛s❡s ✐♥ t❤❡ ♣r❡✈✐♦✉s
t❛❜❧❡ s❡♣❛r❛t❡❧②✳
(gσ4 , N

′

σ2 , kσ2 , aσ2) = (2, 6, 3, 2) : ❇② ❘✐❡♠❛♥♥✲❍✉r✇✐t③ ❢♦r♠✉❧❛ ❛♥❞ s✐♥❝❡ σ2 ✜①❡s ✻ ♣♦✐♥ts

♦♥ C ✇❤❡r❡ N
′

σ2 = 6 ✇❡ ✜♥❞ t❤❛t σ ❡①❝❤❛♥❣❡s t✇♦ ❜② t✇♦ ❢♦✉r ♣♦✐♥ts ♦♥ C ❛♥❞ ✜①❡s t❤❡ ❧❛st
t✇♦✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ❜② ✭✷✳✺✳✹✮ ♦❢ ❘❡♠❛r❦ ✷✳✺✳✺ ✇❡ ❤❛✈❡ N1 = 4 = (n2 +n3) + 4A− 2✱
t❤✉s (n2 + n3) ≤ 6✳ ❲❤✐❧❡ ❜② Pr♦♣♦s✐t✐♦♥ ✷✳✶✳✽ ✇❡ ❤❛✈❡ (n2 + n3) ≥ 6 s✐♥❝❡ k ≥ 1✳ ❍❡♥❝❡
(n2 + n3) = 6 ❛♥❞ k = 1 s✉❝❤ t❤❛t t✇♦ ♦❢ t❤❡s❡ s✐① ♣♦✐♥ts ❛r❡ ♦♥ C ❛♥❞ t❤❡ ♦t❤❡r ❢♦✉r ❛r❡
❝♦♥t❛✐♥❡❞ ✐♥ t✇♦ r❛t✐♦♥❛❧ ❝✉r✈❡s t❤❛t ❛r❡ ✜①❡❞ ❜② σ4 ❛♥❞ ✐♥✈❛r✐❛♥ts ❜② σ2✳ ❚❤❡ t✇♦ s♠♦♦t❤
r❛t✐♦♥❛❧ ❝✉r✈❡s ✜①❡❞ ❜② σ2 ✭❤❡r❡ kσ2 = 3 ❛♥❞ k = 1✮ ❡✐t❤❡r ❛r❡ ✐♥✈❛r✐❛♥ts ❜② σ ✇✐t❤ t✇♦
✜①❡❞ ♣♦✐♥ts ♦❢ t②♣❡ P 4,5 ♦♥ ❡❛❝❤ ♦♥❡ ♦❢ t❤❡♠✱ ✐✳❡ (n4, a) = (4, 0)✱ s♦ (n2, n3) = (3, 3) ❜②
Pr♦♣♦s✐t✐♦♥ ✷✳✶✳✽✱ ♦r t❤❡② ❛r❡ ❡①❝❤❛♥❣❡❞ ❜② σ s♦ t❤❛t (n4, a) = (0, 1) ❛♥❞ (n2, n3) = (5, 1)
❜② Pr♦♣♦s✐t✐♦♥ ✷✳✶✳✽ ❛❣❛✐♥✳ ❖❜s❡r✈❡ t❤❛t t❤❡ s❡❝♦♥❞ ❝❛s❡ ✐s ♥♦t ♣♦ss✐❜❧❡ ❜② ❘❡♠❛r❦ ✷✳✶✳✶✶
s✐♥❝❡ ❛ s♠♦♦t❤ r❛t✐♦♥❛❧ ❝✉r✈❡ ✇❤✐❝❤ ✐s ✐♥✈❛r✐❛♥t ❜② σ ❛♥❞ σ2 ❝♦♥t❛✐♥s ❡①❛❝t❧② ♦♥❡ ✜①❡❞
♣♦✐♥t ♦❢ t②♣❡ P 2,7 ❛♥❞ ❛♥♦t❤❡r ♦♥❡ ♦❢ t②♣❡ P 3,6✳
(gσ4 , N

′

σ2 , kσ2 , aσ2) = (3, 0, 2, 0) : ❙✐♥❝❡ N
′

σ2 = 0 ✇❡ ❤❛✈❡ (N
′

, h) = (0, 0) ✭✇❤❡r❡ N
′

σ2 =

N
′

+ 2h✮ ❛♥❞ t❤❛t ✐s ♥♦t ♣♦ss✐❜❧❡ ❜② ❘✐❡♠❛♥♥✲❍✉r✇✐t③ ❢♦r♠✉❧❛✳
(gσ4 , N

′

σ2 , kσ2 , aσ2) = (2, 2, 2, 0) : ❇② ✭■✮ ❛♥❞ s✐♥❝❡ N
′

σ2 = 2 ✇❡ ❣❡t (N
′

, h) = (0, 1)✱ s♦ t❤❛t

❛❧❧ t❤❡ ✜①❡❞ ♣♦✐♥ts ❜② σ ❛r❡ ❝♦♥t❛✐♥❡❞ ✐♥ s♠♦♦t❤ r❛t✐♦♥❛❧ ❝✉r✈❡s t❤❛t ❛r❡ ✜①❡❞ ❜② σ4✱ t❤✉s
n2 = n3 ❜② ❘❡♠❛r❦ ✷✳✶✳✶✶ ❛♥❞ s♦ n4 = 2 + 2k ❜② Pr♦♣♦s✐t✐♦♥ ✷✳✶✳✽✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱
s✐♥❝❡ k > 0 t❤❡♥ n4 ≥ 4✳ ❙♦ t❤❛t kσ2 = k + n4/2 + 2a > 2 ✇❤✐❝❤ ❝♦♥tr❛❞✐❝ts kσ2 = 2✳
(gσ4 , N

′

σ2 , kσ2 , aσ2) = (3, 8, 2, 2) :❇② r❡❧❛t✐♦♥ ✭■✮ ❛♥❞ s✐♥❝❡ N
′

σ2 = 8 ✇❡ ❣❡t (N
′

, h) ❂✭✷✱✸✮✳
❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ s✐♥❝❡ k > 0 t❤❡♥ n2 + n3 ≥ 6 ❜② Pr♦♣♦s✐t✐♦♥ ✷✳✶✳✽✳ ❙♦ t❤❛t σ ✜①❡s ❛t
❧❡❛st ❢♦✉r ♣♦✐♥ts ♦♥ t✇♦ r❛t✐♦♥❛❧ ❝✉r✈❡s ✭✇❤❡r❡ N

′

= 2✮ ✇❤✐❝❤ ✐s ♥♦t ♣♦ss✐❜❧❡✳ ■♥ ❢❛❝t ❛❧❧
t❤❡ ✜①❡❞ ♣♦✐♥ts ❜② σ2 ❛r❡ ❝♦♥t❛✐♥❡❞ ✐♥ C s♦ t❤❛t N1 = Nσ2 −N

′

σ2 = 0 ✭s❡❡ r❡❧❛t✐♦♥ ✭✷✳✺✳✹✮
✐♥ ❘❡♠❛r❦ ✷✳✺✳✺✮✳
(gσ4 , N

′

σ2 , kσ2 , aσ2) = (5, 0, 1, 0) : ❇② r❡❧❛t✐♦♥ ✭■✮ ❛♥❞ s✐♥❝❡ N
′

σ2 = 0 ✇❡ ❣❡t (N
′

, h) ❂✭✵✱✵✮✱
s♦ t❤❛t t❤❡ ✐s♦❧❛t❡❞ ✜①❡❞ ♣♦✐♥ts ❜② σ ❛r❡ ❝♦♥t❛✐♥❡❞ ✐♥ s♠♦♦t❤ r❛t✐♦♥❛❧ ❝✉r✈❡s✳ ❚❤✐s ♠❡❛♥s
t❤❛t n2 = n3 ✭s❡❡ ❘❡♠❛r❦ ✷✳✶✳✶✶✮✱ t❤✉s ❜② Pr♦♣♦s✐t✐♦♥ ✷✳✶✳✽ ✇❡ ❤❛✈❡ n4 = 2+ 2k ✇❤✐❝❤ ✐s
❝❧❡❛r❧② ♥♦t ♣♦ss✐❜❧❡ s✐♥❝❡ kσ2 = k = 1 ✭✇❤❡r❡ k > 0✮✳
(gσ4 , N

′

σ2 , kσ2 , aσ2) = (4, 2, 1, 0) : ❙✐♥❝❡ N
′

σ2 = 2 ❜② r❡❧❛t✐♦♥ ✭■✮ ✇❡ ❣❡t (N
′

, h) = (2, 0)✳ ❖♥

t❤❡ ♦t❤❡r ❤❛♥❞✱ s✐♥❝❡ kσ2 = k = 1 ✭✇❤❡r❡ k > 0✮ ✇❡ ❣❡t n4 = 0✱ s♦ t❤❛t (n2, n3) = (5, 1)
❜② Pr♦♣♦s✐t✐♦♥ ✷✳✶✳✽ ✇❤✐❝❤ ❣✐✈❡s ❛ ❝♦♥tr❛❞✐❝t✐♦♥✳ ■♥ ❢❛❝t σ ✜①❡s ❢♦✉r ♣♦✐♥ts ♦♥ t✇♦ s♠♦♦t❤
r❛t✐♦♥❛❧ ❝✉r✈❡s ✇❤❡r❡ (N,N

′

) = (6, 2) t❤✉s n2, n3 ≥ 2 ❜② ❘❡♠❛r❦ ✷✳✶✳✶✶✳
(gσ4 , N

′

σ2 , kσ2 , aσ2) = (3, 4, 1, 0) : ❇② r❡❧❛t✐♦♥ ✭■✮ ❛♥❞ s✐♥❝❡ N
′

σ2 = 4 ✇❡ ❣❡t (N
′

, h) ❡✐t❤❡r

❡q✉❛❧ t♦ ✭✹✱✵✮ ♦r ✭✵✱✷✮✳ ❖❜s❡r✈❡ t❤❛t s✐♥❝❡ kσ2 = k = 1 ✭✇❤❡r❡ k > 0✮ ✇❡ ❣❡t n4 = 0 ❛♥❞
s♦ (n2, n3) = (5, 1) ❜② Pr♦♣♦s✐t✐♦♥ ✷✳✶✳✽✳ ❍❡♥❝❡ t❤❡ ❝❛s❡ (N

′

, h) = (0, 2) ✐s ♥♦t ♣♦ss✐❜❧❡
s✐♥❝❡ t❤❡ s✐① ✜①❡❞ ♣♦✐♥ts ❜② σ ❛r❡ ❝♦♥t❛✐♥❡❞ ✐♥ s♠♦♦t❤ r❛t✐♦♥❛❧ ❝✉r✈❡s ❛♥❞ s♦ n2 = n3 ✭s❡❡
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❘❡♠❛r❦ ✷✳✶✳✶✶✮✳ ❚❤❡ ❝❛s❡ (N
′

, h) = (4, 0) ✐s ♣♦ss✐❜❧❡ ❛♥❞ ❛♣♣❡❛rs ✐♥ ❚❛❜❧❡ ✷✳✼✳
(gσ4 , N

′

σ2 , kσ2 , aσ2) = (3, 4, 1, 2) : ❇② t❤❡ s❛♠❡ ❛r❣✉♠❡♥t ✐♥ t❤❡ ♣r❡✈✐♦✉s ❝❛s❡ ✇❡ ❣❡t t❤❛t

(N
′

, h)❂✭✹✱✵✮ ❛♥❞ (n2, n3, n4) = (5, 1, 0)✳
(gσ4 , N

′

σ2 , kσ2 , aσ2) = (2, 6, 1, 0) : ❙✐♥❝❡ N
′

σ2 = 6 ❜② r❡❧❛t✐♦♥ ✭■✮ ✇❡ ❣❡t (N
′

, h) ❂✭✷✱✷✮✱ ❤❡♥❝❡

σ ✜①❡s ❢♦✉r ♣♦✐♥ts ♦♥ t✇♦ s♠♦♦t❤ r❛t✐♦♥❛❧ ❝✉r✈❡s ❛♥❞ s♦ n2, n3 ≥ 2 ✭s❡❡ ❘❡♠❛r❦ ✷✳✶✳✶✵✮✳
❚❤✐s ✐s ♥♦t ♣♦ss✐❜❧❡ s✐♥❝❡ (n2, n3, n4) = (5, 1, 0) ❜② Pr♦♣♦s✐t✐♦♥ ✷✳✶✳✽ ✇❤❡r❡ kσ2 = k = 1✳
❇② t❤❡ s❛♠❡ ❛r❣✉♠❡♥t ✇❡ ❝❛♥ ❡①❝❧✉❞❡ t❤❡ ❝❛s❡ (gσ4 , N

′

σ2 , kσ2 , aσ2) = (2, 6, 1, 4)✳
❯s✐♥❣ t❤❡ ❢❛❝ts t❤❛t r+l = rσ2 , 2m = lσ2 , 2m1 = mσ2 ❛♥❞ t❤❡ r❡❧❛t✐♦♥N = 2+r−l−2k

✐♥ Pr♦♣♦s✐t✐♦♥ ✷✳✶✳✽ ✐t ✐s ❡❛s② t♦ ❝♦♠♣✉t❡ t❤❡ ✐♥✈❛r✐❛♥ts r, l,m,m1 ♦❢ σ✳ ▼♦r❡ ♣r❡❝✐s❡❧②✱
t❤❡ ✐♥✈❛r✐❛♥ts ♦❢ σ ✐♥ t❤✐s t❛❜❧❡ ✈❡r✐❢② t❤❡ r❡❧❛t✐♦♥ ✭✷✳✺✳✻✮ ✐♥ ❘❡♠❛r❦ ✷✳✺✳✺✳

✷✳✻ ❚❤❡ ✜①❡❞ ❧♦❝✉s Fix(σ4) ♦♥❧② ❝♦♥t❛✐♥s r❛t✐♦♥❛❧ ❝✉r✈❡s✳

■♥ t❤✐s s❡❝t✐♦♥ ✇❡ ❛ss✉♠❡ t❤❛t Fix(σ4) ❝♦♥t❛✐♥s ♦♥❧② s♠♦♦t❤ r❛t✐♦♥❛❧ ❝✉r✈❡s ❛♥❞ t❤❛t ❛t
❧❡❛st ♦♥❡ ♦❢ t❤❡♠ ✐s ✜①❡❞ ❜② σ ✭✐✳❡ k > 0 ✮✳

❚❤❡♦r❡♠ ✷✳✻✳✶✳ ▲❡t X ❜❡ ❛ K3 s✉r❢❛❝❡ ❛♥❞ σ ❜❡ ❛ ♣✉r❡❧② ♥♦♥✲s②♠♣❧❡❝t✐❝ ❛✉t♦♠♦r♣❤✐s♠
♦❢ ♦r❞❡r ❡✐❣❤t ♦♥ ✐t✳ ■❢ Fix(σ) ❝♦♥t❛✐♥s ❛ s♠♦♦t❤ r❛t✐♦♥❛❧ ❝✉r✈❡ ❛♥❞ ❛❧❧ ❝✉r✈❡s ✜①❡❞ ❜② σ4

❛r❡ r❛t✐♦♥❛❧✱ t❤❡♥ (k,A,N, a) = (1, 1, 10, 0) ❛♥❞ (n2, n3, n4) = (3, 3, 4)✳ ❚❤❡ ❝♦rr❡s♣♦♥❞✐♥❣
✐♥✈❛r✐❛♥t ♦❢ S(σ4) ❛r❡ (r, l,m) = (13, 3, 1)✳

Pr♦♦❢✳ ❇② ❬✷✱ ❚❤❡♦r❡♠ ✺✳✶❪ ❛♥❞ ❜② ❡①❝❧✉❞✐♥❣ t❤❡ ❝❛s❡s ✇❤❡♥ mσ2 ❛♥❞ aσ2 ❛r❡ ♦❞❞ ♥✉♠❜❡rs
✭s✐♥❝❡ mσ2 = 2l ❛♥❞ aσ2 ∈ 2Z ❜② ❘❡♠❛r❦ ✷✳✶✳✼✮ ✇❡ ❣❡t t❤❛t t❤❡ ♣♦ss✐❜❧❡ ✐♥✈❛r✐❛♥ts ❢♦r
σ2 ❛r❡ (rσ2 ,mσ2 , Nσ2 , kσ2 , aσ2) ❂ (10, 4, 6, 1, 0)✱ (16, 2, 10, 3, 0) ❛♥❞ (12, 2, 6, 1, 2)✳ ❖❜s❡r✈❡
t❤❛t s✐♥❝❡ t❤❡ ✐♥✈♦❧✉t✐♦♥ σ4 ✜①❡s ♦♥❧② r❛t✐♦♥❛❧ ❝✉r✈❡s✱ ❛❧❧ ✐s♦❧❛t❡❞ ✜①❡❞ ♣♦✐♥ts ❜② σ ❛r❡
❝♦♥t❛✐♥❡❞ ✐♥ s♠♦♦t❤ r❛t✐♦♥❛❧ ❝✉r✈❡s✳ ❙♦ t❤❛t n2 = n3 ❜② ❘❡♠❛r❦ ✷✳✶✳✶✶ ✭✇❤❡r❡ ❡❛❝❤
✐♥✈❛r✐❛♥t r❛t✐♦♥❛❧ ❝✉r✈❡ ❜② σ ❡✐t❤❡r ❝♦♥t❛✐♥s t✇♦ ♣♦✐♥ts ♦❢ t②♣❡ P 4,5 ♦r ♦♥❡ ♣♦✐♥t ♦❢ t②♣❡
P 2,7 ❛♥❞ ❛♥♦t❤❡r ♦♥❡ ♦❢ t②♣❡ P 3,6✮✳ ❍❡♥❝❡ ❜② Pr♦♣♦s✐t✐♦♥ ✷✳✶✳✽ ✇❡ ❤❛✈❡ t❤❛t n2 = 1+2k ❛♥❞
n4 = 2+2k✳ ❙✐♥❝❡ k > 0 t❤❡♥ n4 ≥ 4 ✇❤✐❝❤ ❣✐✈❡s t❤❛t kσ2 ≥ 3 ✭✇❤❡r❡ kσ2 = k+n4/2+2a✱
s❡❡ ❘❡♠❛r❦ ✷✳✶✳✾✮✳ ❚❤❛t ❡①❝❧✉❞❡s t❤❡ ✜rst ❛♥❞ t❤❡ t❤✐r❞ ❝❛s❡s ♦❢ t❤❡ ♣♦ss✐❜❧❡ ✐♥✈❛r✐❛♥ts ♦❢
σ2✳ ❋♦r t❤❡ s❡❝♦♥❞ ❝❛s❡ ✇❡ ❤❛✈❡ t❤❛t k = 1 ✱ n4 = 4 ❛♥❞ a = 0 s✐♥❝❡ kσ2 = 3✳ ❙♦ ✇❡ ❣❡t
n2 = n3 = 3✳ ▼♦r❡♦✈❡r ✇❡ ❤❛✈❡ t❤❛t 2m = lσ2 = 2, 2m1 = mσ2 = 2, r + l = rσ2 = 16 ❛♥❞
❜② Pr♦♣♦s✐t✐♦♥ ✷✳✶✳✽ ✇❡ ❤❛✈❡ r − l = 6✳

✷✳✼ ❚❤❡ ✜①❡❞ ❧♦❝✉s Fix(σ) ❤❛s ♦♥❧② ✐s♦❧❛t❡❞ ♣♦✐♥ts✳

▲❡t σ ❜❡ ❛ ♣✉r❡❧② ♥♦♥✲s②♠♣❧❡❝t✐❝ ❛✉t♦♠♦r♣❤✐s♠ ♦❢ ♦r❞❡r ❡✐❣❤t ♦♥ ❛ K3 s✉r❢❛❝❡ X t❤❛t
✜①❡s ♦♥❧② ✐s♦❧❛t❡❞ ♣♦✐♥ts ❛♥❞ m > 0 ✭t❤❡ ❝❛s❡ m = 0 ✐s ❞✐s❝✉ss❡❞ ✐♥ ❙❡❝t✐♦♥ ✷✳✹✮ ❛♥❞ t❤❡
❣❡♥✉s ♦❢ t❤❡ ✜①❡❞ ❝✉r✈❡s ❜② σ4 ✐s g(C) 6= 1 ✭t❤❡ ❝❛s❡ ✇✐t❤ g(C) = 1 ❛♥❞ k = 0 ✐s st✉❞✐❡❞
✐♥ ❙❡❝t✐♦♥ ✷✳✸✮✳ ■t ❢♦❧❧♦✇s ❢r♦♠ Pr♦♣♦s✐t✐♦♥ ✷✳✶✳✽ t❤❛t Fix(σ) ❝♦♥t❛✐♥s ❡①❛❝t❧② t✇♦ ♣♦✐♥ts
q1, q2 ♦❢ t②♣❡ P 2,7 ♦r ♦❢ t②♣❡ P 3,6✱ ♦r ♦♥❡ ♣♦✐♥t ♦❢ ❡❛❝❤ t②♣❡✳ ▼♦r❡♦✈❡r✱ t❤❡ ✜①❡❞ ❧♦❝✉s ♦❢
σ2 ✐s ❡✐t❤❡r ❛s ✿

❋✐①(σ2) = C ∪ (F1 ∪ F
′

1) · · · ∪ (Fa ∪ F
′

a) ∪ E1 ∪ . . . E
n4−N

′

2

∪ {q1, q2, p1, . . . , p4A},
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✐❢ σ2 ✜①❡s ❛ ❝✉r✈❡ C ♦❢ ❣❡♥✉s g(C) > 1 ✱ ♦r ❛s ❢♦❧❧♦✇s✿

❋✐①(σ2) = (F1 ∪ F
′

1) · · · ∪ (Fa ∪ F
′

a) ∪ E1 ∪ . . . En4/2 ∪ {q1, q2, p1, .., p4A} ∪ {p′

1, .., p
′

2h}.

❲❤❡r❡ ❡❛❝❤ Ei ✐s ❛ s♠♦♦t❤ r❛t✐♦♥❛❧ ❝✉r✈❡ ❝♦♥t❛✐♥✐♥❣ ✷ ✜①❡❞ ♣♦✐♥ts ❜② σ ♦❢ t②♣❡ P 4,5 ✱ N
′

❞❡♥♦t❡s t❤❡ ♥✉♠❜❡r ♦❢ t❤❡ r❡♠❛✐♥✐♥❣ ✜①❡❞ ♣♦✐♥ts ♦♥ C ✱ ❛♥❞ {p′

1, . . . , p
′

2h} ❛r❡ t❤❡ ♣♦✐♥ts
♦♥ C t❤❛t ❛r❡ ❡①❝❤❛♥❣❡❞ ❜② σ ❛♥❞ ✜①❡❞ ❜② σ2✳

❚❤❡♦r❡♠ ✷✳✼✳✶✳ ▲❡t σ ❜❡ ❛ ♣✉r❡❧② ♥♦♥✲s②♠♣❧❡❝t✐❝ ❛✉t♦♠♦r♣❤✐s♠ ♦❢ ♦r❞❡r ❡✐❣❤t ♦♥ ❛ K3
s✉r❢❛❝❡ X ❤❛✈✐♥❣ ♦♥❧② ✐s♦❧❛t❡❞ ✜①❡❞ ♣♦✐♥ts✱ s✉❝❤ t❤❛t m > 0 ❛♥❞ t❤❡ ❣❡♥✉s ♦❢ t❤❡ ✜①❡❞
❝✉r✈❡s ❜② σ4 ✐s g(C) 6= 1✳ ❚❤❡♥ σ ✜①❡s ❛t ♠♦st ✻ ♣♦✐♥ts ❛♥❞ ✇❡ ❛r❡ ✐♥ ♦♥❡ ♦❢ t❤❡ ❝❛s❡s
❛♣♣❡❛r✐♥❣ ✐♥ ❚❛❜❧❡ ✷✳✽✳

m r l s a A h N N
′

(n2, n3, n4) kσ2 N
′

σ2 gσ4

✶ ✷ ✷ ✵ ✵ ✵ ✶ ✷ ✷ ✭✷✱✵✱✵✮ ✵ ✹ ✺

✶ ✾ ✼ ✶ ✶ ✶ ✷ ✹ ✷ ✭✶✱✶✱✷✮ ✸ ✻ ✷
✸ ✼ ✺ ✷ ✵ ✵ ✷ ✹ ✷ ✭✶✱✶✱✷✮ ✶ ✻ ✷
✶ ✻ ✻ ✶ ✶ ✵ ✸ ✷ ✷ ✭✷✱✵✱✵✮ ✷ ✽ ✸
✷ ✻ ✹ ✶ ✵ ✵ ✷ ✹ ✵ ✭✶✱✶✱✷✮ ✶ ✹ ✸
✶ ✽ ✹ ✶ ✵ ✵ ✸ ✻ ✷ ✭✵✱✷✱✹✮ ✷ ✽ ✸
✶ ✺ ✸ ✵ ✵ ✶ ✵ ✹ ✵ ✭✶✱✶✱✷✮ ✶ ✵ ✺

✵ ✵ ✶ ✵ ✹ ✷ ✭✶✱✶✱✷✮ ✶ ✷ ✹
✵ ✵ ✵ ✷ ✹ ✵ ✭✶✱✶✱✷✮ ✶ ✹ ✸
✵ ✵ ✵ ✷ ✹ ✷ ✭✶✱✶✱✷✮ ✶ ✻ ✷

✷ ✻ ✹ ✵ ✵ ✶ ✵ ✹ ✵ ✭✶✱✶✱✷✮ ✶ ✲ ✵
✸ ✼ ✺ ✶ ✵ ✶ ✵ ✹ ✵ ✭✶✱✶✱✷✮ ✶ ✲ ✵
✶ ✾ ✼ ✵ ✶ ✷ ✵ ✹ ✵ ✭✶✱✶✱✷✮ ✸ ✲ ✵

❚❛❜❧❡ ✷✳✽✿ ❚❤❡ ❝❛s❡ k = α = 0,m > 0.

Pr♦♦❢✳ ❇② Pr♦♣♦s✐t✐♦♥ ✷✳✶✳✽ s✐♥❝❡ α = k = 0 ✇❡ ❣❡t t❤❛t (n2 + n3) = 2 ❛♥❞ n4 ≤ 4 ✇❤❡r❡
2n3 = n4 ✐♥ t❤✐s ❝❛s❡✳ ▼♦r❡ ♣r❡❝✐s❡❧② t❤❡ ♣♦ss✐❜❧❡ ❝❛s❡s ❢♦r (n2, n3, n4) ❛r❡ ✭✷✱✵✱✵✱✷✮ ✱
✭✶✱✶✱✷✱✹✮ ❛♥❞ ✭✵✱✷✱✹✱✻✮✳ ❲❡ ❝❛♥ ✜♥❞ t❤❡ ✐♥✈❛r✐❛♥ts r❡❧❛t❡❞ t♦ σ ❜② ❞✐s❝✉ss✐♥❣ t❤❡ ❞✐✛❡r❡♥t
❝❛s❡s ❢♦r t❤❡ ✜①❡❞ ❧♦❝✉s ♦❢ σ2 ❛♥❞ σ4✳

σ4 ✜①❡s ❛ ❝✉r✈❡ C ♦❢ ❣❡♥✉s g(C) > 1✿

❲❡ ❝❛♥ ❛ss✉♠❡ t❤❛t C * Fix(σ2) ♦t❤❡r✇✐s❡ ✇❡ ❤❛✈❡ ❞✐s❝✉ss❡❞ t❤✐s ❝❛s❡ ❛❧r❡❛❞② ✐♥ ❚❤❡♦r❡♠
✷✳✺✳✶✳ ❙✐♥❝❡ C ✐s ✜①❡❞ ❜② σ4 t❤❡♥ C ✐s ❛❧s♦ ✐♥✈❛r✐❛♥t ❜② σ✳ ❍❡♥❝❡ σ ❛❝ts ♦♥ C ❛s ❛♥
❛✉t♦♠♦r♣❤✐s♠ ♦❢ ♦r❞❡r ❢♦✉r ✇✐t❤ ❛t ♠♦st t✇♦ ✐s♦❧❛t❡❞ ✜①❡❞ ♣♦✐♥ts ♦♥ ✐t✳ ■♥ ❢❛❝t t❤❡ ✜①❡❞
♣♦✐♥ts ❜② σ ♦♥ C ❛r❡ ♦❢ t②♣❡ P 2,7, P 3,6 t❤✉s N

′

❡✐t❤❡r ❡q✉❛❧s ✵ ♦r ✷ ✭s✐♥❝❡ (n2 + n3) = 2✮✳
❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ❜② ❘✐❡♠❛♥♥✲❍✉r✇✐t③ ❢♦r♠✉❧❛ ❛♣♣❧✐❡❞ t♦ t❤❡ ❛✉t♦♠♦r♣❤✐s♠ σ ♦♥ C ✇❡
❤❛✈❡ t❤❛t✿

2g(C)− 2 = 4(2g(D)− 2) + ❞❡❣R,

t❤✉s
2g(C) + 6− ❞❡❣R

8
= g(D).
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❙✉❝❤ t❤❛t ❞❡❣R = 3N
′

+2h ✭❛s ✇❡ ❤❛✈❡ s❡❡♥ ✐♥ ❚❤❡♦r❡♠ ✷✳✺✳✻✮✳ ❙✐♥❝❡ g(D) ∈ Z≥0 ✇❡ ❣❡t✿

2g(C) + 6− 3N
′ − 2h ≡ 0 mod 8. ✭■✮

❍❡r❡ ✇❡ ❞✐st✐♥❣✉✐s❤ t❤❡ t✇♦ ❢♦❧❧♦✇✐♥❣ ❝❛s❡s✿
✐✮ Fix(σ2) ❤❛s ♦♥❧② ✐s♦❧❛t❡❞ ✜①❡❞ ♣♦✐♥ts ✿

❇② r❡❧❛t✐♦♥s ✭✷✳✺✳✶✮ ❛♥❞ ✭✷✳✺✳✷✮ ♦❢ ❘❡♠❛r❦ ✷✳✺✳✺ ✇❡ ❤❛✈❡ t❤❛t kσ2 = 2a+ n4/2 ❛♥❞ Nσ2 =
2 + 4A + 2h ✭s✐♥❝❡ k = 0 ❛♥❞ s♦ n2 + n3 = 2 ❜② Pr♦♣♦s✐t✐♦♥ ✷✳✶✳✽✮✳ ❙✐♥❝❡ kσ2 = 0 ❜②
❬✷✱ Pr♦♣♦s✐t✐♦♥ ✶❪ ✇❡ ❣❡t Nσ2 = 4✳ ❚❤✐s ❣✐✈❡s a = n4 = A = 0 ❛♥❞ h = 1✳ ❙✐♥❝❡ n4 = 0
❜② Pr♦♣♦s✐t✐♦♥ ✷✳✶✳✽ ✇❡ ❤❛✈❡ (n2, n3) = (2, 0)✳ ❖❜s❡r✈❡ t❤❛t N

′

= 2✱ ♦t❤❡r✇✐s❡ σ ✇♦✉❧❞
✜① t✇♦ ♣♦✐♥ts ♦❢ t②♣❡ P 2,7 ♦♥ ❛ r❛t✐♦♥❛❧ ❝✉r✈❡ ❛♥❞ t❤✐s ✐s ♥♦t ♣♦ss✐❜❧❡ ❜② ❘❡♠❛r❦ ✷✳✶✳✶✶✳
❍❡♥❝❡ ❜② ✭■✮ ✇❡ ❣❡t t❤❛t t❤❡ ❣❡♥✉s ♦❢ t❤❡ ❝✉r✈❡ C ⊆ Fix(σ4) ✐s ❡✐t❤❡r g(C) = 5 ♦r 9✳ ❲❡
✇❛♥t t♦ s❤♦✇ t❤❛t g = 9 ✐s ♥♦t ♣♦ss✐❜❧❡✳ ❖♥❡ ❝❛♥ ❞❡❞✉❝❡ ✐t ❡❛s✐❧② ❜② t❤❡ ❚❛❜❧❡s ✻ ❛♥❞ ✺
♦❢ ❬✷❪✱ ❜✉t ✇❡ ❣✐✈❡ ❤❡r❡ ❛ s❡❧❢✲❝♦♥t❛✐♥❡❞ ❛r❣✉♠❡♥t✳ ❙✐♥❝❡ 2aσ2 ∈ 4Z ❜② ❘❡♠❛r❦ ✷✳✶✳✼ ❛♥❞
kσ2 = 0 ✇❡ ❣❡t kσ4 ∈ 4Z✳ ■♥ ❢❛❝t ❛❧❧ ✐s♦❧❛t❡❞ ✜①❡❞ ♣♦✐♥ts ❜② σ2 ❛r❡ ❝♦♥t❛✐♥❡❞ ✐♥ C s✐♥❝❡
(N

′

, h) = (2, 1) ❛♥❞ Nσ2 = 4 ✭❤❡r❡ Nσ2 = 4 = N
′

+ 2h✮ s♦ t❤❛t kσ4 = 2aσ2 ∈ 4Z✳ ❚❤✉s
❜② ❬✾✱ ➓✹❪✱ s❡❡ ❛❧s♦ ❬✹✱ ❋✐❣✉r❡ ✶❪✱ ✇❡ ❤❛✈❡ t❤❛t (gσ4 , kσ4 , rσ4) = (5, 0, 6), (5, 4, 10), (9, 0, 2)
s✉❝❤ t❤❛t S(σ4) = U(2) ⊕ A⊕4

1 , U ⊕ D⊕2
4 , U(2) r❡s♣❡❝t✐✈❡❧②✳ ❖❜s❡r✈❡ t❤❛t ❢♦r t❤❡ s❡❝♦♥❞

❝❛s❡ ❜② ❛♣♣❧②✐♥❣ Pr♦♣♦s✐t✐♦♥ ✷✳✷✳✶ ✇❡ ❦♥♦✇ t❤❛t t❤❡ K3 s✉r❢❛❝❡ X ❝❛rr✐❡s ❛ σ−✐♥✈❛r✐❛♥t
❥❛❝♦❜✐❛♥ ❡❧❧✐♣t✐❝ ✜❜r❛t✐♦♥ π ✇✐t❤ ✉♥✐q✉❡ s❡❝t✐♦♥ ✜①❡❞ ❜② σ4✱ ✇❤✐❝❤ ❝♦♥tr❛❞✐❝ts t❤❡ ❢❛❝t t❤❛t
N

′

= N = 2 ✭✐✳❡✳ σ ❞♦❡s ♥♦t ♣r❡s❡r✈❡ ❛♥② r❛t✐♦♥❛❧ ❝✉r✈❡ s♦ t❤❛t t❤❡ ✉♥✐q✉❡ s❡❝t✐♦♥ ♦❢ π
✐s ♥♦t ✐♥✈❛r✐❛♥t ❜② σ✮✳ ❍❡♥❝❡ ✇❡ ❤❛✈❡ t✇♦ ♣♦ss✐❜❧❡ ❝❛s❡s t❤❛t ❛r❡ (gσ4 , kσ4 , rσ4) = (5, 0, 6)
✭t❤✐s ✐s t❤❡ ✜rst ❝❛s❡ ✐♥ t❤❡ t❛❜❧❡✮ ❛♥❞ (gσ4 , kσ4 , rσ4) = (9, 0, 2)✳ ▼♦r❡♦✈❡r ❜② ✭✷✳✺✳✻✮ ♦❢
❘❡♠❛r❦ ✷✳✺✳✺ ✇❡ ❣❡t l = m+1 ✭✇❤❡r❡ A = a = 0 ❛♥❞ h = 1✮ s✉❝❤ t❤❛t r = l ❜② Pr♦♣♦s✐t✐♦♥
✷✳✶✳✽✳ ❚❤✉s rσ4 = r + l + 2m = 4m + 2✳ ❙♦ t❤❛t m = 1, r = l = 2 ❢♦r t❤❡ ✜rst ❝❛s❡ ❛♥❞
m = 0, r = l = 1 ❢♦r t❤❡ s❡❝♦♥❞ ♦♥❡✱ ♦❜s❡r✈❡ t❤❛t t❤❡ s❡❝♦♥❞ ❝❛s❡ ✐s ♥♦t ♣♦ss✐❜❧❡ s✐♥❝❡
m = 0 ✭✇❤✐❝❤ ❝♦♥tr❛❞✐❝t ✇✐t❤ ♦✉r ❛ss✉♠♣t✐♦♥ t❤❛t m > 0✮ ❛♥❞ ✐t ❤❛s ❛❧r❡❛❞② ❛♣♣❡❛r❡❞ ✐♥
❚❛❜❧❡ ✷✳✹ ♦❢ ❚❤❡♦r❡♠ ✷✳✹✳✶✳

✐✐✮ Fix(σ2) ❝♦♥t❛✐♥s s♠♦♦t❤ r❛t✐♦♥❛❧ ❝✉r✈❡ ✿ ❙✐♥❝❡ kσ2 > 0,m > 0 t❤❡♥ ❛s ✇❡ ❤❛✈❡ s❡❡♥
✐♥ ❚❤❡♦r❡♠ ✷✳✺✳✻ t❤❡ ♣♦ss✐❜❧❡ ❝❛s❡s ♦❢ ✐♥✈❛r✐❛♥ts ♦❢ σ2 ❛r❡ ❣✐✈❡♥ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ t❛❜❧❡
✭✇❤❡r❡ N

′

σ2 ❞❡♥♦t❡s ❤❡r❡ t❤❡ ♥✉♠❜❡r ♦❢ ✐s♦❧❛t❡❞ ✜①❡❞ ♣♦✐♥ts ♦❢ σ2 ❝♦♥t❛✐♥❡❞ ✐♥ C✮ ✿

Nσ2 kσ2 aσ2 gσ4 lσ2 mσ2 N
′

σ2

10 3 2 2 2 2 6

8 2 0 (3, 2) 2 4 (0, 2)
2 3 2 4 8

6 1 0 ≤ 5 2 6 (10− 2gσ4)
2 3 4 4 4
4 2 6 2 6

❲❡ ❤❛✈❡ s❡❡♥✱ ❛t t❤❡ ❜❡❣✐♥♥✐♥❣ ♦❢ t❤✐s ♣r♦♦❢✱ t❤❛t n4 ≤ 4 ❛♥❞ n2 + n3 = 2✱ s♦ ✇❡ ❣❡t
N

′ ∈ {0, 2} ✇❤❡r❡ t❤❡ ✜①❡❞ ♣♦✐♥ts ❜② σ ♦♥ t❤❡ ❝✉r✈❡ C ❛r❡ ♦❢ t②♣❡ P 2,7, P 3,6✳ ❖❜s❡r✈❡
t❤❛t ✐❢ N

′

= 0 t❤❡♥ n2 = n3 = 1 ❜② ❘❡♠❛r❦ ✷✳✶✳✶✶ ✭✐♥ ❢❛❝t t❤❡ ✜①❡❞ ♣♦✐♥ts ❜② σ ❛r❡
❝♦♥t❛✐♥❡❞ ✐♥ s♠♦♦t❤ r❛t✐♦♥❛❧ ❝✉r✈❡ ✐♥ t❤✐s ❝❛s❡✮ t❤❡♥ n4 = 2 ❜② Pr♦♣♦s✐t✐♦♥ ✷✳✶✳✽✳

■❢ g(C) = gσ4 = 2 t❤❡♥ ❜② ✭■✮ ✇❡ ❤❛✈❡ t❤❛t (N
′

, h) ∈ {(0, 1), (0, 5), (2, 2)} ❛♥❞ ❜② t❤❡

♣r❡✈✐♦✉s t❛❜❧❡ ✇❡ ❣❡t (N
′

σ2 , kσ2) ∈ {(6, 3), (6, 1), (2, 2)} ✭r❡❝❛❧❧ t❤❛t N
′

σ2 = N
′

+ 2h✮✳ ■❢
(Nσ2 , kσ2) = (2, 2) t❤❡♥ (N

′

, h) = (0, 1) ❛♥❞ ✇❡ s❤♦✇ t❤❛t t❤✐s ❝❛s❡ ✐s ♥♦t ♣♦ss✐❜❧❡✳ ■♥
❢❛❝t s✐♥❝❡ N

′

= 0 ✐♥ t❤✐s ❝❛s❡✱ ✇❡ ❣❡t t❤❛t (n2, n3, n4) = (1, 1, 2) ❜② t❤❡ ♣r❡✈✐♦✉s r❡♠❛r❦✱
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✇❤✐❝❤ ✐s ❝❧❡❛r❧② ✐♠♣♦ss✐❜❧❡ s✐♥❝❡ kσ2 = 2 = 2a+1 ✭r❡❝❛❧❧ kσ2 = 2a+ k+n4/2 ✱ n4 = 2 ❛♥❞
k = 0✮✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ✐❢ (N

′

σ2 , kσ2)❂✭✻✱✸✮ t❤❡♥ (n4, a) = (2, 1) s✐♥❝❡ n4 ≤ 4✳ ❚❤✉s
(n2, n3) = (1, 1) ❜② Pr♦♣♦s✐t✐♦♥ ✷✳✶✳✽✳ ■♥ t❤❡ s❛♠❡ ✇❛② ✇❡ ❣❡t t❤❛t (n2, n3, n4) = (1, 1, 2)
✇❤❡♥ (N

′

σ2 , kσ2)❂✭✻✱✶✮✳ ❚❤❡s❡ ❝❛s❡ ❛♣♣❡❛r ✐♥ ❚❛❜❧❡ ✷✳✽✳

■❢ g(C) = 3 t❤❡♥ ❜② ✭■✮ ✇❡ ❤❛✈❡ t❤❛t (N
′

, h)❂✭✵✱✷✮✱✭✵✱✻✮ ♦r ✭✷✱✸✮✳ ❇② t❤❡ ♣r❡✈✐♦✉s t❛✲

❜❧❡ ✇❡ ❣❡t (N
′

σ2 , kσ2)❂✭✵✱✷✮✱✭✽✱✷✮✱✭✹✱✶✮✱ s♦ t❤❛t ✇❡ ❤❛✈❡ ✐♥ ❢❛❝t (N
′

, h) = (0, 2), (2, 3)

✭t❤❡ ❝❛s❡ (N
′

, h) = (0, 6) ✐s ♥♦t ♣♦ss✐❜❧❡ s✐♥❝❡ ✐t ✇♦✉❧❞ ❣✐✈❡ N
′

σ2 = 12) ❛♥❞ t❤❡ ❝❛s❡
(N

′

σ2 , kσ2)❂✭✵✱✷✮ ✐s ♥♦t ♣♦ss✐❜❧❡ ❜② ❘✐❡♠❛♥♥✲❍✉r✇✐t③ ❢♦r♠✉❧❛✳ ■❢ (N
′

σ2 , kσ2)❂ ✭✹✱✶✮ t❤❡♥
(n2, n3, n4) = (1, 1, 2) ❜② Pr♦♣♦s✐t✐♦♥ ✷✳✶✳✽✳ ❋✐♥❛❧❧② ✐❢ (N

′

σ2 , kσ2)❂✭✽✱✷✮✱ t❤❡♥ ❡✐t❤❡r (n4, a)
❡q✉❛❧s ✭✵✱✶✮ t❤❡♥ (n2, n3)❂✭✶✱✶✮ ❜② Pr♦♣♦s✐t✐♦♥ ✷✳✶✳✽✱ ♦r ❡q✉❛❧s ✭✹✱✵✮ t❤❡♥ (n2, n3) ❂ ✭✵✱✷✮

❜② Pr♦♣♦s✐t✐♦♥ ✷✳✶✳✽ ❛❣❛✐♥✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞ ✐❢ g(C) = 4 t❤❡♥ (N
′

σ2 , kσ2)❂✭✷✱✶✮ ❜② t❤❡

♣r❡✈✐♦✉s t❛❜❧❡✱ s♦ t❤❛t (N
′

, h) ❂✭✷✱✵✮ ❜② ✭■✮ ❛♥❞ (n2, n3, n4) = (1, 1, 2) ❜② Pr♦♣♦s✐t✐♦♥ ✷✳✶✳✽✳

❋✐♥❛❧❧② ✐❢ g(C) = 5 t❤❡♥ (N
′

σ2 , kσ2) ❂✭✵✱✶✮✱ s♦ t❤❛t N
′

= h = 0 ❛♥❞ (n2, n3)❂✭✶✱✶✱✷✮ ❜②
Pr♦♣♦s✐t✐♦♥ ✷✳✶✳✽✳

σ4 ✜①❡s ♦♥❧② r❛t✐♦♥❛❧ ❝✉r✈❡s✿
❖❜s❡r✈❡ t❤❛t kσ2 > 0 ✇❤❡r❡ ♦t❤❡r✇✐s❡ ✇❡ ❤❛✈❡ st✉❞✐❡❞ t❤✐s ❝❛s❡ ❛❧r❡❛❞② ✐♥ ♣❛rt ✭✐✮✳ ❚❤✉s
✇❡ ❛r❡ ✐♥ ♦♥❡ ♦❢ t❤❡ ❝❛s❡s ❣✐✈❡♥ ✐♥ ❬✷✱ ❚❤❡♦r❡♠ ✺✳✶❪✳ ❙✐♥❝❡ mσ2 = 2l ✐s ❛♥ ❡✈❡♥ ♥✉♠❜❡r
❛♥❞ aσ2 ∈ 2Z ❜② ❘❡♠❛r❦ ✷✳✶✳✼✱ ✇❡ ❤❛✈❡ t❤❛t (rσ2 ,mσ2 , Nσ2 , kσ2 , aσ2) ❂ (10, 4, 6, 1, 0)✱
(16, 2, 10, 3, 0) ❛♥❞ (12, 2, 6, 1, 2)✳ ❖❜s❡r✈❡ t❤❛t s✐♥❝❡ t❤❡ ✜①❡❞ ♣♦✐♥ts ♦❢ σ ❛r❡ ❝♦♥t❛✐♥❡❞
✐♥ s♠♦♦t❤ r❛t✐♦♥❛❧ ❝✉r✈❡s ❜② ❘❡♠❛r❦ ✷✳✶✳✶✶ ✇❡ ❣❡t n2 = n3 = 1✱ s♦ t❤❛t n4 = 2 ❜②
Pr♦♣♦s✐t✐♦♥ ✷✳✶✳✽✳ ❍❡♥❝❡ a = 1 ✇❤❡♥ kσ2 = 3 ❛♥❞ a = 0 ♦t❤❡r✇✐s❡✳

❋✐♥❛❧❧②✱ t♦ ✜♥❞ t❤❡ ✐♥✈❛r✐❛♥ts r, l,m ❛♥❞ m1 ♦❢ σ ✇❡ ✉s❡ t❤❡ ❢❛❝t t❤❛t r+ l = rσ2 , 2m =
lσ2 , 2m1 = mσ2 ❛♥❞ t❤❡ r❡❧❛t✐♦♥ N = 2 + r − l − 2k ✐♥ Pr♦♣♦s✐t✐♦♥ ✷✳✶✳✽✳
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■♥ t❤✐s s❡❝t✐♦♥ ✇❡ ❣✐✈❡ s❡✈❡r❛❧ ❡①❛♠♣❧❡s ❝♦rr❡s♣♦♥❞✐♥❣ t♦ s❡✈❡r❛❧ ❝❛s❡s ✐♥ t❤❡ ❝❧❛ss✐✜❝❛t✐♦♥
♦❢ t❤❡ ♥♦♥✲s②♠♣❧❡❝t✐❝ ❛✉t♦♠♦r♣❤✐s♠s ♦❢ ♦r❞❡r ❡✐❣❤t✳ ❲❡ ❝♦♥str✉❝t ❛❧❧ t❤✐s ❡①❛♠♣❧❡s ❜②
✉s✐♥❣ ❡❧❧✐♣t✐❝ ✜❜r❛t✐♦♥s ♦♥ K3 s✉r❢❛❝❡s✳ ❚❤❡ ❙❡❝t✐♦♥ ✶✳✸ ❝♦♥t❛✐♥s t❤❡ ♠❛✐♥ ❞❡✜♥✐t✐♦♥s ❛♥❞
♣r♦♣❡rt✐❡s ♦❢ ❡❧❧✐♣t✐❝ ✜❜r❛t✐♦♥s t❤❛t ✇❡ ♥❡❡❞✳

❊①❛♠♣❧❡ ✷✳✽✳✶✳ ❈♦♥s✐❞❡r t❤❡ ❡❧❧✐♣t✐❝ ✜❜r❛t✐♦♥ πC : X −→ P1 ✇✐t❤ ❛ ❲❡✐❡rstr❛ss ❡q✉❛t✐♦♥✿

y2 = x3 + a(t)x+ b(t).

✇❤❡r❡ a(t) = at8 + b ❛♥❞ b(t) = ct8 + d ✇✐t❤ a, b, c, d ∈ C✳ ❚❤❡ ✜❜r❛t✐♦♥ πC ❛❞♠✐ts t❤❡
♦r❞❡r ❡✐❣❤t ❛✉t♦♠♦r♣❤✐s♠✿

σ(x, y, t) = (x, y, ζ8t).

❚❤❡ ✜❜❡rs ♣r❡s❡r✈❡❞ ❜② σ ❛r❡ ♦✈❡r 0 ❛♥❞ ∞ ❛♥❞ t❤❡ ❛❝t✐♦♥ ♦❢ σ ❛t ✐♥✜♥✐t② ✐s✿

(x/t4, y/t6, 1/t) 7−→ (−x/t4, iy/t6, ζ78/t)

❚❤❡ ❞✐s❝r✐♠✐♥❛♥t ♣♦❧②♥♦♠✐❛❧ ♦❢ πC ✐s✿

∆(t) := 4a(t)3 + 27b(t)2 = h1t
24 + h2t

16 + h3t
8 +O(t4),

✇❤❡r❡
h1 = 4a3, h2 = 12a2b+ 27c2, h3 = 12ab2 + 54cd.

❖❜s❡r✈❡ t❤❛t ∆(t) ❤❛s ✷✹ s✐♠♣❧❡ ③❡r♦s ❢♦r ❛ ❣❡♥❡r✐❝ ❝❤♦✐❝❡ ♦❢ t❤❡ ❝♦❡✣❝✐❡♥ts✳ ❇② st✉❞②✐♥❣
t❤❡ ③❡r♦s ♦❢ ∆(t) ❛♥❞ ❧♦♦❦✐♥❣ ✐♥ t❤❡ ❝❧❛ss✐✜❝❛t✐♦♥ ♦❢ s✐♥❣✉❧❛r ✜❜❡rs ♦❢ ❡❧❧✐♣t✐❝ ✜❜r❛t✐♦♥s
♦♥ s✉r❢❛❝❡s ✭s❡❡ ❡✳❣ ❬✶✼✱ s❡❝t✐♦♥ ✸❪✮ ♦♥❡ ♦❜t❛✐♥s t❤❡ ❢♦❧❧♦✇✐♥❣✿ ❢♦r ❛ ❣❡♥❡r✐❝ ❝❤♦✐❝❡ ♦❢ t❤❡
❝♦❡✣❝✐❡♥ts ♦❢ a(t) ❛♥❞ b(t) t❤❡ ✜❜r❛t✐♦♥ ❤❛s 24 ✜❜❡rs ♦❢ t②♣❡ I1 ♦✈❡r t❤❡ ③❡r♦s ♦❢ ∆(t)✱
❜♦t❤ ✜❜❡rs ♦✈❡r t = 0 ❛♥❞ t = ∞ ❛r❡ s♠♦♦t❤ ❡❧❧✐♣t✐❝ ❝✉r✈❡s✱ ♠♦r❡♦✈❡r t❤❡ ❛✉t♦♠♦r♣❤✐s♠
σ ✜①❡s ♣♦✐♥t✇✐s❡❧② t❤❡ ✜❜❡r ♦✈❡r 0 ❛♥❞ ❛❝ts ❛s ❛♥ ♦r❞❡r ✹ ❛✉t♦♠♦r♣❤✐s♠ ♦♥ t❤❡ ✜❜❡r ♦✈❡r
∞✳ ❚❤✐s ✐s t❤❡ ✜rst ❝❛s❡ ✐♥ ❚❛❜❧❡ ✷✳✶✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ✐❢ h1 = 0 (a = 0) t❤❡ ✜❜r❛t✐♦♥
❛❝q✉✐r❡s ❛ ✜❜❡r ♦❢ t②♣❡ IV∗ ❛t ∞ ❜② ❛ ❣❡♥❡r✐❝ ❝❤♦✐❝❡ ♦❢ t❤❡ ♣❛r❛♠❡t❡rs✳ ❚❤✐s ❣✐✈❡s ❛♥
❡①❛♠♣❧❡ ❢♦r t❤❡ s❡❝♦♥❞ ❝❛s❡ ✐♥ ❚❛❜❧❡ ✷✳✶✳

■♥ t❤✐s ❝❛s❡ ❜② ✉s✐♥❣ st❛♥❞❛r❞ tr❛♥s❢♦r♠❛t✐♦♥s ♦♥ t❤❡ ♣❛r❛♠❡t❡rs ✐♥ t❤❡ ❲❡✐❡rstr❛ss
❢♦r♠ ✇❡ ❣❡t t❤❛t t❤❡ ♥✉♠❜❡r ♦❢ ♠♦❞✉❧✐ ✐s ✷✳ ■♥ ❢❛❝t ❜♦t❤ t❤❡ ♣♦❧②♥♦♠✐❛❧s a(t), b(t) ❛r❡ ❞❡✲
♣❡♥❞ ♦♥ ✷ ♣❛r❛♠❡t❡rs✱ ❜✉t ✇❡ ❝❛♥ ❛♣♣❧② t❤❡ tr❛♥s❢♦r♠❛t✐♦♥ (x, y) 7→ (λ2x, λ3y) ; λ ∈ C∗.
t♦ ❡❧✐♠✐♥❛t❡ ♦♥❡ ♦❢ t❤❡ ✹ ♣❛r❛♠❡t❡rs✳ ▼♦r❡♦✈❡r t❤❡ ❛✉t♦♠♦r♣❤✐s♠s ♦❢ P1 ❝♦♠♠✉t✐♥❣ ✇✐t❤
t 7→ ζ8t ❛r❡ ♦❢ t❤❡ ❢♦r♠ t 7→ µt ; µ ∈ C∗. ❙♦ ✇❡ ❝❛♥ ❡❧✐♠✐♥❛t❡ ❛ s❡❝♦♥❞ ♣❛r❛♠❡t❡r✳ ❚❤✐s
s❤♦✇s t❤❛t t❤❡ ❢❛♠✐❧② ❞❡♣❡♥❞s ♦♥ ✷ ♣❛r❛♠❡t❡rs✳ ❙♦ t❤❛t ❣❡♥❡r✐❝❛❧❧② rkTX = 12 ✭✇❤❡r❡
rkTX = 4m1 ❛♥❞ m1 ❡q✉❛❧s t♦ t❤❡ ♥✉♠❜❡r ♦❢ ♠♦❞✉❧✐ ✰✶✮ ❛♥❞ rk Pic(X) = 10✳ ❆♥❞ ✇❡
r❡♠❛r❦ t❤❛t ❜② ❛ ❣❡♥❡r✐❝ ❝❤♦✐❝❡ ♦❢ t❤❡ ❝♦❡✣❝✐❡♥ts t❤❡ ❛❝t✐♦♥ ♦❢ σ4 ✐s tr✐✈✐❛❧ ♦♥ Pic(X)✳ ❇②
❙❤✐♦❞❛✲❚❛t❡ ❢♦r♠✉❧❛ rk Pic(X) = 2 + rk MW +

∑

F:fiber(#components of F− 1) s♦ t❤❛t
t❤❡ r❛♥❦ ♦❢ t❤❡ ▼♦r❞❡❧❧✲❲❡✐❧ ❣r♦✉♣ ♦❢ π ✐s rk MW = 8✳ ❚❤✐s ♠❡❛♥s t❤❛t t❤❡ ✜❜r❛t✐♦♥
❛❞♠✐ts s❡❝t✐♦♥s ♦❢ ✐♥✜♥✐t❡ ♦r❞❡r✳

❊①❛♠♣❧❡ ✷✳✽✳✷✳ ❈♦♥s✐❞❡r t❤❡ ❡❧❧✐♣t✐❝ ✜❜r❛t✐♦♥ πC : X −→ P1 ✐♥ ❲❡✐❡rstr❛ss ❢♦r♠ ❣✐✈❡♥
❜② ✿

y2 = x3 + a(t)x+ b(t).
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✇❤❡r❡ a(t) = at8 + b ❛♥❞ b(t) = ct8 + d ✇✐t❤ a, b, c, d ∈ C✳ ❚❤✐s ❡❧❧✐♣t✐❝ ✜❜r❛t✐♦♥ ❝❛rr✐❡s
t❤❡ ♥♦♥✲s②♠♣❧❡❝t✐❝ ❛✉t♦♠♦r♣❤✐s♠ σ ♦❢ ♦r❞❡r ❡✐❣❤t✿

(x, y, t) 7→ (x,−y, ζ8t).

❚❤❡ ✜❜❡rs ♣r❡s❡r✈❡❞ ❜② σ ❛r❡ ♦✈❡r 0,∞ ❛♥❞ t❤❡ ❛❝t✐♦♥ ❛t ✐♥✜♥✐t② ✐s

(x/t4, y/t6, 1/t) 7−→ (−x/t4,−iy/t6, ζ78/t)

❚❤❡ ❞✐s❝r✐♠✐♥❛♥t ♣♦❧②♥♦♠✐❛❧ ♦❢ πC ✐s✿

∆(t) := 4a(t)3 + 27b(t)2 = h1t
24 + h2t

16 +O(t8),

✇❤❡r❡
h1 = 4a3 and h2 = 12a2b + 27c2.

❋♦r ❛ ❣❡♥❡r✐❝ ❝❤♦✐❝❡ ♦❢ t❤❡ ❝♦❡✣❝✐❡♥ts ♦❢ a(t) ❛♥❞ b(t) t❤❡ ✜❜r❛t✐♦♥ ❤❛s 24 ✜❜❡rs ♦❢ t②♣❡
I1 ♦✈❡r t❤❡ ③❡r♦s ♦❢ ∆(t) ✭s❡❡ ❬✶✼✱ s❡❝t✐♦♥ ✸❪✮✱ σ ❛❝ts ❛s ❛♥ involution ♦♥ t❤❡ ✜❜❡r ♦✈❡r 0
❛♥❞ ✐t ❛❝ts ❛s ❛♥ ♦r❞❡r ✹ ❛✉t♦♠♦r♣❤✐s♠ ♦♥ t❤❡ ✜❜❡r ♦✈❡r ∞ ✭❜♦t❤ ✜❜❡rs ❛r❡ s♠♦♦t❤✮✳ ❙♦
✇❡ ❤❛✈❡ ❛♥ ❡①❛♠♣❧❡ ❢♦r t❤❡ s❡❝♦♥❞ ❝❛s❡ ✐♥ ❚❛❜❧❡ ✷✳✷✳ ■❢ h1 = 0 (a = 0) t❤❡ ✜❜r❛t✐♦♥
❛❝q✉✐r❡s ❛ ✜❜❡r ♦❢ t②♣❡ IV∗ ❛t ∞ ❜② ❛ ❣❡♥❡r✐❝ ❝❤♦✐❝❡ ♦❢ t❤❡ ♣❛r❛♠❡t❡rs✳ ❚❤✐s ✐s t❤❡ ❧❛st
❝❛s❡ ✐♥ ❚❛❜❧❡ ✷✳✷✳ ❖❜s❡r✈❡ t❤❛t t❤✐s ✜❜r❛t✐♦♥ ✐s t❤❡ s❛♠❡ ❛s t❤❡ ✜❜r❛t✐♦♥ ✐♥ ❊①❛♠♣❧❡
✷✳✽✳✶✱ ❝♦♥s✐❞❡r❡❞ ❤❡r❡ ✇✐t❤ ❛ ❞✐✛❡r❡♥t ❛✉t♦♠♦r♣❤✐s♠✳

❊①❛♠♣❧❡ ✷✳✽✳✸✳ ❈♦♥s✐❞❡r t❤❡ ❡❧❧✐♣t✐❝ ✜❜r❛t✐♦♥ πC : X −→ P1 ✐♥ ❲❡✐❡rstr❛ss ❢♦r♠ ❣✐✈❡♥
❜②

y2 = x3 + a(t)x+ b(t),

✇❤❡r❡ a(t) = at8 + b ❛♥❞ b(t) = ct4 + dt12 ; a, b, c, d ∈ C✳ ❖❜s❡r✈❡ t❤❛t ✐t ❝❛rr✐❡s t❤❡ ♦r❞❡r
❡✐❣❤t ❛✉t♦♠♦r♣❤✐s♠

σ : (x, y, t) 7−→ (−x, iy, ζ78 t).

❋♦r ❣❡♥❡r✐❝ ❝❤♦✐❝❡ ♦❢ t❤❡ ❝♦❡✣❝✐❡♥ts t❤❡ ✜❜❡r ♦✈❡r t = 0 ✐s s♠♦♦t❤✳ ❚❤❡ ❛✉t♦♠♦r♣❤✐s♠ σ4

✐s ❛♥ ✐♥✈♦❧✉t✐♦♥ ✜①✐♥❣ t❤❡ s♠♦♦t❤ ❡❧❧✐♣t✐❝ ❝✉r✈❡ ♦✈❡r t = 0 ❛♥❞ s♦♠❡ r❛t✐♦♥❛❧ ❝✉r✈❡s ✐♥ t❤❡
s✐♥❣✉❧❛r ✜❜❡r ♦✈❡r t = ∞✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ σ ❛❝ts ♦♥ t❤❡ ❡❧❧✐♣t✐❝ ❝✉r✈❡ ♦✈❡r t = 0 ❛s ❛♥
♦r❞❡r ✹ ❛✉t♦♠♦r♣❤✐s♠ ✇✐t❤ 2 ✐s♦❧❛t❡❞ ✜①❡❞ ♣♦✐♥ts✳ ▼♦r❡♦✈❡r ✐t ❛❝ts ❛s t❤❡ ✐❞❡♥t✐t② ♦♥ t❤❡
✜❜❡r ♦✈❡r t = ∞✱ ✇❤❡r❡ t❤❡ ❛❝t✐♦♥ ❛t ✐♥✜♥✐t② ✐s

(x/t4, y/t6, 1/t) 7−→ (x/t4, y/t6, ζ8/t).

❚❤❡ ❞✐s❝r✐♠✐♥❛♥t ♦❢ πC ✐s ✿

∆(t) = h1t
24 + h2t

16 + h3t
8 + 4b3,

✇❤❡r❡
h1 = 4a3 + 27d2 , h2 = 12a2b+ 54cd , h3 = 12ab2 + 27c2.

❖❜s❡r✈❡ t❤❛t ∆(t) ❤❛s ✷✹ s✐♠♣❧❡ ③❡r♦s ❢♦r ❛ ❣❡♥❡r✐❝ ❝❤♦✐❝❡ ♦❢ t❤❡ ❝♦❡✣❝✐❡♥ts✳ ❇② st✉❞②✐♥❣
t❤❡ ③❡r♦s ♦❢ ∆(t) ❛♥❞ ❧♦♦❦✐♥❣ ✐♥ t❤❡ ❝❧❛ss✐✜❝❛t✐♦♥ ♦❢ s✐♥❣✉❧❛r ✜❜❡rs ♦❢ ❡❧❧✐♣t✐❝ ✜❜r❛t✐♦♥s ♦♥
s✉r❢❛❝❡s ✭❡✳❣ ❬✶✼✱ s❡❝t✐♦♥ ✸❪✮ ♦♥❡ ♦❜t❛✐♥s t❤❡ ❢♦❧❧♦✇✐♥❣ ❝❛s❡s✿ ❢♦r t❤❡ ❣❡♥❡r✐❝ ❝❤♦✐❝❡ ♦❢ t❤❡
❝♦❡✣❝✐❡♥ts ♦❢ a(t) ❛♥❞ b(t) t❤❡ ✜❜r❛t✐♦♥ ❤❛s ✷✹ ✜❜❡rs ♦❢ t②♣❡ I1✳ ■❢ h1 = 0 t❤❡ ✜❜r❛t✐♦♥ ❤❛s
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❛ ✜❜❡r I8 ❛t ✐♥✜♥✐t②✳ ■❢ h1 = h2 = 0 ✇❡ ❣❡t ❛ ✜❜❡r I16✳ ❇② ❬✺✱ §✸❪ ❛ ❤♦❧♦♠♦r♣❤✐❝ t✇♦ ❢♦r♠

✐s ❣✐✈❡♥ ❜② ωX = (dt ∧ dx)/2y ❛♥❞ s♦ t❤❡ ❛❝t✐♦♥ ♦❢ σ ♦♥ ✐t ✐s σ∗(ωX) =
−ζ78
i ωX = ζ8ωX ✳

❲❡ ❝❛♥ ❣♦ ❢✉rt❤❡r t❤❛♥ t❤❛t ❛♥❞ ❞❡t❡r♠✐♥❡ ❡①❛❝t❧② t❤❡ t②♣❡ ♦❢ t❤❡ ❧♦❝❛❧ ❛❝t✐♦♥ ♦❢ σ ❛t t❤❡
t✇♦ ✜①❡❞ ♣♦✐♥ts ♦♥ t❤❡ ❡❧❧✐♣t✐❝ ❝✉r✈❡ C✳ ❲❡ ❧♦♦❦ ❛t t❤❡ ❡❧❧✐♣t✐❝ ✜❜r❛t✐♦♥ ❧♦❝❛❧❧② ❛r♦✉♥❞
t❤❡ ✜❜❡r ♦✈❡r t = 0✳ ❚❤❡ ❡q✉❛t✐♦♥ ✐♥ P2 × C ✐s ❣✐✈❡♥ ❜②✿

F (x, y, z, t) := zy2 − (x3 + (at8 + b)z2x+ (ct4 + dt12)z3) = 0.

❲❤❡r❡ (x : y : z) ❛r❡ t❤❡ ❤♦♠♦❣❡♥❡♦✉s ❝♦♦r❞✐♥❛t❡s ♦❢ P2 ✳ ◆♦t❡ t❤❛t t❤❡ ✜❜❡r ❛t t = 0 ✐s
❛ s♠♦♦t❤ ❡❧❧✐♣t✐❝ ❝✉r✈❡✳ ■♥ ❢❛❝t t❤❡ ❝✉r✈❡ ❞❡✜♥❡❞ ❜② t❤❡ ❡q✉❛t✐♦♥

f := {zy2 − x3 − z2x = 0}

✐s s♠♦♦t❤ s✐♥❝❡ t❤❡ ♣❛rt✐❛❧ ❞❡r✐✈❛t✐✈❡ ∂f/∂x, ∂f/∂y, ∂f/∂z ❛r❡ ❡q✉❛❧ t♦ ③❡r♦ ✐❢ ❛♥❞ ♦♥❧② ✐❢
x = y = z = 0 ✇❤✐❝❤ ✐s ✐♠♣♦ss✐❜❧❡✳ ❚❤❡ t✇♦ ✜①❡❞ ♣♦✐♥ts ❜② σ ♦♥ t❤❡ ✜❜❡r ♦✈❡r t = 0 ❛r❡
p := (0 : 1 : 0) ❛♥❞ p

′

:= (0 : 0 : 1)✳ ❚❤❡ s❡❝♦♥❞ ♦♥❡ p
′

:= (0 : 0 : 1) ✐s ❝♦♥t❛✐♥❡❞ ✐♥ t❤❡ ❝❤❛rt
z = 1✳ ▼♦r❡♦✈❡r p

′

❜❡❧♦♥❣s t♦ t❤❡ ♦♣❡♥ s❡t ∂F/∂x 6= 0✱ ✐♥❞❡❡❞ Fx(p
′

) := ∂F (x,y,1,0)
∂x 6= 0✳

❇② ❬✶✽✱ §6.4✱ ♣✳✷✶✵❪ t❤❡ ♦♥❡✲❢♦r♠ ❢♦r t❤❡ ❡❧❧✐♣t✐❝ ❝✉r✈❡ ✐♥ t❤✐s ♦♣❡♥ s✉❜s❡t ✐s✿

dy/Fx(p
′

) = dy/(−3x2 − b).

❚❤❡ ❛❝t✐♦♥ ♦❢ σ ❤❡r❡ ✐s ❛ ♠✉❧t✐♣❧✐❝❛t✐♦♥ ❜② i ✿ ✭σ∗(dy/Fx(p
′

)) = i(dy/Fx(p
′

))✮✱ s♦ t❤❛t
t❤❡ ❛❝t✐♦♥ ♦♥ t❤❡ ❤♦❧♦♠♦r♣❤✐❝ ✷✲❢♦r♠ dt ∧ (dy/(−3x2(at8 + b)) ✐s t❤❡ ♠✉❧t✐♣❧✐❝❛t✐♦♥ ❜② ζ8
❛s ❡①♣❡❝t❡❞✳ ■♥ ♣❛rt✐❝✉❧❛r t❤❡ ❧♦❝❛❧ ❛❝t✐♦♥ ❛t p

′

✐s ♦❢ t②♣❡ ✭✼✱✷✮✳ ❙✐♠✐❧❛r❧② ✇❡ ❝❛♥ ❞♦ t❤❡
❝♦♠♣✉t❛t✐♦♥ ♦♥ t❤❡ ♦♣❡♥ s✉❜s❡t ✐♥ t❤❡ ❝❤❛rt y = 1 ✇❤✐❝❤ ❝♦♥t❛✐♥s t❤❡ ✜①❡❞ ♣♦✐♥t p✱ ❛♥❞
✇❡ ❝❛♥ ✜♥❞ ❛❣❛✐♥ t❤❡ s❛♠❡ ❛❝t✐♦♥ ✭✼✱✷✮✳ ❖❜s❡r✈❡ t❤❛t s✐♥❝❡ σ ❛❝ts ❛s t❤❡ ✐❞❡♥t✐t② ♦♥ t❤❡
✜❜❡r ♦✈❡r t = ∞✱ ✐t ✜①❡s ❛t ❧❡❛st ♦♥❡ ❝♦♠♣♦♥❡♥t ♦❢ t❤✐s ✜❜❡r ✭♦❢ t❤❡ ✜❜❡r I8 ♦r I16✮✳ ❚❤✐s
❣✐✈❡s ❛♥ ❡①❛♠♣❧❡ ❢♦r t❤❡ ❝❛s❡s ✷ ❛♥❞ ✻ ✐♥ ❚❛❜❧❡ ✷✳✸✳

❖♥ ♦t❤❡r ❤❛♥❞✱ t❤❡ ✜❜r❛t✐♦♥ πC ❛❞♠✐ts ❛❧s♦ t❤❡ ❛✉t♦♠♦r♣❤✐s♠ τ(x, y, t) = (−x,−iy, ζ38 t)✳
❚❤✐s ❛✉t♦♠♦r♣❤✐s♠ ❛❝ts ❛❧s♦ ❜② ♠✉❧t✐♣❧✐❝❛t✐♦♥ ❜② ζ8 ♦♥ t❤❡ ❤♦❧♦♠♦r♣❤✐❝ ✷✲❢♦r♠ ωX ✱ t❤✉s
τ ✐s ♥♦t ❛ ♣♦✇❡r ♦❢ σ ✭✐✳❡ t❤❡② ❛r❡ ♥♦t ❡q✉✐✈❛❧❡♥t✮✳ ▼♦r❡♦✈❡r t❤❡ sq✉❛r❡ ♦❢ τ ♣r❡s❡r✈❡s
❡❛❝❤ ❝♦♠♣♦♥❡♥ts ♦❢ t❤❡ ✜❜❡r ❛t t = ∞ ❛♥❞ ✜①❡s ❛t ❧❡❛st ♦♥❡ ♦❢ t❤❡♠✱ ✇❤❡r❡ t❤❡ ❛❝t✐♦♥ ❛t
✐♥✜♥✐t② ✐s✿

(x/t4, y/t6, 1/t) 7−→ (x/t4,−y/t6, ζ58/t).

❇② ❛ s✐♠✐❧❛r ❝♦♠♣✉t❛t✐♦♥ ❛s ❛❜♦✈❡ ♦♥❡ s❡❡s t❤❛t t❤❡ ❧♦❝❛❧ ❛❝t✐♦♥ ❛t t❤❡ ✜①❡❞ ♣♦✐♥ts ♦♥
t❤❡ ✜❜❡r C ✐s ♦❢ t②♣❡ ✭✸✱✻✮✱ s♦ ✇❡ ❤❛✈❡ ❛♥ ❡①❛♠♣❧❡ ❢♦r t❤❡ ❝❛s❡s ✸ ❛♥❞ ✼ ✐♥ ❚❛❜❧❡ ✷✳✸
r❡s♣❡❝t✐✈❡❧②✳

❊①❛♠♣❧❡ ✷✳✽✳✹✳ ✭❚r❛♥s❧❛t✐♦♥✮✿

❲❡ ❣✐✈❡ ❤❡r❡ ❛♥ ❡①❛♠♣❧❡ ❢♦r t❤❡ ❝❛s❡s (C
′

, a,N
′

) ❂ (I0, 0, 0) ✐♥ ❚❛❜❧❡ ✷✳✷ ❛♥❞ (I8, 1, 2) ✱
(I16, 2, 2) ✐♥ ❚❛❜❧❡ ✷✳✸✳ ❖❜s❡r✈❡ t❤❛t ✐♥ t❤✐s t❤r❡❡ ❝❛s❡s t❤❡ ♥♦♥✲s②♠♣❧❡❝t✐❝ ❛✉t♦♠♦r♣❤✐s♠
♦❢ ♦r❞❡r ✽ ♦♥ X ❛❝ts ❛s ❛ tr❛♥s❧❛t✐♦♥ ♦❢ ♦r❞❡r t✇♦ ♦♥ t❤❡ ✜❜❡r C

′

✭✇❤❡r❡ t❤❡ sq✉❛r❡ ♦❢ t❤✐s
tr❛♥s❧❛t✐♦♥ ✐s t❤❡ ✐❞❡♥t✐t② ♦♥ C

′

s✐♥❝❡ ✐t ✜①❡s t❤❡ s♠♦♦t❤ ❡❧❧✐♣t✐❝ ❝✉r✈❡ C
′

✐♥ t❤❡ ✜rst ❝❛s❡
❛♥❞ ❤❛s ❛t ❧❡❛st ♦♥❡ ✜①❡❞ ❝♦♠♣♦♥❡♥t ✐♥ C

′

❢♦r t❤❡ r❡♠❛✐♥✐♥❣ t✇♦ ❝❛s❡s✮✳
❋✐rst✱ ✇❡ ❣✐✈❡ ❛ s❤♦rt ✐♥tr♦❞✉❝t✐♦♥ ♦❢ s♦♠❡ ❜❛s✐❝ ❢❛❝ts ✐♥ t❤❡ ❣❡♦♠❡tr② ♦❢ ❡❧❧✐♣t✐❝ ❝✉r✈❡s✱

t❤❡♥ ✇❡ ❝♦♥str✉❝t t❤❡ tr❛♥s❧❛t✐♦♥ ♦❢ ♦r❞❡r t✇♦ t❤❛t ✇❡ ♥❡❡❞✳
❲❡ t❛❦❡ E ❛♥ ❡❧❧✐♣t✐❝ ❝✉r✈❡ ✇✐t❤ ❛ ✷✲t♦rs✐♦♥ ♣♦✐♥t ❝♦rr❡s♣♦♥❞✐♥❣ t♦ (x, y) = (0, 0). ❚❤❡♥
t❤❡ ❡q✉❛t✐♦♥ ♦❢ E ❤❛s t❤❡ ❲❡✐❡rstr❛ss ❢♦r♠ ✭s❡❡ ❬✶✼❪✮✿

y2 = x(x2 + ax+ b) ; a, b ∈ C. ✭✶✮
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▲❡t t❤❡ ♣♦✐♥t ❛t ✐♥✜♥✐t② O := (0 : 1 : 0) = (x : y : z) ❜❡ t❤❡ ③❡r♦ ❡❧❡♠❡♥t ❢♦r t❤❡ ❣r♦✉♣ ❧❛✇
❞❡✜♥❡❞ ♦♥ t❤❡ s❡t ♦❢ ♣♦✐♥ts ♦❢ E✳ ❲❡ ❞❡♥♦t❡❞ ❜② P := (0 : 0 : 1) = (x : y : z) t❤❡ ✷✲t♦rs✐♦♥
♣♦✐♥t✳ ■♥ ❢❛❝t P + P = O s❡❡ ❬✷✶✱ ❈❤ ■■✱ §✶ ✭❛❪✳ ❙♦ t❤❛t t❤❡ ❢♦❧❧♦✇✐♥❣ ♠❛♣✿

τ : E → E
Q 7→ Q+ P,

✐s ❛ tr❛♥s❧❛t✐♦♥ ♦❢ ♦r❞❡r t✇♦ ♦♥ E ✭✐♥ ❢❛❝t τ2(Q) = Q+2P = Q s✐♥❝❡ P ✐s ❛ ♣♦✐♥t ♦❢ ♦r❞❡r
t✇♦✮✳ ▼♦r❡ ♣r❡❝✐s❡❧②✱ ❜② ❬✷✶✱ ❈❤ ■✱ §✹❪ t❤❡ tr❛♥s❧❛t✐♦♥ τ ✐s ❣✐✈❡♥ ❛s ❢♦❧❧♦✇s✿

τ : (x, y) 7→ (y2/x2 − a− x, y/x.τ(x)). ✭✷✮

■❢ ✇❡ r❡♣❧❛❝❡ x ✐♥ t❤❡ ❡q✉❛t✐♦♥ ♦❢ E ❜② x
′

−a
3 ❛♥❞ y ❜② y/27 ❛♥❞ ❝❛❧❧✐♥❣ x

′

❛❣❛✐♥ x✱ ✇❡ ❣❡t
❛ ♥❡✇ ❡q✉❛t✐♦♥ ✐♥ ❲✐❡rstr❛ss ❢♦r♠ ❢♦r t❤❡ ❡❧❧✐♣t✐❝ ❝✉r✈❡ E ✇❤✐❝❤ ✐s✿

y2 = x3 +Ax+B, ✭✸✮

✇❤❡r❡ A = 9b− 3a2 ❛♥❞ B = 3a2 − 9ab✳ ■t ✐s ❛ ✇❡❧❧ ❦♥♦✇♥ ❢❛❝t ✭s❡❡ ❬✷✶✱ ❈❤ ■■❪✮ t❤❛t ❛ K3
s✉r❢❛❝❡ ✇✐t❤ ❛ ✷✲t♦rs✐♦♥ s❡❝t✐♦♥ ❤❛s ❡q✉❛t✐♦♥✿

y2 = x(x2 + a(t)x+ b(t),

✇❤❡r❡ a(t) ❛♥❞ b(t) ❛r❡ ♣♦❧②♥♦♠✐❛❧s ♦❢ ❞❡❣r❡❡ ✹ ❛♥❞ ✽ r❡s♣❡❝t✐✈❡❧②✳ ❖r ❡q✉✐✈❛❧❡♥t❧②✿

y2 = x3 +A(t)x+B(t),

✇❤❡r❡
A(t) = 9b(t)− 3a(t)2 and B(t) = 3a(t)2 − 9a(t)b(t).

◆♦✇ t❤❡ ♠❛♣✿
τ : (x, y, t) 7→ (y2/x2 − a(t)− x, y/x.τ(x), t), ✭✹✮

✐s ❛♥ ❛✉t♦♠♦r♣❤✐s♠ ♦♥ X s✉❝❤ t❤❛t ✐t ❛❝ts ❛s ❛ tr❛♥s❧❛t✐♦♥ ♦❢ ♦r❞❡r t✇♦ ♦♥ t❤❡ ❣❡♥❡r✐❝
✜❜❡r ♦❢ π ✭❤❡r❡ ✇❡ ❞❡♥♦t❡ τ(x) t❤❡ ✜rst ❝♦♦r❞✐♥❛t❡ ♦❢ τ(x, y, t)✮✳

❈♦♥s✐❞❡r ♥♦✇ t❤❡ ♥♦♥✲s②♠♣❧❡❝t✐❝ ❛✉t♦♠♦r♣❤✐s♠ ♦❢ ♦r❞❡r ❡✐❣❤t ♦♥ X✿

σ : (x, y, t) 7→ (−x, iy, ζ78 t).

❚❤✐s ❛✉t♦♠♦r♣❤✐s♠ ♣r❡s❡r✈❡s t❤❡ ❥❛❝♦❜✐❛♥ ❡❧❧✐♣t✐❝ ✜❜r❛t✐♦♥ π : X −→ P1 ❞❡✜♥❡❞ ❛s ❢♦❧❧♦✇s✿

y2 = x(x2 + a(t)x+ b(t)),

✇❤❡r❡ a(t) = αt4, b(t) = βt8 + γ ; α, β, γ ∈ C✳ ▼♦r❡ ♣r❡❝✐s❡❧②✱ ❜② ❞♦✐♥❣ t❤❡ s❛♠❡ tr❛♥s❢♦r✲
♠❛t✐♦♥ ❛s ✐♥ ✭✸✮ ✇❡ ❣❡t t❤❛t π ✐s ❣✐✈❡♥ ❡q✉✐✈❛❧❡♥t❧② ❜②✿

y2 = x3 +A(t)x+B(t),

s✉❝❤ t❤❛t A(t) = (9β − 3α2)t8 +9γ ❛♥❞ B(t) = (2α3 − 9αβ)t12 − 9αγt4✳ ❚❤❡ ❞✐s❝r✐♠✐♥❛♥t
♦❢ π ✐s✿

∆(t) = K(βt8 + γ)2[(α2 − 4β)t8 − 4γ]; K ∈ C is a constant.
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❈♦♥s✐❞❡r ♥♦✇ t❤❡ tr❛♥s❧❛t✐♦♥ τ ❛s ❢♦❧❧♦✇s✿

τ : (x, y, t) 7→ (y2/x2 − αt4 − x, y/x.τ(x), t).

❆s ✇❡ ❤❛✈❡ s❡❡♥✱ τ ✐s ❛♥ ❛✉t♦♠♦r♣❤✐s♠ ♦❢ X ❛♥❞ ✐t ❛❝ts ❛s ❛ tr❛♥s❧❛t✐♦♥ ♦❢ ♦r❞❡r t✇♦
♦♥ t❤❡ ❣❡♥❡r✐❝ ✜❜❡rs ♦❢ π✳ ▼♦r❡♦✈❡r✱ ♦♥❡ ❝❛♥ ❣❡t ❡❛s✐❧② t❤❛t τ ◦ σ = σ ◦ τ ✱ t❤✉s t❤❡ K3
s✉r❢❛❝❡ X ❤❛s t❤❡ ♦r❞❡r ❡✐❣❤t ♥♦♥✲s②♠♣❧❡❝t✐❝ ❛✉t♦♠♦r♣❤✐s♠ σ

′

:= {σ ◦ τ}✳ ❖❜s❡r✈❡ t❤❛t
t❤❡ ❛✉t♦♠♦r♣❤✐s♠s σ ❛♥❞ σ

′

❛❝t ✇✐t❤ ♦r❞❡r ❡✐❣❤t ♦♥ P1✱ ❛♥❞ t❤❡② ♣r❡s❡r✈❡ t❤❡ t✇♦ ✜❜❡rs
♦✈❡r t = 0 ❛♥❞ t = ∞ ❛♥❞ ❛❝t ❛s ❛♥ ❛✉t♦♠♦r♣❤✐s♠ ♦❢ ♦r❞❡r ❢♦✉r ♦♥ t❤❡ s♠♦♦t❤ ✜❜❡r ♦✈❡r
t = 0 ❣✐✈❡♥ ❜② f := zy2 − x3 − 9γxz2. ▼♦r❡♦✈❡r✱ σ ❛❝ts ❛s t❤❡ ✐❞❡♥t✐t② ♦♥ t❤❡ ✜❜❡r ♦✈❡r
t = ∞✱ ✇❤✐❧❡ σ

′

❛❝ts ❛s ❛♥ ♦r❞❡r t✇♦ tr❛♥s❧❛t✐♦♥ ♦♥ ✐t ✭✇❤❡r❡ t❤❡ ❛❝t✐♦♥ ♦❢ σ ❛t ✐♥✜♥✐t② ✐s
(x/t4, y/t6, 1/t) 7→ (x/t4, y/t6, ζ81/t) ❛♥❞ σ

′2
= (σ ◦ τ)2 = id✮✳

❙t✉❞②✐♥❣ t❤❡ ③❡r♦s ♦❢ t❤❡ ❞✐s❝r✐♠✐♥❛♥t ∆(t)✱ ❛♥❞ ❧♦♦❦✐♥❣ ✐♥ t❤❡ ❝❧❛ss✐✜❝❛t✐♦♥ ♦❢ s✐♥❣✉❧❛r
✜❜❡rs ♦❢ ❡❧❧✐♣t✐❝ ✜❜r❛t✐♦♥s ♦♥ s✉r❢❛❝❡s ✭❡✳❣ ❬✶✼✱ §✸❪✮ ✇❡ ❣❡t t❤❡ ❢♦❧❧♦✇✐♥❣✿
✲❋♦r ❣❡♥❡r✐❝ α, β, γ t❤❡ ✜❜r❛t✐♦♥ π ❤❛s ✽ ✜❜❡rs ♦❢ t②♣❡ I2 ❛♥❞ ✽ ✜❜❡rs ♦❢ t②♣❡ I1 ♦✈❡r t❤❡
③❡r♦s ♦❢ ∆(t)✱ σ

′

❛❝ts ❛s ❛♥ ♦r❞❡r ❢♦✉r ❛✉t♦♠♦r♣❤✐s♠ ♦♥ t❤❡ ✜❜❡r ♦✈❡r ✵ ❛♥❞ ✐t ❛❝ts ❛s ❛♥
♦r❞❡r t✇♦ tr❛♥s❧❛t✐♦♥ ♦♥ t❤❡ ✜❜❡r ❛t ∞ ✭❜♦t❤ ✜❜❡rs ❛r❡ s♠♦♦t❤✮✳ ❚❤✐s ❣✐✈❡s ❛♥ ❡①❛♠♣❧❡
❢♦r t❤❡ ✜rst ❝❛s❡ ✐♥ ❚❛❜❧❡ ✷✳✷ ✭❤❡r❡ ✇❡ s✉♣♣♦s❡ t❤❛t t❤❡ ✜❜❡r ♦✈❡r t = 0 ✐s C

′

❛♥❞ t❤❡
✜❜❡r ❛t ✐♥✜♥✐t② ✐s C✮✳
✲■❢ α2 − 4β = 0 ✇✐t❤ (β 6= 0)✱ t❤❡♥ ∆(t) = K(βt8 + γ)2(−4β) ; K ∈ C∗. ❙♦ t❤❛t t❤❡
✜❜r❛t✐♦♥ ❛❝q✉✐r❡s ❛ ✜❜❡r ♦❢ t②♣❡ I8 ♦✈❡r ∞ ✭✐♥ ❢❛❝t ∆(t) ❤❛s ❛ ③❡r♦ ♦❢ ♦r❞❡r ✽ ♦✈❡r t = ∞
❛♥❞ A(t), B(t) ❛r❡ ♥♦♥ ③❡r♦✮✳ ❚❤❡ ❛✉t♦♠♦r♣❤✐s♠ σ

′

❛❝ts ❛s ❛ tr❛♥s❧❛t✐♦♥ ♦❢ ♦r❞❡r t✇♦ ♦♥
t❤❡ ✜❜❡r I8✱ t❤✐s ♠❡❛♥s t❤❛t σ

′

❞♦❡s ♥♦t ❤❛✈❡ ❛♥② ✜①❡❞ ♣♦✐♥t ♦♥ I8 ❛♥❞ σ
′2
✜①❡s ❛t ❧❡❛st

♦♥❡ ❝♦♠♣♦♥❡♥t ♦♥ ✐t ✭s✐♥❝❡ σ
′

❛❝ts ❛s ❛♥ ♦r❞❡r t✇♦ tr❛♥s❧❛t✐♦♥ ♦♥ ✐t✮✳ ❚❤✐s ❝♦rr❡s♣♦♥❞s t♦
t❤❡ ❢♦✉rt❤ ❝❛s❡ ✐♥ ❚❛❜❧❡ ✷✳✸✳
✲■❢ β = 0, (α 6= 0)✱ t❤❡ ❞✐s❝r✐♠✐♥❛♥t ∆(t) = Kγ2(α2t2 − 4γ) ✈❛♥✐s❤❡s ❛t t = ∞ ✇✐t❤ ♦r❞❡r
✶✻✱ ❛♥❞ A(t), B(t) ❛r❡ ♥♦♥③❡r♦ ❛t ∞✳ ❚❤✉s ✇❡ ❣❡t ❛ ✜❜❡r ♦❢ t②♣❡ I16✳ ❲❡ ❛r❡ ✐♥ t❤❡ ❡✐❣❤t❤
❝❛s❡ ♦❢ ❚❛❜❧❡ ✷✳✸ ✭✇❤❡r❡ σ

′

❛❝ts ❛s ❛♥ ♦r❞❡r t✇♦ tr❛♥s❧❛t✐♦♥ ♦♥ t❤❡ ❣❡♥❡r✐❝ ✜❜❡r✮✳

❊①❛♠♣❧❡ ✷✳✽✳✺✳ ❚❤❡ ❝❛s❡ (r, l,m) = (6, 0, 0) , Pic(X) = U⊕D4 ✿

❈♦♥s✐❞❡r t❤❡ K3 s✉r❢❛❝❡ X ✇✐t❤ ❡❧❧✐♣t✐❝ ✜❜r❛t✐♦♥✿

X : y2 = x3 +A(t)x+B(t),

✇❤❡r❡ A(t) = at2 + bt6 ❛♥❞ B(t) = ct3 + dt7 + ft11 ✇✐t❤ a, b, c, d, f ∈ C✳ ❚❤❡ ✜❜r❛t✐♦♥
π : X −→ P1 ❝❛rr✐❡s t❤❡ ♦r❞❡r ❡✐❣❤t ❛✉t♦♠♦r♣❤✐s♠✿

σ : (x, y, t) 7−→ (ix, ζ38y, it).

❖❜s❡r✈❡ t❤❛t t❤❡ ♣♦❧②♥♦♠✐❛❧ A(t) ❞❡♣❡♥❞s ♦♥ ✷ ♣❛r❛♠❡t❡rs ❛♥❞ B(t) ❞❡♣❡♥❞s ♦♥ ✸ ♣❛r❛♠✲
❡t❡rs✱ ❜✉t ✇❡ ❝❛♥ ❛♣♣❧② t❤❡ tr❛♥s❢♦r♠❛t✐♦♥ (x, y) 7→ (λ2x, λ3y); λ ∈ C∗ t♦ ❡❧✐♠✐♥❛t❡ ♦♥❡
♦❢ t❤❡ ✺ ♣❛r❛♠❡t❡rs✳ ▼♦r❡♦✈❡r t❤❡ ❛✉t♦♠♦r♣❤✐s♠s ♦❢ P1 ❝♦♠♠✉t✐♥❣ ✇✐t❤ t 7→ it ❛r❡ ♦❢ t❤❡
❢♦r♠ t 7→ µt;µ ∈ C∗✳ ❙♦ ✇❡ ❝❛♥ ❡❧✐♠✐♥❛t❡ ❛ s❡❝♦♥❞ ♣❛r❛♠❡t❡r✳ ❚❤✐s s❤♦✇s t❤❛t t❤❡ ❢❛♠✐❧②
❞❡♣❡♥❞s ♦♥ ✸ ♣❛r❛♠❡t❡rs ❛♥❞ ✇❡ ✇r✐t❡ A(t) ❛♥❞ B(t) ❛s ❢♦❧❧♦✇s✿

A(t) = t2 + bt6 , B(t) = ct3 + dt7 + t11.

❖♥ ♦t❤❡r ❤❛♥❞✱ t❤❡ ✜❜r❛t✐♦♥ π ❤❛s ❛ ✜❜❡r I∗0 ♦✈❡r t = 0 ❛♥❞ ❛ ✜❜❡r II ✭s❡❡ ❬✶✼✱ §✸❪ ✮✳ ❆s
✇❡ ❤❛✈❡ s❡❡♥ ✐♥ ❊①❛♠♣❧❡ ✷✳✽✳✸ t❤❡ ❤♦❧♦♠♦r♣❤✐❝ t✇♦✲❢♦r♠ ✐s ❣✐✈❡♥ ❜② ωX = (dt ∧ dx)/2y✱
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s♦ t❤❛t t❤❡ ❛❝t✐♦♥ ♦❢ σ ♦♥ ✐t ✐s ❛ ♠✉❧t✐♣❧✐❝❛t✐♦♥ ❜② ζ8✳ ❚❤✐s ✐s ❛ t❤r❡❡ ❞✐♠❡♥s✐♦♥❛❧ ❢❛♠✐❧②✱
s♦ ✇❡ ❤❛✈❡ rkTX = 4m1 = 16 ❛♥❞ ✐♥ ❢❛❝t t❤❡ ❢❛♠✐❧② ♦❢ K3 s✉r❢❛❝❡s ✐♥ ❚❛❜❧❡ ✷✳✹ ✇✐t❤
(r, l,m) = (6, 0, 0) ❞❡♣❡♥❞s ♦♥ ✸ ♣❛r❛♠❡t❡rs✳ ❙♦ t❤✐s ✐s ✐♥ ❢❛❝t t❤❡ ✇❤♦❧❡ ❢❛♠✐❧②✳ ❍❡♥❝❡
❢♦r t❤❡ ❣❡♥❡r✐❝ ❝❤♦✐❝❡ ♦❢ t❤❡ ♣❛r❛♠❡t❡rs b, c, d t❤❡ ❛❝t✐♦♥ ✐s tr✐✈✐❛❧ ♦♥ Pic(X)✳ ❚❤❡ ❝✉r✈❡ C
✐♥t❡rs❡❝ts ✐♥ t❤r❡❡ ♣♦✐♥ts t❤❡ ✜❜❡r I∗0 ✭❛t t❤❡ t❤r❡❡ ♠✉❧t✐♣❧✐❝✐t② ♦♥❡ ❝♦♠♣♦♥❡♥ts ♦❢ I∗0✮ ❛♥❞
♠❡❡ts t❤❡ ✜❜❡r II ✇✐t❤ ♠✉❧t✐♣❧✐❝✐t② ✸ ❛t t❤❡ s✐♥❣✉❧❛r ♣♦✐♥t✳

❖❜s❡r✈❡ t❤❛t t❤❡ ✜❜❡r I∗0 ❝♦♥t❛✐♥s t❤❡ s♠♦♦t❤ r❛t✐♦♥❛❧ ✜①❡❞ ❝✉r✈❡ ❜② σ ❛♥❞ ❢♦✉r ✜①❡❞
♣♦✐♥ts ✇✐t❤ ❧♦❝❛❧ ❛❝t✐♦♥ P 2,7 ✭s❡❡ ❘❡♠❛r❦ ✷✳✶✳✶✶ ✇❤❡r❡ σ ♣r❡s❡r✈❡s ❡❛❝❤ s♠♦♦t❤ r❛t✐♦♥❛❧
❝✉r✈❡ ♦❢ X s✐♥❝❡ Pic(X) = S(σ) ✮✳ ❖♥ ♦t❤❡r ❤❛♥❞ t❤❡ ✐♥✈❛r✐❛♥t ❡❧❧✐♣t✐❝ ❝✉s♣✐❞❛❧ ❝✉r✈❡ ♦✈❡r
t = ∞ ❝♦♥t❛✐♥s t✇♦ ✜①❡❞ ♣♦✐♥ts ♦❢ t②♣❡ P 3,6, P 2,7 r❡s♣❡❝t✐✈❡❧②✳

❊①❛♠♣❧❡ ✷✳✽✳✻✳ ❚❤❡ ❝❛s❡ (r, l,m) = (14, 0, 0) , Pic(X) = U⊕D4 ⊕ E8 ✿

❈♦♥s✐❞❡r t❤❡ ❡❧❧✐♣t✐❝ ✜❜r❛t✐♦♥ π : X 7→ P1 ❛s ✐♥ ❊①❛♠♣❧❡ ✷✳✽✳✺ ✇✐t❤ b = f = 0✱ t❤✐s
✐s ❣✐✈❡♥ ❜②✿

y2 = x3 + at2x+ (ct3 + dt7),

❚❤❡ ✜❜r❛t✐♦♥ ❝❛rr✐❡s t❤❡ ❛✉t♦♠♦r♣❤✐s♠ ♦❢ ♦r❞❡r ❡✐❣❤t✿

σ : (x, y, t) 7−→ (ix, ζ38y, it).

❚❤❡ ❞✐s❝r✐♠✐♥❛♥t ♦❢ π ✐s✿
∆ = t6[4a2 + 27(c+ dt4)3].

❙♦ ❜② ✭❡✳❣ ❬✶✼❪✱ ➓✸✮ t❤❡ ✜❜r❛t✐♦♥ ❤❛s ❛ ✜❜❡r ♦❢ t②♣❡ I∗0 ♦✈❡r t = 0✱ ❛♥❞ ♦✈❡r t = ∞
✐t ❤❛s ❛ ✜❜❡r ♦❢ t②♣❡ II∗✳ ❖❜s❡r✈❡ t❤❛t t❤❡ ❛❝t✐♦♥ ♦❢ σ ♦♥ t❤❡ ❤♦❧♦♠♦r♣❤✐❝ t✇♦✲❢♦r♠
ωX = (dt ∧ dx)/2y ✐s t❤❡ ♠✉❧t✐♣❧✐❝✐t② ❜② ζ8✳ ❚❤✐s ✐s ❛ t❤r❡❡ ❞✐♠❡♥s✐♦♥❛❧ ❢❛♠✐❧②✱ s♦ ❢♦r t❤❡
❣❡♥❡r✐❝ ❝❤♦✐❝❡ ♦❢ t❤❡ ♣❛r❛♠❡t❡rs ♦❢ π t❤❡ ❛❝t✐♦♥ ♦❢ σ ✐s tr✐✈✐❛❧ ♦♥ Pic(X)✳ ❍❡♥❝❡ σ ♣r❡s❡r✈❡s
❡❛❝❤ ❝♦♠♣♦♥❡♥t ♦❢ I∗0 ✱ II∗ ❛♥❞ ✜①❡s r❡s♣❡❝t✐✈❡❧② t❤❡ ❝♦♠♣♦♥❡♥t ♦❢ ♠✉❧t✐♣❧✐❝✐t② ✷ ❛♥❞ t❤❡
❝♦♠♣♦♥❡♥t ♦❢ ♠✉❧t✐♣❧✐❝✐t② ✻✳ ❖♥ ♦t❤❡r ❤❛♥❞✱ t❤❡ ❝✉r✈❡ C ♦❢ ❣❡♥✉s g(C) = 3 ♠❡❡ts I∗0 ❛t
t❤r❡❡ ♠✉❧t✐♣❧✐❝✐t② ♦♥❡ ❝♦♠♣♦♥❡♥ts ❛♥❞ ✐t ❝✉ts t❤❡ ✜❜❡r II∗ ✐♥ t❤❡ ✐s♦❧❛t❡❞ ❝♦♠♣♦♥❡♥t ♦❢
♠✉❧t✐♣❧✐❝✐t② ✸ ✭s✐♥❝❡ C ✐♥t❡rs❡❝ts ❡❛❝❤ ✜❜❡r ♦❢ π ❛t t❤r❡❡ ♣♦✐♥ts ✭s❡❡ Pr♦♣♦s✐t✐♦♥ ✷✳✷✳✶✮✮✳
❋✐♥❛❧❧②✱ ❜② ✉s✐♥❣ ❘❡♠❛r❦ ✷✳✶✳✶✶ ♦♥❡ ❝❛♥ ✜♥❞ s✐♠♣❧② t❤❡ ❧♦❝❛❧ ❛❝t✐♦♥ ❛t t❤❡ ✶✷ ✐s♦❧❛t❡❞
♣♦✐♥ts ✐♥ Fix(σ)✳

❊①❛♠♣❧❡ ✷✳✽✳✼✳ ❚❤❡ ❝❛s❡ m = 0 , Pic(X) = U⊕D⊕2
4 ✿

❈♦♥s✐❞❡r t❤❡ K3 s✉r❢❛❝❡ X ✇✐t❤ ❡❧❧✐♣t✐❝ ✜❜r❛t✐♦♥✿

X : y2 = x3 +A(t)x+B(t),

✇❤❡r❡ A(t) = at6 + bt2 , B(t) = ct7 + dt3 ; a, b, c, d ∈ C ✇✐t❤ t❤❡ ♥♦♥✲s②♠♣❧❡❝t✐❝ ♦r❞❡r
✽ ❛✉t♦♠♦r♣❤✐s♠ σ(x, y, t) = (−ix, ζ8y,−it)✳ ❖❜s❡r✈❡ t❤❛t σ ❛❝ts ❛s ❛♥ ♦r❞❡r ❢♦✉r ❛✉t♦✲
♠♦r♣❤✐s♠ ♦♥ t❤❡ ❜❛s✐s ♦❢ t❤❡ ✜❜r❛t✐♦♥ π : X −→ P1 ❛♥❞ t❤❡ t✇♦ ♣r❡s❡r✈❡❞ ✜❜❡rs ❛r❡ ♦✈❡r
t = 0 ❛♥❞ t = ∞✳

❚❤❡ ❞✐s❝r✐♠✐♥❛♥t ♣♦❧②♥♦♠✐❛❧ ♦❢ π ✐s✿

∆(t) = 4A(t)3 + 27B(t)2 = t6[4(at4 + b)3 + 27(ct4 + d)2].

❇② st✉❞②✐♥❣ t❤❡ ③❡r♦s ♦❢ ∆(t) ❛♥❞ ❧♦♦❦✐♥❣ ✐♥ t❤❡ ❝❧❛ss✐✜❝❛t✐♦♥ ♦❢ s✐♥❣✉❧❛r ✜❜❡rs ♦❢ ❡❧❧✐♣t✐❝
✜❜r❛t✐♦♥s ♦♥ s✉r❢❛❝❡s ✭❡✳❣ ❬✶✼✱ §✸❪ ✮ ♦♥❡ ❣❡ts t❤❛t✿ ❢♦r ❛ ❣❡♥❡r✐❝ ❝❤♦✐❝❡ ♦❢ t❤❡ ❝♦❡✣❝✐❡♥ts
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t❤❡ ✜❜r❛t✐♦♥ ❤❛s t✇♦ s✐♥❣✉❧❛r ✜❜❡rs G,G
′

♦❢ t②♣❡ I∗0 ♦✈❡r t = 0 ❛♥❞ t = ∞ r❡s♣❡❝t✐✈❡❧②
❛♥❞ ✐t ❤❛s ✶✷ ✜❜❡rs ♦❢ t②♣❡ I1✳

❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ t❤❡ ♥✉♠❜❡r ♦❢ ♠♦❞✉❧✐ ❝❛♥ ❜❡ ❝♦♠♣✉t❡❞ ❛s ❢♦❧❧♦✇s✿ ♦♥❡ ❝❛♥ ❛❝t
♦♥ t❤❡ ❡q✉❛t✐♦♥ ❜② t❤❡ tr❛♥s❢♦r♠❛t✐♦♥ (x, y) 7→ (λ2x, λ3y) ✭❛♥❞ ❞✐✈✐❞❡ ❜② λ6) ❛♥❞ ❜② ❛♥
❛✉t♦♠♦r♣❤✐s♠ ♦❢ P1 ❣✐✈❡♥ ❜② ❛ ❞✐❛❣♦♥❛❧ ♠❛tr✐①✳ ❙♦ ♦♥❡ ❣❡ts t❤❛t t❤❡ ♥✉♠❜❡r ♦❢ ♠♦❞✉❧✐
✐s 4 − 1 − 1 = 2✳ ❙♦ t❤❛t ❣❡♥❡r✐❝❛❧❧② rkTX = 12 ❛♥❞ r❦P✐❝(X) = 10✳ ▼♦r❡♦✈❡r ❜②
❙❤✐♦❞❛✲❚❛t❡ ❢♦r♠✉❧❛ ✭rk Pic(X) = 2 + rk MW+

∑

F:fiber(#components of F− 1)✮ ✇❡ ❣❡t
rk MW = 0✱ ❤❡♥❝❡ ✇❡ ❝❛♥ ♥♦t ❤❛✈❡ s❡❝t✐♦♥ ♦❢ ✐♥✜♥✐t❡ ♦r❞❡r✳ ❚❤✐s ❝♦rr❡s♣♦♥❞s t♦ t❤❡
❡✐❣❤t❤ ❝❛s❡ ♦❢ ❚❛❜❧❡ ✷✳✹✳ ❖❜s❡r✈❡ t❤❛t t❤❡ ❝✉r✈❡ C ♦❢ ❣❡♥✉s ✹ ♠❡❡ts t❤❡ t✇♦ ✜❜❡rs
G,G

′

✐♥ t❤r❡❡ ♠✉❧t✐♣❧✐❝✐t② ♦♥❡ ❝♦♠♣♦♥❡♥ts ❛♥❞ t❤❡ ❧❛st ♠✉❧t✐♣❧✐❝✐t② ♦♥❡ ❝♦♠♣♦♥❡♥t ♦❢ I∗0
✐♥t❡rs❡❝ts t❤❡ ✉♥✐q✉❡ s❡❝t✐♦♥ E ♦❢ π✳ ❋✐♥❛❧❧② ❜② st✉❞②✐♥❣ ❝❛r❡❢✉❧❧② t❤❡ ❛❝t✐♦♥✱ ♦♥❡ s❡❡s
t❤❛t t❤❡ ❛✉t♦♠♦r♣❤✐s♠ σ ♣r❡s❡r✈❡s ❡❛❝❤ ❝♦♠♣♦♥❡♥t ♦❢ ♦♥❡ ♦❢ t❤❡ t✇♦ I∗0 ✜❜❡rs G,G

′

❛♥❞
❡①❝❤❛♥❣❡s t✇♦ ❝♦♠♣♦♥❡♥ts ✐♥ t❤❡ ♦t❤❡r ♦♥❡ ✭t❤✐s ❝♦rr❡s♣♦♥❞s t♦ l = 1✮✳ ■t ❧❡❛✈❡s ✐♥✈❛r✐❛♥t
t❤❡ ❝♦♠♣♦♥❡♥t ♦❢ ♠✉❧t✐♣❧✐❝✐t② t✇♦ ❛♥❞ ❝♦♥t❛✐♥s t✇♦ ✜①❡❞ ♣♦✐♥ts ♦♥ ✐t ♦❢ t②♣❡ P 4,5✳
❯s✐♥❣ ❘❡♠❛r❦ ✷✳✶✳✶✶ ✐t ✐s ❡❛s② t♦ ✜♥❞ t❤❡ ❧♦❝❛❧ ❛❝t✐♦♥ ❛t t❤❡ ✽ ✜①❡❞ ♣♦✐♥ts✳

❊①❛♠♣❧❡ ✷✳✽✳✽✳ ❈♦♥s✐❞❡r t❤❡ ❡❧❧✐♣t✐❝ ✜❜r❛t✐♦♥ π : X −→ P1 ✐♥ ❲❡✐❡rstr❛ss ❢♦r♠ ❣✐✈❡♥
❜②✿

y2 = x3 +A(t) +B(t),

✇❤❡r❡ A(t) = a2t
2 + a6t

6 ❛♥❞ B(t) = b3t
3 + b7t

7 + b11t
11 ✇✐t❤ a2, a6, b3, b7, b11 ∈ C✳ ❚❤✐s

✜❜r❛t✐♦♥ ❝❛rr✐❡s ❛ ♥♦♥✲s②♠♣❧❡❝t✐❝ ♦r❞❡r ❡✐❣❤t ❛✉t♦♠♦r♣❤✐s♠ σ✿

(x, y, t) 7−→ (−ix, ζ8y,−it).

❚❤❡ ❛✉t♦♠♦r♣❤✐s♠ σ ❛❝ts ♦♥ t❤❡ ❜❛s❡ ♦❢ π ❛s ❛♥ ❛✉t♦♠♦r♣❤✐s♠ ♦❢ ♦r❞❡r ❢♦✉r ✇✐t❤ t✇♦
✜①❡❞ ♣♦✐♥ts ❝♦rr❡s♣♦♥❞s t♦ σ−♣r❡s❡r✈❡❞ ✜❜❡rs✳

❚❤❡ ❞✐s❝r✐♠✐♥❛♥t ♣♦❧②♥♦♠✐❛❧ ♦❢ π ✐s✿

∆(t) = 4A(t)3 + 27B(t)2 = g1t
6 + g2t

10 + g3t
14 + g4t

18 + g5t
22.

❙✉❝❤ t❤❛t✿
g1 = 4a32 + 27b23 , g2 = 12a6 + b7b3.

g3 = 12a36 + 27b27 + 54b11b3.

g4 = 4a36 + 54b11b7 , g5 = 27b211.

❖❜s❡r✈❡ ✭❡✳❣ ❜② ❬✶✼✱ §✸❪✮ t❤❛t ❢♦r ❛ ❣❡♥❡r✐❝ ❝❤♦✐❝❡ ♦❢ t❤❡ ❝♦❡✣❝✐❡♥ts ♦❢ A(t) ❛♥❞ B(t) t❤❡
✜❜r❛t✐♦♥ π ❤❛s ♦♥❡ ✜❜❡r ♦❢ t②♣❡ I∗0 ♦✈❡r t = 0 ❛♥❞ ♦♥❡ ✜❜❡r ♦❢ t②♣❡ II ♦✈❡r t = ∞ ✭t❤✐s
❝❛s❡ ❤❛s ❛❧r❡❛❞② ❛♣♣❡❛r❡❞ ✐♥ ❊①❛♠♣❧❡ ✷✳✽✳✺✮✳

❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ✐❢ g1 = 0 t❤❡♥ t❤❡ ✜❜r❛t✐♦♥ π ❤❛s ❛ ✜❜❡r ♦❢ t②♣❡ I∗4 ♦✈❡r t = 0 ❛♥❞ ❛
✜❜❡r ♦❢ t②♣❡ II ♦✈❡r t = ∞ ❛♥❞ ✐t ❤❛s ✶✷ ✜❜❡rs ♦❢ t②♣❡ I1✳ ❇② ❞♦✐♥❣ t❤❡ s❛♠❡ ❛r❣✉♠❡♥t ❛s ✐♥
t❤❡ ♣r❡✈✐♦✉s ❡①❛♠♣❧❡ ♦♥ ❣❡ts t❤❛t rkTX = 12 ✭✐✳❡ m1 = 3✮ ❛♥❞ rk Pic(X) = 10✳ ▼♦r❡♦✈❡r✱
❜② ❙❤✐♦❞❛✲❚❛t❡ ❢♦r♠✉❧❛ ✇❡ ❣❡t rk MW = 0 s✐♥❝❡ t❤❡ ✜❜r❛t✐♦♥ ❤❛s ♦♥❡ r❡❞✉❝✐❜❧❡ ✜❜❡r ♦❢
t②♣❡ I∗4 ❛♥❞ t❤❡ r❛♥❦ ♦❢ P✐❝(X) ✐s ✶✵✱ t❤✐s ♠❡❛♥s t❤❛t t❤❡ ✜❜r❛t✐♦♥ ❤❛s ❛ ✉♥✐q✉❡ ③❡r♦✲s❡❝t✐♦♥
E✳ ❚❤✐s s❡❝t✐♦♥ E ✐s ✜①❡❞ ❜② σ4 ❛♥❞ ✐♥✈❛r✐❛♥t ✇✐t❤ t✇♦ ✐s♦❧❛t❡❞ ✜①❡❞ ♣♦✐♥ts ❜② σ ❛♥❞
σ2✳ ❍❡♥❝❡ ♦❜s❡r✈❡ t❤❛t Fix(σ4) ❝♦♥t❛✐♥s ❡①❛❝t❧② ✹ s♠♦♦t❤ r❛t✐♦♥❛❧ ❝✉r✈❡s✱ t❤✉s ❜② ❬✾✱ ➓✹❪
s❡❡ ❛❧s♦ ✭❬✹❪✱ ❋✐❣✉r❡ ✶✮ t❤❡ ✐♥✈♦❧✉t✐♦♥ σ4 ✜①❡s ❛ s♠♦♦t❤ ❝✉r✈❡ C ♦❢ ❣❡♥✉s g(C) = 5✳ ▼♦r❡



✷✳✽✳ ❊❳❆▼P▲❊❙✿ ✺✸

♣r❡❝✐s❡❧②✱ t❤❡ ❝✉r✈❡ C ♠❡❡ts ✇✐t❤ ♠✉❧t✐♣❧✐❝✐t② t❤r❡❡ t❤❡ ✜❜❡r II ❛t t❤❡ s✐♥❣✉❧❛r ♣♦✐♥t ❛♥❞
t❤❡ ✜❜❡r I∗4 ✐♥ t❤r❡❡ ♠✉❧t✐♣❧✐❝✐t② ♦♥❡ ❝♦♠♣♦♥❡♥ts✱ ✇❤✐❧❡ t❤❡ ❧❛st ❝♦♠♣♦♥❡♥t ♦❢ ♠✉❧t✐♣❧✐❝✐t②
♦♥❡ ♦❢ t❤❡ I∗4 ✜❜❡r ✐♥t❡rs❡❝ts t❤❡ ✉♥✐q✉❡ s❡❝t✐♦♥ E ♦❢ π✳ ❋✐♥❛❧❧② ❜② st✉❞②✐♥❣ ❝❛r❡❢✉❧❧② t❤❡
❛❝t✐♦♥ ♦❢ σ ♦♥ t❤❡ ✜❜r❛t✐♦♥ π✱ ♦♥❡ ❣❡ts t❤❛t t❤❡ ❛✉t♦♠♦r♣❤✐s♠ σ ❡①❝❤❛♥❣❡s t✇♦ ❝♦♠♣♦♥❡♥ts
♦❢ I∗4 ♦❢ ♠✉❧t✐♣❧✐❝✐t② ♦♥❡ t❤❛t ✐♥t❡rs❡❝t C ❛♥❞ σ ❧❡❛✈❡s ✐♥✈❛r✐❛♥t t❤❡ ♦t❤❡r ❝♦♠♣♦♥❡♥ts ✭s♦
t❤❛t ✇❡ ❤❛✈❡ l = 1 ✮✳ ❯s✐♥❣ ❘❡♠❛r❦ ✷✳✶✳✶✶ ♦♥❡ ♦❜t❛✐♥s t❤❛t (n2, n3, n4) = (4, 2, 2) s✉❝❤
t❤❛t (k, h,N

′

) = (1, 1, 2) ✐♥ t❤✐s ❝❛s❡✳ ❙♦ ✇❡ ❤❛✈❡ ❛♥ ❡①❛♠♣❧❡ ❢♦r t❤❡ s❡✈❡♥t❤ ❝❛s❡ ♦❢
❚❛❜❧❡ ✷✳✹✳

■❢ g1 = g5 = 0 t❤❡♥ ❜② ❛ ❣❡♥❡r✐❝ ❝❤♦✐❝❡ ♦❢ t❤❡ ❝♦❡✣❝✐❡♥ts t❤❡ ✜❜r❛t✐♦♥ ❛❞♠✐ts ❛ ✜❜❡r
♦❢ t②♣❡ I∗4 r❡s♣❡❝t✐✈❡❧② ♦❢ t②♣❡ I∗0 ♦✈❡r t = 0 r❡s♣❡❝t✐✈❡❧② t = ∞✱ ❛♥❞ ✐t ❤❛s ✽ ✜❜❡rs ♦❢
t②♣❡ I1 ♦✈❡r t❤❡ ♦t❤❡r ③❡r♦s ♦❢ ∆(t)✳ ■♥ t❤✐s ❝❛s❡ ✇❡ ❤❛✈❡ t❤❛t t❤❡ ♥✉♠❜❡r ♦❢ ♠♦❞✉❧✐ ✐s
✶✱ s♦ t❤❛t ❣❡♥❡r✐❝❛❧❧② rkTX = 8 ❛♥❞ rk Pic(X) = 14 ✳ ▼♦r❡♦✈❡r✱ ✐t ❢♦❧❧♦✇s ❜② ❙❤✐♦❞❛✲❚❛t❡
❢♦r♠✉❧❛ t❤❛t rk M.W = 0 s✐♥❝❡ r❦ P✐❝✭❳✮ = 14 ❛♥❞ t❤❡ ✜❜r❛t✐♦♥ ❤❛s t✇♦ r❡❞✉❝✐❜❧❡ ✜❜❡rs
♦♥❡ ♦❢ t❤❡♠ ♦❢ t②♣❡ I∗0 ❛♥❞ t❤❡ ♦t❤❡r ♦❢ I∗4 t②♣❡✱ s♦ t❤❛t t❤❡ ✜❜r❛t✐♦♥ π ❤❛s ❛ ✉♥✐q✉❡
③❡r♦✲s❡❝t✐♦♥ E✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ♦❜s❡r✈❡ t❤❛t t❤❡ ✐♥✈♦❧✉t✐♦♥ σ4 ✜①❡s ❡①❛❝t❧② ✺ s♠♦♦t❤
r❛t✐♦♥❛❧ ❝✉r✈❡s✱ t❤✉s ❜② ✭❬✾❪✱ §4✮✱ s❡❡ ❛❧s♦ ❬✹✱ ❋✐❣✉r❡ ✶❪✱ ✐t ✜①❡s ❛❧s♦ ❛ s♠♦♦t❤ ❝✉r✈❡ ♦❢ ❣❡♥✉s
g(C) = 2✳ ❚❤❡ ❝✉r✈❡ C ♠❡❡ts t❤❡ t✇♦ ✜❜❡rs ♦❢ t②♣❡ I∗4 ❛♥❞ I∗0 ✐♥ t❤r❡❡ ♠✉❧t✐♣❧✐❝✐t② ♦♥❡
❝♦♠♣♦♥❡♥ts ❛♥❞ t❤❡ ❧❛st ♠✉❧t✐♣❧✐❝✐t② ♦♥❡ ❝♦♠♣♦♥❡♥t ✐♥t❡rs❡❝ts t❤❡ ③❡r♦ s❡❝t✐♦♥ E✳ ❋✐♥❛❧❧②
❜② st✉❞②✐♥❣ t❤❡ ❛❝t✐♦♥ ♦❢ σ ♦♥ t❤❡ ✜❜r❛t✐♦♥ ✇❡ ❣❡t t❤❛t t❤❡ ❛✉t♦♠♦r♣❤✐s♠ σ ❡①❝❤❛♥❣❡s
t✇♦ ❝♦♠♣♦♥❡♥ts ♦❢ ♠✉❧t✐♣❧✐❝✐t② ♦♥❡ ✐♥ t❤❡ ✜❜❡r I∗4 r❡s♣❡❝t✐✈❡❧② I∗0 t❤❛t ✐♥t❡rs❡❝t C ❛♥❞ σ
❧❡❛✈❡s ✐♥✈❛r✐❛♥t t❤❡ ♦t❤❡r ❝♦♠♣♦♥❡♥ts ♦❢ ❡❛❝❤ ♦❢ t❤✐s t✇♦ ✜❜❡rs✳ ❯s✐♥❣ ❘❡♠❛r❦ ✷✳✶✳✶✶ ♦♥❡
✜♥❞s t❤❛t (n2, n3, n4) = (3, 3, 4) ❛♥❞ (k, h,N

′

) = ((1, 2, 2)✳ ❙♦ ✇❡ ❣❡t ❛♥ ❡①❛♠♣❧❡ ❢♦r t❤❡
❧❛st ❝❛s❡ ✐♥ ❚❛❜❧❡ ✷✳✹✳

❋✐♥❛❧❧②✱ ✐❢ g1 = g4 = g5 = 0 t❤❡♥ t❤❡ ✜❜r❛t✐♦♥ π ❤❛s ❛ ✜❜❡r I∗4 ♦✈❡r t = 0 ❛♥❞ ❛ ✜❜❡r
II∗ ♦✈❡r t = ∞✳ ❇② t❤❡ s❛♠❡ ❛r❣✉♠❡♥t ♦♥❡ ❝❛♥ ❣❡t t❤❛t rk Pic(X) = 18 ❛♥❞ π ❤❛s
❛ ✉♥✐q✉❡ ③❡r♦ s❡❝t✐♦♥ E ✜①❡❞ ❜② σ4✱ ♠♦r❡♦✈❡r ✇❡ ❣❡t t❤❡ ✐♥✈♦❧✉t✐♦♥ σ4 ✜①❡s ❛ s♠♦♦t❤
❡❧❧✐♣t✐❝ ❝✉r✈❡ C ✭✐♥ ❢❛❝t Fix(σ4) ❝♦♥t❛✐♥s ✽ s♠♦♦t❤ r❛t✐♦♥❛❧ ❝✉r✈❡s ❛♥❞ rk Pic(X) = 18 s♦
❜② ✭❬✾❪✱ §4✮ ✇❡ ❤❛✈❡ g(C) = 1✮✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ t❤❡ ❡❧❧✐♣t✐❝ ❝✉r✈❡ C ✐♥t❡rs❡❝ts t❤❡
❝♦♠♣♦♥❡♥t ♦❢ ♠✉❧t✐♣❧✐❝✐t② t❤r❡❡ ♦❢ t❤❡ ✜❜❡r II∗ ❛♥❞ ♠❡❡ts ✜❜❡r I∗4 ✐♥ t❤r❡❡ ♠✉❧t✐♣❧✐❝✐t②
♦♥❡ ❝♦♠♣♦♥❡♥ts✱ ✇❤✐❧❡ t❤❡ ③❡r♦ s❡❝t✐♦♥ E ✐♥t❡rs❡❝ts ❛ ❝♦♠♣♦♥❡♥t ♦❢ ♠✉❧t✐♣❧✐❝✐t② ♦♥❡ ✐♥
❡❛❝❤ ♦♥❡ ♦❢ t❤✐s t✇♦ ✜❜❡rs✳ ❇② st✉❞②✐♥❣ ❝❛r❡❢✉❧❧② t❤❡ ❛❝t✐♦♥ ♦❢ σ ♦♥ t❤❡ ✜❜r❛t✐♦♥ π ♦♥❡
s❡❡s t❤❛t t❤❡ ❛✉t♦♠♦r♣❤✐s♠ σ ♣r❡s❡r✈❡s ❡❛❝❤ ❝♦♠♣♦♥❡♥t ♦❢ t❤❡ II∗ ✜❜❡r✳ ❖♥ t❤❡ ♦t❤❡r
❤❛♥❞✱ σ ❡①❝❤❛♥❣❡s t✇♦ ❝♦♠♣♦♥❡♥ts t❤❛t ✐♥t❡rs❡❝t C ✐♥ t❤❡ ✜❜❡r ♦❢ t②♣❡ I∗4 ❛♥❞ σ ❧❡❛✈❡s
✐♥✈❛r✐❛♥t t❤❡ ♦t❤❡r ❝♦♠♣♦♥❡♥ts ✭t❤✐s ❣✐✈❡s t❤❛t l = 1 ✇❤❡r❡ ✇❡ ❞♦ ♥♦t ❤❛✈❡ ❛ s❡❝t✐♦♥
♦❢ ✐♥✜♥✐t❡ ♦r❞❡r✮✳ ❇② ❛♣♣❧②✐♥❣ t❤❡ ❘❡♠❛r❦ ✷✳✶✳✶✶ ✇❡ ❣❡t (n2, n3, n4) = (6, 4, 4) s♦ t❤❛t
(k, h,N

′

) = ((1, 2, 2) ✐♥ t❤✐s ❝❛s❡✳ ❚❤✐s ✐s t❤❡ s✐①t❤ ❝❛s❡ ✐♥ ❚❛❜❧❡ ✷✳✸✳

❊①❛♠♣❧❡ ✷✳✽✳✾✳ ✭■♥✈♦❧✉t✐♦♥ ♦♥ t❤❡ ❜❛s❡ ♦❢ t❤❡ ✜❜r❛t✐♦♥✮✿
❈♦♥s✐❞❡r t❤❡ ❡❧❧✐♣t✐❝ ✜❜r❛t✐♦♥ X ❣✐✈❡♥ ❛s✿

y2 = x(x2 + tp6(t))

✇✐t❤ p6(t) := (a6t
6 + a4t

4 + a2t
2 + a0) = (t2 − α1)(t

2 − α2)(t
2 − α3)✱ ❛♥❞ t❤❡ ♦r❞❡r 8 ♥♦♥

s②♠♣❧❡❝t✐❝ ❛✉t♦♠♦r♣❤✐s♠ ❛❝t✐♥❣ ♦♥ ✐t✿

σ : (x, y, t) 7→ (−ix, ζ8y,−t).

❚❤❡ ❞✐s❝r✐♠✐♥❛♥t ✐s ∆(t) = 27t3(t2 − α1)
3(t2 − α2)

3(t2 − α3)
3✳ ❋♦r ❣❡♥❡r✐❝ ❝❤♦✐❝❡ ♦❢ t❤❡

❝♦❡✣❝✐❡♥ts t❤❡ ✜❜r❛t✐♦♥ ❤❛s ✽ ✜❜❡rs III ✭t✇♦ t❛♥❣❡♥t r❛t✐♦♥❛❧ ❝✉r✈❡s✮✳ ❚❤✐s s❤♦✇s t❤❛t
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rk Pic(X) ≥ 10✳ ■♥ ❢❛❝t ❜② ❙❤✐♦❞❛✲❚❛t❡ ❢♦r♠✉❧❛ ✇❡ ❤❛✈❡✿

r❦ P✐❝(X) = 2 + r❦ ▼❲+
∑

F :fiber

(#❝♦♠♣♦♥❡♥ts ♦❢ F − 1),

s♦ ✇❡ ❣❡t rk Pic(X) ≥ 2 + rk MW+ 8 ✇❤❡r❡ t❤❡ ✜❜r❛t✐♦♥ ❤❛s ❛t ❧❡❛st ❛ ③❡r♦ s❡❝t✐♦♥✳
❖❜s❡r✈❡ t❤❛t t❤❡ ✜❜r❛t✐♦♥ ❤❛s ❛ t✇♦ t♦rs✐♦♥ s❡❝t✐♦♥s ❣✐✈❡♥ ❜② t 7→ (0 : 0 : 1) = (x : y : z)

✭✇❤✐❧❡ t❤❡ ③❡r♦ s❡❝t✐♦♥ ✐s t 7→ (0 : 1 : 0) = (x : y : z)✮✳ ❉❡♥♦t❡ ❜② τ t❤❡ s②♠♣❧❡❝t✐❝ ✐♥✈♦❧✉t✐♦♥
❛ss♦❝✐❛t❡❞ t♦ t❤✐s 2✲t♦rs✐♦♥ s❡❝t✐♦♥✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ❜② ❬✶✼✱ ❝❤✳ ■✱ §2❪ t❤❡ J ✐♥✈❛r✐❛♥t
♦❢ t❤✐s ❡❧❧✐♣t✐❝ ✜❜r❛t✐♦♥ ✐s J = 4A(t)3/(4A(t)3 +27B(t)2) = 1 ✭✇❤❡r❡ B(t) = 0✮✳ ❚❤✐s t❡❧❧s
✉s t❤❛t ❜❡s✐❞❡ t❤❡ ✜❜❡r ♦❢ t②♣❡ III ✭❛♥❞ t❤❡ s♠♦♦t❤ ✜❜❡rs✮ t❤❡ ♣♦ss✐❜❧❡ ❞❡❣❡♥❡r❛t✐♦♥s ♦❢
t❤❡ ♣r❡✈✐♦✉s ✜❜r❛t✐♦♥ ✭s❡❡ ❬✶✼✱ §3❪✮ ♠❛② ♣r♦❞✉❝❡ s✐♥❣✉❧❛r ✜❜❡rs ♦❢ t②♣❡ I∗0 ❛♥❞ III∗. ❲❡
✇✐❧❧ s❡❡ t❤✐s ❜❡❧♦✇✳

❚❤❡ sq✉❛r❡ ♦❢ t❤❡ ❛✉t♦♠♦r♣❤✐s♠ σ✱ t❤❛t ✐s σ2 : (x, y, t) 7→ (−x, iy, t), ♣r❡s❡r✈❡s ❡❛❝❤
✜❜❡r ❛♥❞ ❡❛❝❤ ✜❜❡r ❤❛s ❛♥ ❛✉t♦♠♦r♣❤✐s♠ ♦❢ ♦r❞❡r ❢♦✉r✳ ▼♦r❡♦✈❡r✱ σ2 ✜①❡s t✇♦ ♣♦✐♥ts ♦♥
t❤❡ ❣❡♥❡r✐❝ s♠♦♦t❤ ✜❜❡r✱ t❤❡s❡ t✇♦ ✜①❡❞ ♣♦✐♥ts ❛r❡ ❝♦♥t❛✐♥❡❞ ✐♥ t❤❡ 2✲t♦rs✐♦♥ s❡❝t✐♦♥ s2
❛♥❞ ✐♥ t❤❡ ③❡r♦ s❡❝t✐♦♥ s0✳ ❚❤✐s ❣✐✈❡s t❤❛t kσ2 ≥ 2✳
❚❤❡ ❝✉r✈❡ t❤❛t ❝✉ts ❡❛❝❤ ✜❜❡r ✐♥ y = 0 ❛♥❞ x2+ tp6(t) = 0 ❤❛s ❛ 2 : 1 ♠♦r♣❤✐s♠ t♦ P1 ❛♥❞
❤❛s r❛♠✐✜❝❛t✐♦♥ ♣♦✐♥ts ✇❤❡r❡ tp6(t) = 0✱ t❤❡s❡ ❝♦rr❡s♣♦♥❞ t♦ t❤❡ ❡✐❣❤t s✐♥❣✉❧❛r ✜❜❡rs III
✭♦✈❡r t❤❡ s❡✈❡♥ ③❡r♦s ♦❢ tp6(t) = 0 ❛♥❞ ♦♥❡ ♦✈❡r ✐♥✜♥✐t②✮ ❛♥❞ ✐♥ ❢❛❝t C ♠❡❡ts t❤❡s❡ ✜❜❡rs ✐♥
t❤❡✐r t❛♥❣❡♥t ♣♦✐♥t✳ ❚❤❡ s❡❝t✐♦♥s s0 ❛♥❞ s2 ♠❡❡t ♦♥❡ ♦❢ t❤❡ t✇♦ ❝♦♠♣♦♥❡♥ts ♦❢ III ✭♥♦t t❤❡
s❛♠❡✮✳ ❲❡ ❝❛♥ ✜♥❞ ❡❛s✐❧② t❤❡ ❣❡♥✉s ♦❢ t❤❡ ❝✉r✈❡ C ⊂ Fix(σ4) ❜② ✉s✐♥❣ ❘✐❡♠❛♥♥✲❍✉r✇✐t③
❢♦r♠✉❧❛ 2g(C) − 2 = −4 + 8 s♦ t❤❛t g(C) = 3✳ ■♥ ❢❛❝t r❡❝❛❧❧ t❤❛t t❤❡ ❘✐❡♠❛♥♥✲❍✉r✇✐t③
❢♦r♠✉❧❛ ❛♣♣❧✐❡❞ t♦ ❛ ✷✿✶ ♠♦r♣❤✐s♠ ❢r♦♠ ❛ ❝✉r✈❡ C t♦ t❤❡ ♣r♦❥❡❝t✐✈❡ ❧✐♥❡ P1 ✐s ❣✐✈❡♥ ❜②✿

2g(C)− 2 = 2(0− 2) +
∑

p∈C

(ep − 1),

✇❤❡r❡ ep ✐s t❤❡ r❛♠✐✜❝❛t✐♦♥ ✐♥❞❡① ❛t ❛ r❛♠✐✜❝❛t✐♦♥ ♣♦✐♥t p ✇❤✐❝❤ ✐♥ t❤✐s ❝❛s❡ ✐s ep = 2✳
❖❜s❡r✈❡ ♠♦r❡♦✈❡r t❤❛t t❤❡ ❝✉r✈❡ C ❝♦♥t❛✐♥s t✇♦ ✜①❡❞ ♣♦✐♥ts ❢♦r t❤❡ ❛❝t✐♦♥ ♦❢ σ t❤✉s
N ′ = 2✱ ❛♥❞ s✐♥❝❡ σ ♣r❡s❡r✈❡s t❤❡ t✇♦ s❡❝t✐♦♥s s0 ❛♥❞ s2 ❛♥❞ ❤❛s t✇♦ ✜①❡❞ ♣♦✐♥ts ♦♥ ✐t
t❤❡♥ N = 6✳ ▲♦♦❦✐♥❣ ❛t ❬✷✱ ❊①❛♠♣❧❡ ✽✳✷❪ ✇❡ s❡❡ t❤❛t ✐♥ t❤✐s ❝❛s❡ Pic(X) = U(2)⊕D⊕2

4 ✱ s♦
✇❡ ❛r❡ ✐♥ ❝❛s❡ ✾ ✐♥ ❚❛❜❧❡ ✷✳✹✳ ❖❜s❡r✈❡ t❤❛t ♠♦r❡♦✈❡r t❤❡ ❢❛♠✐❧② ♦❢ s✉❝❤ ❡❧❧✐♣t✐❝ ✜❜r❛t✐♦♥s
✐s 2✲❞✐♠❡♥s✐♦♥❛❧✱ s♦ t❤✐s ✐s t❤❡ ✇❤♦❧❡ ❢❛♠✐❧② ✭s✐♥❝❡ m1 = 3✮✳ ■❢ ✇❡ ❝♦♠♣♦s❡ σ ✇✐t❤ τ t❤❡
t✇♦ s❡❝t✐♦♥s ❛r❡ ❡①❝❤❛♥❣❡❞ s♦ t❤❛t C st✐❧❧ ❝♦♥t❛✐♥s t✇♦ ✐s♦❧❛t❡❞ ✜①❡❞ ♣♦✐♥ts✱ ❤❡♥❝❡ N ′ = 2
❛♥❞ ❛❧s♦ N = 2✳ ❚❤✐s ✐s ❝❛s❡ ✶✵ ✐♥ ❚❛❜❧❡ ✷✳✹✳
❲❡ st❛rt ♥♦✇ t♦ ❝♦♥s✐❞❡r ❞❡❣❡♥❡r❛t✐♦♥s ♦❢ t❤❡ ♣r❡✈✐♦✉s ❢❛♠✐❧②✳ ❘❡♠❛r❦ t❤❛t ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣
❝❛s❡s t❤❡ s✐t✉❛t✐♦♥ ✐s ❛s ❜❡❢♦r❡ ❢♦r t❤❡ ❛❝t✐♦♥ ♦❢ σ ❛♥❞ σ ◦ τ ♦♥ t❤❡ ❣❡♥❡r✐❝ ✜❜❡r✳

• α1 = α2 ✭❛♥❞ s✐♠✐❧❛r ❝❛s❡s✮✿
■❢ α1 = α2✱ t❤❡♥ t❤❡ ❞✐s❝r✐♠✐♥❛♥t ♦❢ t❤❡ ✜❜r❛t✐♦♥ ✐s ❣✐✈❡♥ ❜②✿

∆(t) = 27t3(t2 − α1)
6(t2 − α3)

3.

❚❤✐s ❣✐✈❡s t✇♦ ✜❜❡rs I∗0 ❡①❝❤❛♥❣❡❞ ❜② σ ❛♥❞ 4 ✜❜❡rs ♦❢ t②♣❡ III✱ t✇♦ ♦❢ t❤❡♠ ♦✈❡r 0
❛♥❞ ∞ ✭♦❜s❡r✈❡ t❤❛t ✇❡ ❝❛♥ ♥♦t ❣❡t t❤❡ t✇♦ ✜❜❡rs I∗0 ♦♥ 0 ❛♥❞ ∞✮✱ t❤✉s ❜② ❙❤✐♦❞❛✲
❚❛t❡ ❢♦r♠✉❧❛ ✇❡ ❤❛✈❡ rk Pic(X) ≥ 14✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ t❤❡ ❣❡♥✉s ♦❢ t❤❡ ❝✉r✈❡
C ✐♥ t❤✐s ❝❛s❡ ✐s 2g(C) − 2 = −4 + 4 ✭❜② ✉s✐♥❣ ❘✐❡♠❛♥♥✲❍✉r✇✐t③ ❢♦r♠✉❧❛✮ s♦ t❤❛t
g(C) = 1✳ ❘❡♠❛r❦ t❤❛t t❤❡ s✐t✉❛t✐♦♥ ✐s ❛s ❜❡❢♦r❡ ❢♦r t❤❡ ❛❝t✐♦♥ ♦❢ σ ❛♥❞ σ ◦ τ ♦♥
C✳ ❍❡♥❝❡ ❡✐t❤❡r (N,N ′) ❡q✉❛❧s (6, 2) ♦r (2, 2) ❛♥❞ s♦ ✇❡ ❣❡t t❤❡ ❝❛s❡s ✸ ❛♥❞ ✹ ✐♥
❚❛❜❧❡ ✷✳✸✳
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• α1 = 0 ✭❛♥❞ s✐♠✐❧❛r ❝❛s❡s✮✿
■♥ t❤✐s ❝❛s❡ t❤❡ ✜❜r❛t✐♦♥ ❤❛s ❛ ✜❜❡r III∗ : R1+2R2+3R3+4R4+2R5+3R6+2R7+R8

♦✈❡r t = 0 ❛♥❞ ❛ ✜❜❡r ♦❢ t②♣❡ III ♦✈❡r ∞ ❛♥❞ ❢♦✉r ♠♦r❡ ✜❜❡rs ♦❢ t②♣❡ III ♦✈❡r t❤❡
♦t❤❡r ③❡r♦s ♦❢ ∆(t)✳ ❍❡r❡ g(C) = 2 ❛♥❞ rk Pic(X) ≥ 14 ✭❜② ❞♦✐♥❣ t❤❡ s❛♠❡ ♣r❡✈✐♦✉s
❛r❣✉♠❡♥t✮✳ ▼♦r❡♦✈❡r✱ ♦❜s❡r✈❡ t❤❛t t❤❡ ❝✉r✈❡ C ♠❡❡ts t❤❡ III∗ ✜❜❡r ✐♥ R5 ❛♥❞ t❤❡
s❡❝t✐♦♥s s0, s2 ♠❡❡ts t❤✐s ✜❜❡r ✐♥ ♦♥❡ ♦❢ t❤❡ t✇♦ ❝♦♠♣♦♥❡♥ts R1, R8 ✭♥♦t t❤❡ s❛♠❡✮✳
❙♦ t❤❛t N ′ = 2 ❢♦r t❤❡ ❛✉t♦♠♦r♣❤✐s♠ σ ❛♥❞ ❜② ❧♦♦❦✐♥❣ ❛t t❤❡ ♣♦ss✐❜❧❡ ❛❝t✐♦♥ ❛t t❤❡
✐♥t❡rs❡❝t✐♦♥ ♣♦✐♥ts ♦❢ t❤❡ ❝♦♠♣♦♥❡♥ts ♦❢ t❤❡ III∗ ✜❜❡r ✇❡ ❣❡t t❤❛t N = 10✳ ❖♥ t❤❡
♦t❤❡r ❤❛♥❞✱ ❢♦r σ ◦ τ t❤❡ ❝✉r✈❡ C st✐❧❧ ❝♦♥t❛✐♥s t✇♦ ✜①❡❞ ♣♦✐♥ts t❤✉s N ′ = 2 ✇❤✐❧❡
N = 4 ✐♥ t❤✐s ❝❛s❡✳ ❲❡ ❣❡t ❡①❛♠♣❧❡s ❢♦r t❤❡ ❝❛s❡s ✶✺ ❛♥❞ ✶✻ ♦❢ ❚❛❜❧❡ ✷✳✹✳

• α1 = α2 = 0 ✭❛♥❞ s✐♠✐❧❛r ❝❛s❡s✮✿ ❍❡r❡ ✇❡ ❤❛✈❡ ❛ ✜❜❡r III∗ ♦✈❡r ③❡r♦ ❛♥❞ ♦✈❡r ∞✱
❛♥❞ t✇♦ ✜❜❡rs III ♦✈❡r t❤❡ ♦t❤❡r ③❡r♦s ♦❢ ∆(t)✳ ❲❡ ❤❛✈❡ g(C) = 1✳ ❲❡ ❣❡t ❤❡r❡
❡①❛♠♣❧❡s ❢♦r t❤❡ ❝❛s❡s ✻ ❛♥❞ ✼ ♦❢ ❚❛❜❧❡ ✷✳✸✳

• α1 = 0 ❛♥❞ α2 = α3 ✭❛♥❞ s✐♠✐❧❛r ❝❛s❡s✮✿ ❍❡r❡ ✇❡ ❤❛✈❡ ❛ ✜❜❡r ♦❢ t②♣❡ III∗ ♦✈❡r ③❡r♦
❛♥❞ ❛ ✜❜❡r III ♦✈❡r ∞ ❛♥❞ ✇❡ ❤❛✈❡ t✇♦ ✜❜❡rs I∗0 ❡①❝❤❛♥❣❡❞ ❜② σ✳ ❍❡r❡ ✇❡ ❤❛✈❡
2g(C)−2 = −4+2 = −2 s♦ t❤❛t g(C) = 0 ✭✐✳❡ t❤❡ ❛❧❧ ✜①❡❞ ❝✉r✈❡s ❜② σ4 ❛r❡ r❛t✐♦♥❛❧✮
❛♥❞ t❤❡♥ t❤❡ ❝✉r✈❡ C ❝♦♥t❛✐♥s t✇♦ ✜①❡❞ ♣♦✐♥ts ✭♦♥❡ ♦❢ t❤❡♠ ♦❢ t②♣❡ P 2,7 ❛♥❞ t❤❡
♦t❤❡r ♦❢ t②♣❡ P 3,6✮✳ ❍❡♥❝❡ ❢♦r σ ✇❡ ✜♥❞ k = 1 ❛♥❞ N = 10✱ t❤✐s ✐s t❤❡ ♦♥❧② ❝❛s❡
✐♥ ❚❤❡♦r❡♠ ✷✳✻✳✶✳ ❋♦r σ ◦ τ ✇❡ ✜♥❞ k = 0 ❛♥❞ N = 4 ✇✐t❤ (n4, n2, n3) = (2, 1, 1)✳
❲❡ ❤❛✈❡ ♠♦r❡♦✈❡r t❤❛t kσ2 = 3 ❛♥❞ Nσ2 = 10 t❤✐s ✐s t❤❡ ❧❛st ❝❛s❡ ✐♥ ❚❛❜❧❡ ✷✳✽✳

❊①❛♠♣❧❡ ✷✳✽✳✶✵✳ ❉♦✉❜❧❡ ❝♦✈❡r ♦❢ t❤❡ q✉❛❞r✐❝✿
❈♦♥s✐❞❡r t❤❡ ❢♦❧❧♦✇✐♥❣ ❛✉t♦♠♦r♣❤✐s♠ ♦❢ P1 × P1✿

j : ((x0, x1), (y0, y1)) 7→ ((x0, ix1), (y0, iy1))

❚❤❡ ❞♦✉❜❧❡ ❝♦✈❡r ♦❢ P1 ×P1 r❛♠✐✜❡❞ ❛❧♦♥❣ ❛ ❝✉r✈❡ ♦❢ ❜✐❞❡❣r❡❡ (4, 4) ✐s ❛ ❑✸ s✉r❢❛❝❡✳ ❚❛❦❡
t❤❡ ❡q✉❛t✐♦♥ ♦❢ t❤❡ ❝✉r✈❡ f(x0, x1, x2, x3) s✉❝❤ t❤❛t j(f) = if s♦ t❤❛t t❤❡ ❞♦✉❜❧❡ ❝♦✈❡r
w2 = f ✐s ✐♥✈❛r✐❛♥t ❜② t❤❡ ❛✉t♦♠♦r♣❤✐s♠✿

σ : ((x0, x1), (y0, y1), w) 7→ ((x0, ix1), (y0, iy1), ζ8w)

❚❤❡ ❡q✉❛t✐♦♥ ♦❢ f ✐s✿

y30y1(a0x
4
0 + a1x

4
1) + x30x1(b0y

4
0 + b1y

4
1) + x0x

2
1y0y

2
1(c0x1y0 + c1x0y1)

✇✐t❤ s♦♠❡ ♣❛r❛♠❡t❡rs a0, a1, b0, b1, c0, c1 ∈ C✳ ❖❜s❡r✈❡ t❤❛t ❜② ❛♣♣❧②✐♥❣ tr❛♥s❢♦r♠❛t✐♦♥s
♦❢ P1 × P1 ✇❡ s❡❡ t❤❛t t❤❡ ❢❛♠✐❧② ❞❡♣❡♥❞s ✐♥ ❢❛❝t ♦♥ 3 ♣❛r❛♠❡t❡rs ✭6 − 1 − 2 = 3✮✳ ❚❤❡
❞♦✉❜❧❡ ❝♦✈❡r ✐s ❛ ❑✸ s✉r❢❛❝❡ ❛♥❞ t❤❡ ✜①❡❞ ❧♦❝✉s ♦❢ σ4 ✐s ❛ ❝✉r✈❡ ♦❢ ❣❡♥✉s ✻✳ ❚❤❡r❡ ✐s ❛ D4

s✐♥❣✉❧❛r✐t② ✐♥ ((0 : 1), (0 : 1), 0)✳ ■♥ ❢❛❝t ❝♦♥s✐❞❡r t❤❡ ❡♠❜❡❞❞✐♥❣ ✐♥ P3 ❜② ❙❡❣r❡✿

((x0 : x1), (y0 : y1)) 7→ (x0y0 : x0y1 : x1y0 : x1y1) = (x : y : z : t)

❚❤❡ ✐♠❛❣❡ ✐s t❤❡ q✉❛❞r✐❝ xt = yz ❛♥❞ t❤❡ s✐♥❣✉❧❛r ♣♦✐♥t ♦❢ t❤❡ ✐♠❛❣❡ ♦❢ C = {f = 0} ✐s
(0 : 0 : 0 : 1)✳ ❚❤❡ ✐♠❛❣❡ ♦❢ C ♦♥ xt = yz ✐s✿

a0x
3y + a1z

3t+ b0x
3z + b1y

3t+ c0ytz
2 + c1xyt

2 = 0.
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■♥ t❤❡ ❝❤❛rt t = 1 t❤❡ ❡q✉❛t✐♦♥ ♦❢ t❤❡ q✉❛❞r✐❝ ❜❡❝♦♠❡s x = yz ❛♥❞ t❤❡ ❡q✉❛t✐♦♥ ♦❢ C ✐s
❤❡♥❝❡✿

a0x
3y + a1z

3 + b0x
3z + b1y

3 + c0yz
2 + c1xy = 0.

❈❤♦♦s✐♥❣ ❧♦❝❛❧ ❝♦♦r❞✐♥❛t❡s (y, z) ♦♥ t❤❡ q✉❛❞r✐❝ ✭t❤❡ ♣❛rt✐❛❧ ❞❡r✐✈❛t✐✈❡ ✇✐t❤ r❡s♣❡❝t t♦ x
✐s ❡q✉❛❧ t♦ ♦♥❡✱ s♦ ♦♥❡ ❝❛♥ ✉s❡ ✐♠♣❧✐❝✐t ❢✉♥❝t✐♦♥ t❤❡♦r❡♠✮✳ ❲❡ ❣❡t ❛♥ ❡q✉❛t✐♦♥✿

a0y
4z3 + b0y

3z4 + a1z
3 + b1y

3 + c0yz
2 + c1y

2z = 0.

❯s✐♥❣ t❤❡ ❝❧❛ss✐✜❝❛t✐♦♥ ♦❢ ❬✷✷✱ ❈❤✳ ✷ ➓✽❪ ♦♥❡ ♦❜t❛✐♥s t❤❛t t❤❡ s✐♥❣✉❧❛r✐t② ✐s ❛ D4 s✐♥❣✉❧❛r✐t②✳
❖❜s❡r✈❡ t❤❛t ✐♥ t❤❡ ❝❤❛rts x = 1, y = 1, z = 1 t❤❡r❡ ❛r❡ ♥♦ s✐♥❣✉❧❛r✐t✐❡s ✭♦♥❡ ❝❛♥ ❞♦ t❤❡
❝♦♠♣✉t❛t✐♦♥ ❜② ❤❛♥❞ ♦r ✉s❡ t❤❡ ❝♦♠♣✉t❡r ❛❧❣❡❜r❛ s②st❡♠ ▼❆●▼❆✮✳
❇② ❝♦♠♣✉t✐♥❣ t❤❡ ♥✉♠❜❡r ♦❢ ♠♦❞✉❧✐ ♦♥❡ ❣❡ts t❤❛t m1 = 4 t❤✉s r❦ P✐❝(X) = 6✳ ❙♦ t❤❛t t❤❡
P✐❝❛r❞ ❣r♦✉♣ ♦❢ t❤❡ ❞♦✉❜❧❡ ❝♦✈❡r ✐s U(2)⊕D4✳ ❲❡ ❤❛✈❡ ❢♦✉r ✜①❡❞ ♣♦✐♥ts ♦♥ t❤❡ s✐♥❣✉❧❛r
❝✉r✈❡ C✿ t❤❡ s✐♥❣✉❧❛r ♣♦✐♥t ((0 : 1), (0 : 1)) ❛♥❞ t❤❡ t❤r❡❡ s♠♦♦t❤ ♣♦✐♥ts ((0 : 1), (1 : 0))✱
((1 : 0), (0 : 1))✱ ((1 : 0)(1 : 0)) t❤✐s t❡❧❧s ✉s ✐♠♠❡❞✐❛t❡❧② t❤❛t t❤❡ ♥✉♠❜❡r ♦❢ ✜①❡❞ ♣♦✐♥ts
♦♥ t❤❡ s♠♦♦t❤ ❝✉r✈❡ ❝♦rr❡s♣♦♥❞✐♥❣ t♦ C ♦♥ t❤❡ ❞❡s✐♥❣✉❧❛r✐③❛t✐♦♥ X ♦❢ t❤❡ ❞♦✉❜❧❡ ❝♦✈❡r
❝♦♥t❛✐♥s ❛t ❧❡❛st 3 ✐s♦❧❛t❡❞ ✜①❡❞ ♣♦✐♥ts✳ ❚❤✐s ✐s t❤❡ ❝❛s❡ ✹ ✐♥ ❚❛❜❧❡ ✷✳✹✳

❊①❛♠♣❧❡ ✷✳✽✳✶✶✳ ◗✉❛❞r✉♣❧❡ ◗✉❛rt✐❝s✿
❚❛❦❡ t❤❡ ❢♦✉r❢♦❧❞ ❝♦✈❡r ♦❢ P2✿

t4 = x0(l3(x1, x2) + x20l1(x1, x2))

✇❤❡r❡ l3(x1, x2) ✐s ❤♦♠♦❣❡♥❡♦✉s ♦❢ ❞❡❣r❡❡ t❤r❡❡ ❛♥❞ l1(x1, x2) ✐s ❤♦♠♦❣❡♥❡♦✉s ♦❢ ❞❡❣r❡❡ ✶✳
❚❤✐s ✐s ✐♥✈❛r✐❛♥t ❢♦r t❤❡ ❛❝t✐♦♥ ♦❢ t❤❡ ♦r❞❡r 8 ♥♦♥ s②♠♣❧❡❝t✐❝ ❛✉t♦♠♦r♣❤✐s♠✿

(t, x0, x1, x2) 7→ (ζ8t,−x0, x1, x2)

✐t ✜①❡s t❤❡ ✐♥✈❡rs❡ ✐♠❛❣❡ ♦❢ t❤❡ ❝✉r✈❡ {x0 = 0} ✇❤✐❝❤ ✐s r❛t✐♦♥❛❧ ❛♥❞ 4 ♣♦✐♥ts ♦♥ t❤❡ ❝✉r✈❡
C : {l3(x1, x2) + x20l1(x1, x2) = 0} ✇❤✐❝❤ ✐s ✐♥ ❢❛❝t ❡❧❧✐♣t✐❝✳ ❚❤✐s ❣✐✈❡s ❛♥♦t❤❡r ❡①❛♠♣❧❡ ❢♦r
t❤❡ ❝❛s❡ ✹ ♦❢ ❚❛❜❧❡ ✷✳✷✳



❈❤❛♣t❡r ✸

◆♦♥✲s②♠♣❧❡❝t✐❝ ❛✉t♦♠♦r♣❤✐s♠ ♦❢

♦r❞❡r ✶✻

■♥ t❤✐s ❝❤❛♣t❡r ✇❡ ❝❧❛ss✐❢② K3 s✉r❢❛❝❡s ✇✐t❤ ♥♦♥✲s②♠♣❧❡❝t✐❝ ❛✉t♦♠♦r♣❤✐s♠ ♦❢ ♦r❞❡r ✶✻ ✐♥
❢✉❧❧ ❣❡♥❡r❛❧✐t②✳ ❲❡ ♦❜t❛✐♥ ❛ ❝♦♠♣❧❡t❡ ❝❧❛ss✐✜❝❛t✐♦♥ ❢♦r t❤❡ ♥♦♥✲s②♠♣❧❡❝t✐❝ ❛✉t♦♠♦r♣❤✐s♠s
♦❢ ♦r❞❡r ✶✻ ❜❛s❡❞ ♦♥ t❤❡ ❝❧❛ss✐✜❝❛t✐♦♥ ♦❢ ♥♦♥✲s②♠♣❧❡❝t✐❝ ❛✉t♦♠♦r♣✜s♠s ♦❢ ♦r❞❡r ✹ ♦♥
K3 s✉r❢❛❝❡s ❣✐✈❡♥ ❜② ❬✷❪✱ ✇✐t❤♦✉t t❤❡ ✉s❡ ♦❢ ♦✉r r❡s✉❧ts ❝♦♥t❛✐♥❡❞ ✐♥ ❈❤ ✷✱ ❢♦❧❧♦✇✐♥❣ t❤❡
s✉❜♠✐tt❡❞ ♣❛♣❡r ❬✶❪✳

✸✳✶ ❚❤❡ ✜①❡❞ ❧♦❝✉s✳

▲❡t X ❜❡ ❛ K3 s✉r❢❛❝❡ ❛♥❞ σ ❛ ♥♦♥✲s②♠♣❧❡❝t✐❝ ❛✉t♦♠♦r♣❤✐s♠ ♦❢ ♦r❞❡r ✶✻ ❛❝t✐♥❣ ♦♥ ✐t✱
t❤✐s ♠❡❛♥s t❤❛t t❤❡ ❛❝t✐♦♥ ♦❢ σ∗ ♦♥ t❤❡ ✈❡❝t♦r s♣❛❝❡ H2,0(X) = CωX ♦❢ ❤♦❧♦♠♦r♣❤✐❝
t✇♦✲❢♦r♠s ✐s ♥♦t tr✐✈✐❛❧✳ ▼♦r❡ ♣r❡❝✐s❡❧② ✇❡ ❛ss✉♠❡ t❤❛t t❤❡ ❛✉t♦♠♦r♣❤✐s♠ σ ✐s ✭♣✉r❡❧②✮
♥♦♥✲s②♠♣❧❡❝t✐❝✱ ✐✳❡✳ σ∗ωX = ζ16ωX ✱ ✇❤❡r❡ ζ16 ✐s ❛ ♣r✐♠✐t✐✈❡ ✶✻t❤ r♦♦t ♦❢ ✉♥✐t②✳ ❋♦r
s✐♠♣❧✐❝✐t② ✇❡ ♦♠✐t s♦♠❡t✐♠❡s ✑♣✉r❡❧②✑✳

❲❡ ❞❡♥♦t❡ ❢✉rt❤❡r♠♦r❡ ❜② rσj , lσj ,mσj ✱ m1
σj ✱ m2

σj ❢♦r j = 1, 2, 4, 8 t❤❡ r❛♥❦ ♦❢ t❤❡
❡✐❣❡♥s♣❛❝❡s ♦❢ (σj)∗ ✐♥ H2(X,C) r❡❧❛t✐✈❡ t♦ t❤❡ ❡✐❣❡♥✈❛❧✉❡s 1,−1✱ i✱ ζ216 ❛♥❞ ζ16✳ ❋♦r
s✐♠♣❧✐❝✐t② ❢♦r j = 1 ✇❡ ❥✉st ✇r✐t❡ rσ✱ lσ, . . . ♦r ❡✈❡♥ r, l, . . .✳

❘❡♠❛r❦ ✸✳✶✳✶✳ • ❉♦✐♥❣ ❛ s✐♠♣❧❡ ❝♦♠♣✉t❛t✐♦♥ ✇❡ ❣❡t t❤❡ ❢♦❧❧♦✇✐♥❣ r❡❧❛t✐♦♥s✿

rσ2 = rσ + lσ, lσ2 = 2mσ, mσ2 = 2m1
σ, m1

σ2 = 2m2
σ,

rσ4 = rσ + lσ + 2mσ, lσ4 = 4m1
σ, mσ4 = 4m2

σ,
rσ8 = rσ + lσ + 2mσ + 4m1

σ, lσ8 = 8m2
σ,

rσ + lσ + 2mσ + 4m1
σ + 8m2

σ = 22.

• ❆s ❛ ❞✐r❡❝t ❝♦♥s❡q✉❡♥❝❡ ♦❢ t❤❡ ♣r❡✈✐♦✉s r❡❧❛t✐♦♥s ♦♥❡ ❝❛♥ ❣❡t ✐♠♠❡❞✐❛t❡❧② t❤❛t t❤❡
✐♥✈❛r✐❛♥ts lσ2 ,mσ2 ,m1

σ2 ∈ 2Z ✇❤✐❧❡ t❤❡ ✐♥✈❛r✐❛♥ts lσ4 ,mσ4 ∈ 4Z✳

❲❡ r❡❝❛❧❧ t❤❡ ✐♥✈❛r✐❛♥t ❧❛tt✐❝❡

S(σj) = {x ∈ H2(X,Z) | (σj)∗(x) = x},

❛♥❞ ✐ts ♦rt❤♦❣♦♥❛❧
T (σj) = S(σj)⊥ ∩H2(X,Z),

✺✼
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❝❧❡❛r❧② ✇❡ ❤❛✈❡ t❤❛t rkS(σj) = rσj ✳
❇② ❬✽✱ ❚❤❡♦r❡♠ ✸✳✶❪ t❤❡ ❡✐❣❡♥✈❛❧✉❡s ♦❢ t❤❡ ❛❝t✐♦♥ ♦❢ σ ♦♥ TX ❛r❡ ♣r✐♠✐t✐✈❡ 16t❤ r♦♦ts

♦❢ ✉♥✐t② s♦ rk(TX) = 8m2
σ ✭s❡❡ §1.2.2✱ Pr♦♣♦s✐t✐♦♥ ✶✳✷✳✶✸✮✳ ❙✐♥❝❡ 0 < rk(TX) ≤ 21 ✇❡ ❤❛✈❡

✐♥ ❢❛❝t ♦♥❧② t✇♦ ♣♦ss✐❜✐❧✐t✐❡s ✇❤✐❝❤ ❛r❡ m2
σ = 1 ♦r 2 s♦ t❤❛t rkPic(X) = 14 r❡s♣❡❝t✐✈❡❧② 6✳

❆s ✇❡ ❤❛✈❡ r❡♠❛r❦❡❞ ✐♥ §1.2.2 ✐♥ t❤❡ ❣❡♥❡r✐❝ ❝❛s❡ t❤✐s ✐s ❛❧s♦ t❤❡ r❛♥❦ ♦❢ S(σ8) = Pic(X)
❛♥❞ ✇❡ ❤❛✈❡ ❜② ♦rt❤♦❣♦♥❛❧✐t② TX = T (σ8)✳ ❘❡❝❛❧❧ ♠♦r❡♦✈❡r t❤❛t rσ > 0✱ s❡❡ Pr♦♣♦s✐t✐♦♥
✶✳✷✳✶✶✱ § ✶✳✷✳✷✳ ❲❡ st❛rt r❡❝❛❧❧✐♥❣ t❤❡ ❝❧❛ss✐✜❝t✐♦♥ t❤❡♦r❡♠ ❢♦r ♥♦♥✲s②♠♣❧❡❝t✐❝ ✐♥✈♦❧✉t✐♦♥
♦♥ K3 s✉r❢❛❝❡s ✭s❡❡ ❚❤❡♦r❡♠ ✶✳✷✳✶✼ ✐♥ ❈❤ ✶ ✱ ❬✾✱ ❚❤❡♦r❡♠ ✹✳✷✳✷❪ ❛♥❞ ❛❧s♦ ❬✶✶✱ ➓✹❪✮✳

❚❤❡♦r❡♠ ✸✳✶✳✷✳ ▲❡t τ ❜❡ ❛ ♥♦♥✲s②♠♣❧❡❝t✐❝ ✐♥✈♦❧✉t✐♦♥ ♦♥ ❛ ❑✸ s✉r❢❛❝❡ X✳ ❚❤❡ ✜①❡❞ ❧♦❝✉s
♦❢ τ ✐s ❡✐t❤❡r ❡♠♣t②✱ t❤❡ ❞✐s❥♦✐♥t ✉♥✐♦♥ ♦❢ t✇♦ ❡❧❧✐♣t✐❝ ❝✉r✈❡s ♦r t❤❡ ❞✐s❥♦✐♥t ✉♥✐♦♥ ♦❢ ❛
s♠♦♦t❤ ❝✉r✈❡ ♦❢ ❣❡♥✉s g ≥ 0 ❛♥❞ k s♠♦♦t❤ r❛t✐♦♥❛❧ ❝✉r✈❡s✳

▼♦r❡♦✈❡r✱ ✐ts ✜①❡❞ ❧❛tt✐❝❡ S(τ) ⊂ Pic(X) ✐s ❛ 2✲❡❧❡♠❡♥t❛r② ❧❛tt✐❝❡ ✇✐t❤ ❞❡t❡r♠✐♥❛♥t 2a

s✉❝❤ t❤❛t✿

• S(τ) ∼= U(2)⊕ E8(2) ✐✛ t❤❡ ✜①❡❞ ❧♦❝✉s ♦❢ τ ✐s ❡♠♣t②❀

• S(τ) ∼= U ⊕ E8(2) ✐✛ τ ✜①❡s t✇♦ ❡❧❧✐♣t✐❝ ❝✉r✈❡s❀

• 2g = 22− rkS(τ)− a ❛♥❞ 2k = rkS(τ)− a ♦t❤❡r✇✐s❡✳

❆t ❛ ✜①❡❞ ♣♦✐♥t ❢♦r σj t❤❡ ❛❝t✐♦♥ ❝❛♥ ❜❡ ❧✐♥❡❛r✐③❡❞ ✭s❡❡ § ✶✳✷✳✷ ❛♥❞ ❡✳❣✳ ❬✽✱ ➓✺❪✮ ❛♥❞ ✐s
❣✐✈❡♥ ❜② ❛ ♠❛tr✐①

Aj
t,s =

(

ζt(16/j) 0

0 ζs(16/j)

)

✇✐t❤ t+ s = 1 mod (16/j)✱ 0 ≤ t < s < 16/j✳ ❚❤✐s ♠❡❛♥s t❤❛t t❤❡ ✜①❡❞ ❧♦❝✉s ♦❢ σj ✐s t❤❡
❞✐s❥♦✐♥t ✉♥✐♦♥ ♦❢ s♠♦♦t❤ ❝✉r✈❡s ❛♥❞ ✐s♦❧❛t❡❞ ♣♦✐♥ts ✭s❡❡ ❬✾✱ ❙❡❝t✐♦♥ ✹✱ ➓✷❪ ❛♥❞ ❬✽✱ ➓✺❪✮✳ ■♥
t❤❡ s❡q✉❡❧ ♦❢ t❤✐s ❝❤❛♣t❡r ✇❤❡♥ ✇❡ ❝♦♥s✐❞❡r ❝✉r✈❡s ✐♥ t❤❡ ✜①❡❞ ❧♦❝✉s ♦❢ s♦♠❡ σj ✇❡ ❛❧✇❛②s
♠❡❛♥ s♠♦♦t❤ ❝✉r✈❡s✳ ❇② ❍♦❞❣❡ ✐♥❞❡① t❤❡♦r❡♠ Fix(σj) ♠❛② ❝♦♥t❛✐♥s ♦♥❧② ♦♥❡ ❝✉r✈❡ ♦❢
❣❡♥✉s g > 1✳ ❲❡ ❞❡♥♦t❡ ❜② kσj t❤❡ ♥✉♠❜❡r ♦❢ ✜①❡❞ r❛t✐♦♥❛❧ ❝✉r✈❡s✱ ❜② Nσj t❤❡ ♥✉♠❜❡r ♦❢
✜①❡❞ ♣♦✐♥ts ✐♥ Fix(σj)✳ ▼♦r❡♦✈❡r ❜② nσj

t,s ✇❡ ❞❡♥♦t❡ t❤❡ ♥✉♠❜❡r ♦❢ ✐s♦❧❛t❡❞ ✜①❡❞ ♣♦✐♥ts ♦❢
t②♣❡ P t,s ❜② σj ✳ ■♥ s❡✈❡r❛❧ ❝❛s❡s ✇❤❡♥ ✐t ✐s ❝❧❡❛r ✇❤✐❝❤ ❛✉t♦♠♦r♣❤✐s♠ ✇❡ ❛r❡ ❝♦♥s✐❞❡r✐♥❣
✇❡ ❥✉st ✇r✐t❡ k✱ N ✱ nt,s✱ ❛♥❞ s♦ ♦♥✳

▲❡♠♠❛ ✸✳✶✳✸✳ ▲❡t σ ❜❡ ❛ ♥♦♥✲s②♠♣❧❡❝t✐❝ ❛✉t♦♠♦r♣❤✐s♠ ♦❢ ♦r❞❡r 16 ❛❝t✐♥❣ ♦♥ ❛ K3 s✉r❢❛❝❡
X ❛♥❞ ❧❡t aσ4 ❜❡ t❤❡ ♥✉♠❜❡r ♦❢ r❛t✐♦♥❛❧ ❝✉r✈❡s ✐♥t❡r❝❤❛♥❣❡❞ ❜② σ4 ❛♥❞ ✜①❡❞ ❜② σ8✱ t❤❡♥
aσ4 ∈ 4Z✳

Pr♦♦❢✳ ❆ ❝✉r✈❡ ❛s ✐♥ t❤❡ st❛t❡♠❡♥t ❤❛s st❛❜✐❧✐③❡r ❣r♦✉♣ ✐♥ 〈σ〉 ♦❢ ♦r❞❡r ✷✳ ❍❡♥❝❡ ✐ts σ✲♦r❜✐t
❤❛s ❧❡♥❣t❤ ✽✱ s♦ ✇❡ ❣❡t t❤❛t aσ4 ✐s ❛ ♠✉❧t✐♣❧❡ ♦❢ 4✳

❲❡ ❞❡♥♦t❡ ❜② 2a t❤❡ ♥✉♠❜❡r ♦❢ ❡①❝❤❛♥❣❡❞ s♠♦♦t❤ r❛t✐♦♥❛❧ ❝✉r✈❡s ❜② σ ❛♥❞ ✜①❡❞ ❜②
σ2✱ ❛♥❞ ❜② 8s̄ t❤❡ ♥✉♠❜❡r ♦❢ s♠♦♦t❤ r❛t✐♦♥❛❧ ❝✉r✈❡s ❝②❝❧✐❝ ♣❡r♠✉t❡❞ ❜② σ ❛♥❞ ✜①❡❞ ❜② σ8

✭❝❧❡❛r❧② t❤❡② ❛r❡ ♣❡r♠✉t❡❞ ❜② σ2✱ ❢♦✉r ❜② ❢♦✉r✱ ❛♥❞ t❤❡② ❛r❡ ✐♥t❡r❝❤❛♥❣❡❞ ❜② σ4 t✇♦ ❜② t✇♦✮✳

❲❡ ❢♦r♠✉❧❛t❡ ♥♦✇ Pr♦♣♦s✐t✐♦♥ ✸✳✶✳✹ t❤❛t ✇❡ ♥❡❡❞ t♦ ♣r♦✈❡ ❚❤❡♦r❡♠ ✸✳✶✳✽✳ ❲❡ s❤♦✇
t❤❡♥ ✐♥ Pr♦♣♦s✐t✐♦♥ ✸✳✷✳✸ t❤❛t t❤❡ ❝❛s❡ g(C) = 1 ✐s ♥♦t ♣♦ss✐❜❧❡✳

Pr♦♣♦s✐t✐♦♥ ✸✳✶✳✹✳ ▲❡t σ ❜❡ ❛ ♥♦♥✲s②♠♣❧❡❝t✐❝ ❛✉t♦♠♦r♣❤✐s♠ ♦❢ ♦r❞❡r 16 ❛❝t✐♥❣ ♦♥ ❛ K3
s✉r❢❛❝❡ X ✇✐t❤ S(σ8) ∼= P✐❝(X)✳ ■❢ C ⊂ Fix(σ) t❤❡♥ g(C) = 0, 1✱ ❛♥❞ ✇❡ ❝❛♥ ♥♦t ❤❛✈❡ t✇♦
❝✉r✈❡s ♦❢ ❣❡♥✉s ♦♥❡ ✐♥ t❤❡ ✜①❡❞ ❧♦❝✉s✳



✸✳✶✳ ❚❍❊ ❋■❳❊❉ ▲❖❈❯❙✳ ✺✾

Pr♦♦❢✳ ■❢ C ⊂ Fix(σ) t❤❡♥ t❤✐s ✐s ❛❧s♦ ✜①❡❞ ❜② σ4 ✇❤✐❝❤ ✐s ♥♦♥✲s②♠♣❧❡❝t✐❝ ♦❢ ♦r❞❡r ✹✳ ■❢
g(C) ≥ 2 ❜② t❤❡ r❡❧❛t✐♦♥s ✭✸✳✶✳✶✮ ✇❡ ❤❛✈❡ t❤❛t lσ4 ❛♥❞ mσ4 ❛r❡ ♠✉❧t✐♣❧❡s ♦❢ 4✱ ❝❤❡❝❦✐♥❣ ✐♥
❬✷✱ ❚❤❡♦r❡♠ ✹✳✶❪ t❤❡ ♦♥❧② ♣♦ss✐❜❧❡ ❝❛s❡ ✐s (mσ4 , rσ4 , lσ4) = (4, 6, 8) ❛♥❞ Nσ4 = 2✱ kσ4 = 0✱
g(C) = 2✳ ❇② t❤❡ ❝❧❛ss✐✜❝❛t✐♦♥ ♦❢ ◆✐❦✉❧✐♥ ✭s❡❡ ❬✶✶✱ ➓✹❪✮ t❤❡ ✐♥✈♦❧✉t✐♦♥ σ8 ✜①❡s ✜✈❡ r❛t✐♦♥❛❧
❝✉r✈❡s ♦t❤❡r t❤❛♥ t❤❡ ❝✉r✈❡ ♦❢ ❣❡♥✉s 2✳ ❙✐♥❝❡ kσ4 = 0✱ ❢♦✉r ♦❢ t❤❡ r❛t✐♦♥❛❧ ❝✉r✈❡s ❛r❡
✐♥t❡r❝❤❛♥❣❡❞ t✇♦ ❜② t✇♦ ❜② σ4✱ ♦♥❡ r❛t✐♦♥❛❧ ❝✉r✈❡ ✐s ♣r❡s❡r✈❡❞ ❛♥❞ ❝♦♥t❛✐♥s t❤❡ t✇♦ ✜①❡❞
♣♦✐♥ts✳ ■♥ t❤✐s ❝❛s❡ aσ4 = 2 ❝♦♥tr❛❞✐❝t✐♥❣ ▲❡♠♠❛ ✸✳✶✳✸✳ ■❢ g(C) = 1 ❛♥❞ t❤❡r❡ ❡①✐sts
❛♥♦t❤❡r ❣❡♥✉s ♦♥❡ ❝✉r✈❡ C ′ ⊂ Fix(σ)✱ t❤❡♥ ❜② ❚❤❡♦r❡♠ ✸✳✶✳✷ rkS(σ8) = 10 ❜✉t t❤✐s ✐s ♥♦t
♣♦ss✐❜❧❡✱ s✐♥❝❡ t❤❡ r❛♥❦ ❝❛♥ ❜❡ ♦♥❧② ❡q✉❛❧ t♦ 6 ♦r 14 ❛s ✇❡ ❤❛✈❡ ❡①♣❧❛✐♥❡❞ ❛❜♦✈❡✳

❘❡♠❛r❦ ✸✳✶✳✺✳ ▼♦r❡ ✐♥ ❣❡♥❡r❛❧ ❜② t❤❡ s❛♠❡ r❡❛s♦♥ ❛s ✐♥ Pr♦♣♦s✐t✐♦♥ ✸✳✶✳✹ ✐❢ Fix(σ8)
❝♦♥t❛✐♥s ❛♥ ❡❧❧✐♣t✐❝ ❝✉r✈❡ t❤❡♥ t❤✐s ✐s t❤❡ ♦♥❧② ♦♥❡✳ ❲❡ ❡①❝❧✉❞❡ ❛❧s♦ t❤❡ ❝❛s❡ ♦❢ Fix(σ8) = ∅
✭❤❡r❡ ❛❣❛✐♥ ✐s rkS(σ8) = 10 ❛♥❞ t❤✐s ✐s ♥♦t ♣♦ss✐❜❧❡✮✳ ❚❤❡ ❢❛❝t t❤❛t Fix(σj) 6= ∅✱ j = 1, 2, 4
❢♦❧❧♦✇s ✐♠♠❡❞✐❛t❡❧② ❢r♦♠ t❤❡ ❤♦❧♦♠♦r♣❤✐❝ ▲❡❢s❝❤❡t③ ❢♦r♠✉❧❛✱ ✐♥❞❡❡❞ t❤❡ ▲❡❢s❝❤❡t③ ♥✉♠❜❡r
✐s ♥♦t ③❡r♦ ✭s❡❡ Pr♦♣♦s✐t✐♦♥ ✸✳✶✳✽✱ Pr♦♣♦s✐t✐♦♥ ✸✳✶✳✶✶ ❛♥❞ ❬✷✱ Pr♦♣♦s✐t✐♦♥ ✶❪✮✳

❲❡ r❡❝❛❧❧ ♥♦✇ ▲❡♠♠❛ ✶✳✷✳✶✺ ❛♥❞ t❤❡ ❢♦❧❧♦✇✐♥❣ ✉s❡❢✉❧ r❡♠❛r❦ ✇❤✐❝❤ ✐s ❛ ❞✐r❡❝t ❛♣♣❧✐✲
❝❛t✐♦♥ ♦❢ t❤❡ ❘❡♠❛r❦ ✶✳✷✳✶✻ ✇❤❡♥ t❤❡ ♦r❞❡r ♦❢ ❛ ♥♦♥✲s②♠♣❧❡❝t✐❝ ❛✉t♦♠♦r♣❤✐s♠ ✐s n = 16
✭s❡❡ ❛❧s♦ ❡✳❣✳ ❬✷✱ ▲❡♠♠❛ ✹❪✮✿

▲❡♠♠❛ ✸✳✶✳✻✳ ▲❡t T =
∑

hRh ❜❡ ❛ tr❡❡ ♦❢ s♠♦♦t❤ r❛t✐♦♥❛❧ ❝✉r✈❡s ♦♥ ❛ K3 s✉r❢❛❝❡ X
s✉❝❤ t❤❛t ❡❛❝❤ Rh ✐s ✐♥✈❛r✐❛♥t ✉♥❞❡r t❤❡ ❛❝t✐♦♥ ♦❢ ❛ ♥♦♥✲s②♠♣❧❡❝t✐❝ ❛✉t♦♠♦r♣❤✐s♠ η ♦❢
♦r❞❡r j✳ ❚❤❡♥✱ t❤❡ ♣♦✐♥ts ♦❢ ✐♥t❡rs❡❝t✐♦♥ ♦❢ t❤❡ r❛t✐♦♥❛❧ ❝✉r✈❡s Rh ❛r❡ ✜①❡❞ ❜② η ❛♥❞ t❤❡
❛❝t✐♦♥ ❛t ♦♥❡ ✜①❡❞ ♣♦✐♥t ❞❡t❡r♠✐♥❡s t❤❡ ❛❝t✐♦♥ ♦♥ t❤❡ ✇❤♦❧❡ tr❡❡✳

❘❡♠❛r❦ ✸✳✶✳✼✳ ■♥ t❤❡ ❝❛s❡ ♦❢ ❛♥ ❛✉t♦♠♦r♣❤✐s♠ ♦❢ ♦r❞❡r 16✱ ✇✐t❤ t❤❡ ❛ss✉♠♣t✐♦♥ ♦❢ ▲❡♠♠❛
✶✳✷✳✶✺✱ t❤❡ ❧♦❝❛❧ ❛❝t✐♦♥s ❛t t❤❡ ✐♥t❡rs❡❝t✐♦♥ ♣♦✐♥ts ♦❢ t❤❡ ❝✉r✈❡s Ri ❛♣♣❡❛r ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣
♦r❞❡r ✭✇❡ ❣✐✈❡ ♦♥❧② t❤❡ ❡①♣♦♥❡♥ts ♦❢ ζ ✐♥ t❤❡ ♠❛tr✐① ♦❢ t❤❡ ❧♦❝❛❧ ❛❝t✐♦♥✮✿

. . . , (0, 1), (15, 2), (14, 3), (13, 4), (12, 5), (11, 6), (10, 7), (9, 8),

(8, 9), (7, 10), (6, 11), (5, 12), (4, 13), (3, 14), (2, 15), (1, 0), . . .

❚❤✐s r❡♠❛r❦ ✇✐❧❧ ❜❡ ♣❛rt✐❝✉❧❛r❧② ✉s❡❢✉❧ ✇❤❡♥ ✇❡ st✉❞② ❡❧❧✐♣t✐❝ ✜❜r❛t✐♦♥s ♦♥ X✳

Pr♦♣♦s✐t✐♦♥ ✸✳✶✳✽✳ ▲❡t σ ❜❡ ❛ ♥♦♥✲s②♠♣❧❡❝t✐❝ ❛✉t♦♠♦r♣❤✐s♠ ♦❢ ♦r❞❡r 16 ❛❝t✐♥❣ ♦♥ ❛ K3
s✉r❢❛❝❡ X✳ ❚❤❡♥ t❤❡ ✜①❡❞ ❧♦❝✉s ✐s ♥♦♥✲❡♠♣t② ❛♥❞

Fix(σ) = C ∪ E1 ∪ · · · ∪ Ek ∪ {p1, · · · , pN}

♦r
Fix(σ) = E1 ∪ · · · ∪ Ek ∪ {p1, · · · , pN},

✇❤❡r❡ C ✐s ❛ ❝✉r✈❡ ♦❢ ❣❡♥✉s g = 1✱ t❤❡ Ei✬s ❛r❡ r❛t✐♦♥❛❧ ✜①❡❞ ❝✉r✈❡s✱ k = kσ ❛♥❞ t❤❡ pi✬s
❛r❡ ✐s♦❧❛t❡❞ ✜①❡❞ ♣♦✐♥ts✱ N = Nσ✳ ▼♦r❡♦✈❡r N ✐s ❡✈❡♥✱ 4 ≤ N ≤ 16 ❛♥❞ t❤❡ ❢♦❧❧♦✇✐♥❣
r❡❧❛t✐♦♥s ❤♦❧❞ ✿

N = n3,14 + n4,13 + n5,12 + n6,11 + 2n7,10 + 2k + 1. ✭■✮

N = 2n3,14 + 2n5,12 + 2n7,10 + 2k. ✭■■✮

N = 2 + rσ − lσ − 2k. ✭■■■✮
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Pr♦♦❢✳ ❇② Pr♦♣♦s✐t✐♦♥ ✸✳✶✳✹ ✇❡ ❦♥♦✇ t❤❛t t❤❡ ✜①❡❞ ❧♦❝✉s ♠❛② ❝♦♥t❛✐♥ ❛t ♠♦st ♦♥❡ ❝✉r✈❡
♦❢ ❣❡♥✉s ♦♥❡✳ ❲❡ ✉s❡ ✜rst t❤❡ t♦♣♦❧♦❣✐❝❛❧ ▲❡❢s❝❤❡t③ ✜①❡❞ ♣♦✐♥t ❢♦r♠✉❧❛ ❢♦r σ✳ ❲❡ ✇r✐t❡
r = rσ ❛♥❞ l = lσ✳ ❲❡ ❤❛✈❡

N +
∑

K⊂Fix(σ)(2− 2g(K)) = χ(Fix(σ)) =
∑4

h=0(−1)h tr(σ∗|Hh(X,R))
= 2 + tr(σ∗|H2(X,R)).

❚❤✐s ❣✐✈❡s N + 2k = χ(Fix(σ)) = r − l + 2 s♦ t❤❛t r − l = N + 2k − 2 ✭t❤✐s ❣✐✈❡s ✭■■■✮✮✳
❙✐♥❝❡ rkS(σ) = 14 ♦r 6 ✐♥ ❛♥② ❝❛s❡ ✇❡ ❤❛✈❡ N ≤ 16✳ ❲❡ ✉s❡ ♥♦✇ ❤♦❧♦♠♦r♣❤✐❝ ▲❡❢s❝❤❡t③
❢♦r♠✉❧❛ ✭s❡❡ ❬✷✹✱ ❚❤❡♦r❡♠ ✹✳✻❪✮✳ ❚❤❡ ▲❡❢s❝❤❡t③ ♥✉♠❜❡r ✐s

L(σ) =

2
∑

h=0

(−1)h tr(σ∗|Hh(X,OX)) = 1 + ζ−1
16 ,

♦♥ t❤❡ ♦t❤❡r ❤❛♥❞

L(σ) =
∑

t,s

nt,s

det(I − σ∗|Tx)
+

1 + ζ16
(1− ζ16)2

∑

K⊂Fix(σ)

(1− g(K))

✇❤❡r❡ Tx ❞❡♥♦t❡s t❤❡ t❛♥❣❡♥t s♣❛❝❡ ❛t ❛♥ ✐s♦❧❛t❡❞ ✜①❡❞ ♣♦✐♥t x✳ ❯s✐♥❣ t❤❡ ❡①♣r❡ss✐♦♥ ❢♦r
t❤❡ ❧♦❝❛❧ ❛❝t✐♦♥ ♦❢ σ ❛t x ❛♥❞ ❝♦♠♣❛r✐♥❣ t❤❡ t✇♦ ❡①♣r❡ss✐♦♥s ❢♦r L(σ) ✇❡ ❣❡t t❤❡ ❡q✉❛t✐♦♥s✿

n2,15 − n7,10 + n8,9 = 1 + 2k. ✭✸✳✶✳✶✮

n2,15 − n3,14 + n4,13 − n5,12 + n6,11 − n7,10 + n8,9 = 2k. ✭✸✳✶✳✷✮

n4,13 + n5,12 − 2n6,11 + 2n7,10 − n8,9 = 2k. ✭✸✳✶✳✸✮

2n3,14 − 2n4,13 + 2n6,11 − n8,9 = 2k. ✭✸✳✶✳✹✮

❈♦♠❜✐♥✐♥❣ ✭✸✳✶✳✶✮ ❛♥❞ ✭✸✳✶✳✷✮ ✇❡ ❣❡t

n3,14 − n4,13 + n5,12 − n6,11 = 1. ✭✸✳✶✳✺✮

❋r♦♠ ✭✸✳✶✳✶✮ ❛♥❞ ✭✸✳✶✳✷✮ ❛♥❞ t❤❡ ❢❛❝t t❤❛t N =
∑

nt,s ✇❡ ♦❜t❛✐♥ t❤❡ r❡❧❛t✐♦♥s ✭■✮ ❛♥❞
✭■■✮ ✐♥ t❤❡ st❛t❡♠❡♥t r❡s♣❡❝t✐✈❡❧②✳ ❇② ✭■✮ ✇❡ ❣❡t t❤❛t N ≥ 1 ❛♥❞ ❜② ✭■■✮ ✇❡ ✜♥❞ t❤❛t N ✐s
❛♥ ❡✈❡♥ ♥✉♠❜❡r✱ t❤✉s N ≥ 2✳ ■❢ N = 2 t❤❡♥ ❜② ✭■✮ ✇❡ ♦❜t❛✐♥ k = n7,10 = 0 ❛♥❞ ❡✐t❤❡r n3,14

♦r n5,12 ✐s ❡q✉❛❧ t♦ ✶ ❜② r❡❧❛t✐♦♥s ✭■✮ ❛♥❞ ✭■■✮ ✱ t❤✉s n4,13 = n6,11 = 0 ❜② ✭■✮ ❛♥❞ ❡✐t❤❡r n2,15

♦r n8,9 ✐s ❡q✉❛❧ t♦ ♦♥❡ ❜② ✭✸✳✶✳✶✮✳ ❇② ✭✸✳✶✳✹✮ ✇❡ ♦❜t❛✐♥ n8,9 = 2n3,14 s♦ n8,9 = n3,14 = 0✳
❇② ✉s✐♥❣ ✭✸✳✶✳✸✮ ✇❡ ♦❜t❛✐♥ n5,12 = 0 ✇❤✐❝❤ ✐s ✐♠♣♦ss✐❜❧❡✳ ❙♦ N ≥ 4✳

❘❡♠❛r❦ ✸✳✶✳✾✳ ✶ ❆s ❛ ❞✐r❡❝t ❝♦♥s❡q✉❡♥❝❡ ♦❢ ❢♦r♠✉❧❛s ✐♥ Pr♦♣♦s✐t✐♦♥ ✸✳✶✳✽ ✇❡ ✜♥❞ ✿

✕ ■❢ N = 4 ✇❡ ❤❛✈❡ ♦♥❧② t❤❡ ♣♦ss✐❜✐❧✐t② ✇✐t❤ (n3,14, n7,10, n8,9, k) = (1, 1, 2, 0) ✭t❤❡
♦t❤❡r nt,s ❛r❡ ③❡r♦✮ s♦ t❤❛t r − l = 2✳

✕ ❚❤❡ ❝❛s❡ (N, k) = (8, 0) ✐s ♥♦t ♣♦ss✐❜❧❡✳

✕ ■❢ (N, k) = (6, 0) t❤❡♥ (n5,12, n6,11, n7,10, n8,9) = (2, 1, 1, 2)✱ t❤❡ ♦t❤❡r nt,s ❛r❡
③❡r♦ ❛♥❞ r − l = 4✳

✕ ■❢ (N, k) = (6, 1) t❤❡♥ (n2,15, n3,14, n7,10) = (4, 1, 1)✱ t❤❡ ♦t❤❡r nt,s ❛r❡ ③❡r♦ ❛♥❞
r − l = 6✳
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✷ ❚❤❡ ✜①❡❞ ♣♦✐♥ts ❢♦r σ ✇✐t❤ ❧♦❝❛❧ ❛❝t✐♦♥ (2, 15)✱ (7, 10)✱ (3, 14)✱ (6, 11)✱ ❛r❡ ✐s♦❧❛t❡❞
✜①❡❞ ♣♦✐♥ts ❢♦r σ4✱ ✇❤❡♥❝❡ t❤❡ ♣♦✐♥ts ♦❢ t②♣❡ P 8,9✱ P 4,13 ❛♥❞ P 5,12 ❛r❡ ❝♦♥t❛✐♥❡❞ ✐♥
❛ ✜①❡❞ ❝✉r✈❡ ❢♦r σ4✳ ❚❤❡ ♣♦✐♥ts ♦❢ t②♣❡ P 8,9 ❛r❡ ❝♦♥t❛✐♥❡❞ ✐♥ ❛ ✜①❡❞ ❝✉r✈❡ ❢♦r σ2✳

Pr♦♣♦s✐t✐♦♥ ✸✳✶✳✶✵✳ ▲❡t σ ❜❡ ❛ ♣✉r❡❧② ♥♦♥✲s②♠♣❧❡❝t✐❝ ❛✉t♦♠♦r♣❤✐s♠ ♦❢ ♦r❞❡r 16 ❛❝t✐♥❣
♦♥ ❛ K3 s✉r❢❛❝❡ X✳ ❚❤❡ ✜①❡❞ ❧♦❝✉s Fix(σ4) ❝♦♥t❛✐♥s ❛t ❧❡❛st ♦♥❡ ✜①❡❞ ❝✉r✈❡ C ♦❢ ❣❡♥✉s 0
♦r 1 ✭❛♥❞ ♥♦ ❝✉r✈❡s ♦❢ ❤✐❣❤❡r ❣❡♥✉s✮✳

Pr♦♦❢✳ ■❢ Fix(σ4) ❝♦♥t❛✐♥s ♦♥❧② ✐s♦❧❛t❡❞ ✜①❡❞ ♣♦✐♥ts t❤❡♥ ❜② ❘❡♠❛r❦ ✸✳✶✳✾ ✇❡ ❤❛✈❡ n4,13 =
n5,12 = n8,9 = k = 0✳ ❇② ❡q✉❛t✐♦♥ ✭✸✳✶✳✹✮ ✇❡ ♦❜t❛✐♥ n3,14+n6,11 = 0 s♦ t❤❡② ❛r❡ ❜♦t❤ ❡q✉❛❧
t♦ ✵✳ ❲❡ ❣❡t ❛ ❝♦♥tr❛❞✐❝t✐♦♥ t♦ ❡q✉❛t✐♦♥ ✭✸✳✶✳✺✮✳ ❋✐♥❛❧❧② ✐❢ t❤❡ ♦r❞❡r ❢♦✉r ❛✉t♦♠♦r♣❤✐s♠
σ4 ✜①❡s ❛ ❝✉r✈❡ C ♦❢ ❣❡♥✉s g(C) > 1 ❛♥❞ s✐♥❝❡ ❜② ❘❡♠❛r❦ ✸✳✶✳✶ ✇❡ ❤❛✈❡ lσ4 ,mσ4 ∈ 4Z✱ ✇❡
❣❡t (mσ4 , rσ4 , lσ4) = (4, 6, 8) ❜② ❬✷✱ ❚❤❡♦r❡♠ ✹✳✶❪✳ ■♥ t❤✐s ❝❛s❡ aσ4 = 2 ✇❤✐❝❤ ❝♦♥tr❛❞✐❝ts
▲❡♠♠❛ ✸✳✶✳✸✳

■♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦♣♦s✐t✐♦♥ ❛♥❞ r❡♠❛r❦ ✇❡ r❡❝❛❧❧ t❤❡ r❡❧❛t✐♦♥s ❢♦r t❤❡ ♥✉♠❜❡r ♦❢ ✜①❡❞
♣♦✐♥ts ❛♥❞ ❝✉r✈❡s ❜② ❛ ♥♦♥✲s②♠♣❧❡❝t✐❝ ❛✉t♦♠♦r♣❤✐s♠ ♦❢ ♦r❞❡r ❡✐❣❤t σ2✱ ❛♥❞ t❤❡ ❧♦❝❛❧
❛❝t✐♦♥ ♦❢ σ2 ❛t t❤❡ ✐♥t❡rs❡❝t✐♦♥ ♣♦✐♥ts ♦❢ tr❡❡ ♦❢ s♠♦♦t❤ r❛t✐♦♥❛❧ ❝✉r✈❡s t❤❛t ❛♣♣❡❛r✐♥❣ ✐♥
Pr♦♣♦s✐t✐♦♥ ✷✳✶✳✽ r❡s♣❡❝t✐✈❡❧② ❘❡♠❛r❦ ✷✳✶✳✶✶✳ ❲❡ ❣✐✈❡ ❛❧s♦ s♦♠❡ ♦t❤❡r r❡s✉❧ts✳

Pr♦♣♦s✐t✐♦♥ ✸✳✶✳✶✶✳ ▲❡t σ ❜❡ ❛ ♥♦♥✲s②♠♣❧❡❝t✐❝ ❛✉t♦♠♦r♣❤✐s♠ ♦❢ ♦r❞❡r ✶✻ ♦♥ ❛ K3 s✉r❢❛❝❡
X ❛♥❞ C ⊂ Fix(σ2)✳ ❚❤❡♥ g(C) ≤ 1 ❛♥❞ t❤❡ ❢♦❧❧♦✇✐♥❣ r❡❧❛t✐♦♥s ❢♦r t❤❡ ♥✉♠❜❡r ♦❢ ✜①❡❞
♣♦✐♥ts ❛♥❞ ❝✉r✈❡s ❜② σ2 ❤♦❧❞✿

n2,7 + n3,6 = 2 + 4kσ2 ,
n4,5 + n2,7 − n3,6 = 2 + 2kσ2 ,
Nσ2 = 2 + rσ2 − lσ2 − 2kσ2 ,

✇❤❡r❡ nt,s ❞❡♥♦t❡ t❤❡ ♥✉♠❜❡r ♦❢ ✜①❡❞ ♣♦✐♥ts ♦❢ t②♣❡ (t, s) ❢♦r t❤❡ ❛❝t✐♦♥ ♦❢ σ2✳

Pr♦♦❢✳ ❖❜s❡r✈❡ t❤❛t ❜② Pr♦♣♦s✐t✐♦♥ ✸✳✶✳✶✵ ✇❡ ❤❛✈❡ g(C) ≤ 1 ♠♦r❡♦✈❡r ❛♥ ✐s♦❧❛t❡❞ ✜①❡❞

♣♦✐♥t ❢♦r σ2 ✐s ❣✐✈❡♥ ❜② t❤❡ ❧♦❝❛❧ ❛❝t✐♦♥

(

ξt 0
0 ξs

)

✱ t+s = 1 mod (8)✱ 0 ≤ t < k < 8✳ ❲❡

♦❜t❛✐♥ t❤❡ r❡❧❛t✐♦♥s ✐♥ t❤❡ st❛t❡♠❡♥t ❜② ❛♣♣❧②✐♥❣ ❤♦❧♦♠♦r♣❤✐❝ ❛♥❞ t♦♣♦❧♦❣✐❝❛❧ ▲❡❢s❝❤❡t③✬s
❢♦r♠✉❧❛s ✭s❡❡ Pr♦♣♦s✐t✐♦♥ ✷✳✶✳✽✮✳

❘❡♠❛r❦ ✸✳✶✳✶✷✳ • ❇② ▲❡♠♠❛ ✶✳✷✳✶✺✱ ❛♥❞ ✇✐t❤ t❤❡ s❛♠❡ ♥♦t❛t✐♦♥ t❤❡r❡✱ t❤❡ ❧♦❝❛❧
❛❝t✐♦♥ ♦❢ σ2 ❛t t❤❡ ✐♥t❡rs❡❝t✐♦♥ ♣♦✐♥ts ♦❢ t❤❡ ❝✉r✈❡s Rh ❛♣♣❡❛r ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ♦r❞❡r✿

. . . , (0, 1), (7, 2), (6, 3), (5, 4), (4, 5), (3, 6), (2, 7), (1, 0), . . .

• ❚❤❡ σ✲✜①❡❞ ♣♦✐♥ts ♦❢ t②♣❡ P 5,12 ❛♥❞ P 4,13 ❣✐✈❡ σ2✲✜①❡❞ ♣♦✐♥ts ♦❢ t②♣❡ P 4,5✱ t❤❡ σ✲✜①❡❞
♣♦✐♥ts ♦❢ t②♣❡ P2, 15 ❛♥❞ P 7,10 ❣✐✈❡ σ2✲✜①❡❞ ♣♦✐♥ts ♦❢ t②♣❡ P 2,7 ✭✉♣ t♦ t❤❡ ♦r❞❡r✮✳
❚❤❡ σ✲✜①❡❞ ♣♦✐♥ts ♦❢ t②♣❡ P 3,14 ❛♥❞ P 6,11 ❣✐✈❡ σ2✲✜①❡❞ ♣♦✐♥ts ♦❢ t②♣❡ P 3,6 ✭✉♣ t♦ t❤❡
♦r❞❡r✮✳
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✸✳✷ ❚❤❡ ❝❛s❡ ♦❢ ❛♥ ✐♥✈❛r✐❛♥t ❡❧❧✐♣t✐❝ ❝✉r✈❡✳

❍❡r❡ ✇❡ s✉♣♣♦s❡ t❤❛t t❤❡ ✐♥✈♦❧✉t✐♦♥ σ8 ✜①❡s ❛♥ ❡❧❧✐♣t✐❝ ❝✉r✈❡ C✳ ❚❤✉s✱ ❛s ✇❡ ❤❛✈❡ s❡❡♥
✐♥ ❙❡❝t✐♦♥ ✷✳✸✱ t❤❡ K3 s✉r❢❛❝❡ X ❝❛rr✐❡s ❛♥ ❡❧❧✐♣t✐❝ ✜❜r❛t✐♦♥ πC : X −→ P1 ❤❛✈✐♥❣ C ❛s ❛
s♠♦♦t❤ ✜❜❡r✳ ❚❤❡ ✜❜r❛t✐♦♥ πC ✐s ✐♥✈❛r✐❛♥t ❜② σi ; i = 1, 2, 4, 8 ✭s✐♥❝❡ σi ♣r❡s❡r✈❡s C ✇❤✐❝❤
✐s ❛ ✜❜❡r ♦❢ πC ✮ ❛♥❞ ❛❧❧ ❝✉r✈❡s ✜①❡❞ ❜② σi ❛r❡ ❝♦♥t❛✐♥❡❞ ✐♥ t❤❡ ✜❜❡rs ♦❢ πC ✱ t❤❛t ❜❡❝❛✉s❡
t❤❡② ❛r❡ ❞✐s❥♦✐♥t ✇✐t❤ C ❛♥❞ t❤❡ ❛❝t✐♦♥ ♦♥ t❤❡ ❜❛s❡ ♦❢ σ ✐s ♥♦♥✲tr✐✈✐❛❧✳ ■♥ ❢❛❝t ✐❢ t❤❡ ❛❝t✐♦♥
✇♦✉❧❞ ❜❡ tr✐✈✐❛❧ t❤❡♥ ❛ s♠♦♦t❤ ✜❜❡r ✇♦✉❧❞ ❤❛✈❡ ❛♥ ❛✉t♦♠♦r♣❤✐s♠ ♦❢ ♦r❞❡r ✽✳ ❆♥ ❡❧❧✐♣t✐❝
❝✉r✈❡ ❝❛♥ ❛❞♠✐t ♦♥❧② ❛✉t♦♠♦r♣❤✐s♠s ♦❢ ♦r❞❡r ✷✱✹✱✻ ✭❞✐✛❡r❡♥t ❢r♦♠ ❛ tr❛♥s❧❛t✐♦♥✮✱ s♦ t❤❛t
t❤✐s ❛✉t♦♠♦r♣❤✐s♠ s❤♦✉❧❞ ❜❡ ✐♥❞✉❝❡❞ ❜② ❛ tr❛♥s❧❛t✐♦♥ ❜② ❛ ♣♦✐♥t ♦❢ ♦r❞❡r ✽ ♦♥ t❤❡ ❣❡♥❡r✐❝
✜❜❡r✳ ❇✉t t❤❡♥ σ ✇♦✉❧❞ ❜❡ ❛ s②♠♣❧❡❝t✐❝ ❛✉t♦♠♦r♣❤✐s♠✱ ✇❤✐❝❤ ❝♦♥tr❛❞✐❝ts ♦✉r ❛ss✉♠♣t✐♦♥
♦♥ σ✳

▲❡♠♠❛ ✸✳✷✳✶✳ ■❢ X ❝❛rr✐❡s ❛ σ−✐♥✈❛r✐❛♥t ❡❧❧✐♣t✐❝ ✜❜r❛t✐♦♥✱ s✉❝❤ t❤❛t σ8 ✜①❡s ❛♥ ✐r✲
r❡❞✉❝✐❜❧❡ s♠♦♦t❤ ✜❜❡r C ♦❢ t❤✐s ✜❜r❛t✐♦♥✱ t❤❡♥ σ ❛❝ts ✇✐t❤ ♦r❞❡r ✶✻ ♦♥ t❤❡ ❜❛s✐s ♦❢ t❤❡
✜❜r❛t✐♦♥ ❛♥❞ ✜①❡s t✇♦ ♣♦✐♥ts ♦♥ ✐t✳

Pr♦♦❢✳ ❚❤❡ ♣r♦♦❢ ✐s ❣✐✈❡♥ ❛s t❤❡ s❛♠❡ ✇❛② ❛s ✐♥ ▲❡♠♠❛ ✷✳✸✳✶ ♦❢ ❙❡❝t✐♦♥ ✷✳✸✳

❲❡ r❡❝❛❧❧ ✜rst s♦♠❡ ♥♦t❛t✐♦♥s✳ ❲❡ ❞❡♥♦t❡ ❜② kσj t❤❡ ♥✉♠❜❡r ♦❢ ✜①❡❞ r❛t✐♦♥❛❧ ❝✉r✈❡s✱
❜② Nσj ❢♦r j = 1, 2, 4, 8 t❤❡ ♥✉♠❜❡r ♦❢ ✜①❡❞ ♣♦✐♥ts ✐♥ Fix(σj)✱ ❛♥❞ ❜② 2aσ4 t❤❡ ♥✉♠❜❡r ♦❢
❡①❝❤❛♥❣❡❞ s♠♦♦t❤ r❛t✐♦♥❛❧ ❝✉r✈❡s ❜② σ4 ❛♥❞ ✜①❡❞ ❜② σ8✳

❚❤❡♦r❡♠ ✸✳✷✳✷✳ ▲❡t σ ❜❡ ❛ ♣✉r❡❧② ♥♦♥✲s②♠♣❧❡❝t✐❝ ❛✉t♦♠♦r♣❤✐s♠ ♦❢ ♦r❞❡r ✶✻ ♦♥ ❛ K3
s✉r❢❛❝❡ X ✇✐t❤ P✐❝(X) = S(σ8) ❛♥❞ C ❜❡ ❛♥ ❡❧❧✐♣t✐❝ ❝✉r✈❡ ✐♥ ❋✐①(σ8)✳ ❚❤❡♥ σ ❛❝ts ❛s ❛♥
❛✉t♦♠♦r♣❤✐s♠ ♦❢ ♦r❞❡r ❢♦✉r ♦♥ C ❛♥❞ ✇❡ ❤❛✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❝❛s❡s

m2 m1 m l r N k t②♣❡ ♦❢ C
′

✶ ✶ ✵ ✶ ✾ ✽ ✶ IV∗

✶ ✶ ✵ ✸ ✼ ✻ ✵ IV∗

❚❛❜❧❡ ✸✳✶✿ ❚❤❡ ❝❛s❡ g(C)❂✶

Pr♦♦❢✳ ❙✐♥❝❡ σ ♣r❡s❡r✈❡s C✱ t❤❡♥ t❤❡r❡ ✐s ❛ σ−✐♥✈❛r✐❛♥t ❡❧❧✐♣t✐❝ ✜❜r❛t✐♦♥ πC : X −→ P1

✇✐t❤ ❛ ❣❡♥❡r✐❝ ✜❜❡r C✳ ❖❜s❡r✈❡ t❤❛t ❜② ▲❡♠♠❛ ✸✳✷✳✶ t❤❡ ❛✉t♦♠♦r♣❤✐s♠ σ ❤❛s ♦r❞❡r s✐①t❡❡♥
♦♥ t❤❡ ❜❛s✐s ♦❢ πC ❛♥❞ ✐t ❤❛s t✇♦ ✜①❡❞ ♣♦✐♥ts ♦♥ P1✱ ❝♦rr❡s♣♦♥❞✐♥❣ t♦ t❤❡ ✜❜❡r C ❛♥❞ ❛
✜❜❡r C

′

♦❢ πC . ❚❤✐s ✐♠♣❧✐❡s t❤❛t ❛❧❧ r❛t✐♦♥❛❧ ❝✉r✈❡s ✜①❡❞ ❜② σ ❛r❡ ❝♦♥t❛✐♥❡❞ ✐♥ C
′

✳
❆t ✜rst ♦❜s❡r✈❡ t❤❛t t❤❡ ❡❧❧✐♣t✐❝ ❝✉r✈❡ C * ❋✐①(σ)✳ ■♥ ❢❛❝t ✐❢ C ⊂ ❋✐①(σ) t❤❡♥ t❤❡

✜❜r❛t✐♦♥ πC ❛❞♠✐ts ❛❧s♦ ❛♥ ❛✉t♦♠♦r♣❤✐s♠ ♦❢ ♦r❞❡r ❢♦✉r σ4✱ s✐♥❝❡ ❜② ❘❡♠❛r❦ ✸✳✶✳✶ ✇❡ ❤❛✈❡
lσ4 ,mσ4 ∈ 4Z✱ ❜② ❬✷✱ ❚❤❡♦r❡♠ ✸✳✶❪ ✇❡ ❣❡t (mσ4 , rσ4 , lσ4) = (4, 10, 4) ❛♥❞ t❤❡ ✜①❡❞ ❧♦❝✉s
♦❢ σ4 ❝♦♥t❛✐♥s ✶ r❛t✐♦♥❛❧ ✜①❡❞ ❝✉r✈❡ ❛♥❞ ✻ ✐s♦❧❛t❡❞ ✜①❡❞ ♣♦✐♥ts ✭❤❡r❡ aσ4 = 0✮✱ ✇❡ ❣❡t
♠♦r❡♦✈❡r t❤❛t t❤❡ ✜❜❡r C

′

✐s ♦❢ t②♣❡ IV ∗ ✐♥ t❤✐s ❝❛s❡✳
❚❤❡ ❝♦♠♣♦♥❡♥t ♦❢ ♠✉❧t✐♣❧✐❝✐t② 3 ✐♥ t❤❡ ✜❜❡r IV ∗ ✐s ❝❧❡❛r❧② σ✲✐♥✈❛r✐❛♥t✳ ■❢ ✐t ✐s ✜①❡❞ ❜②
σ t❤❡♥ ❡❛❝❤ ♦t❤❡r ❝♦♠♣♦♥❡♥t ✐s ♣r❡s❡r✈❡❞✱ s♦ t❤❛t k = 1 ❛♥❞ N = 6✳ ▼♦r❡ ♣r❡❝✐s❡❧② ❜②
❘❡♠❛r❦ ✸✳✶✳✼ ✇❡ ❤❛✈❡ n2,15 = n3,14 = 3 ✇❤✐❝❤ ❝♦♥tr❛❞✐❝ts ❘❡♠❛r❦ ✸✳✶✳✾✳ ■❢ t❤❡ ❝♦♠♣♦♥❡♥t
♦❢ ♠✉❧t✐♣❧✐❝✐t② 3 ✐s σ✲✐♥✈❛r✐❛♥t t❤❡♥ ✐t ❝♦♥t❛✐♥s 2 ✐s♦❧❛t❡❞ ✜①❡❞ ♣♦✐♥ts✳ ❚✇♦ ❜r❛♥❝❤❡s ♦❢
t❤❡ ✜❜❡r ❛r❡ ❡①❝❤❛♥❣❡❞ ❛♥❞ ✇❡ ❤❛✈❡ N = 4✳ ❇② ❘❡♠❛r❦ ✸✳✶✳✾ ✇❡ ❤❛✈❡ n8,9 = 2✱ n7,10 = 1✱
n3,14 = 1 ❜✉t t❤✐s ✐s ♥♦t ♣♦ss✐❜❧❡ ❜② ✉s✐♥❣ t❤❡ ❘❡♠❛r❦ ✸✳✶✳✼✳
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❆ss✉♠❡ ♥♦✇ t❤❛t t❤❡ ❝✉r✈❡ C ⊂ ❋✐①(σ4)✳ ❆s ✇❡ ❤❛✈❡ s❡❡♥ ♣r❡✈✐♦✉s❧② t❤❛t σ ✜①❡s t✇♦
♣♦✐♥ts ♦♥ t❤❡ ❜❛s✐s ♦❢ πC ❝♦rr❡s♣♦♥❞✐♥❣ t♦ t❤❡ ❡❧❧✐♣t✐❝ ❝✉r✈❡ C ❛♥❞ ❛ s✐♥❣✉❧❛r ✜❜❡r C ′ ♦❢
t②♣❡ IV ∗✱ ❛♥❞ ✇❡ ❛r❡ ✐♥ t❤❡ ❝❛s❡ (mσ4 , rσ4 , lσ4) = (4, 10, 4) ✇✐t❤ (kσ4 , Nσ4 , aσ4) = (1, 6, 0)
❜② ❬✷✱ ❚❤❡♦r❡♠ ✸✳✶❪✳ ❈❧❡❛r❧② σ ❧❡❛✈❡s ✐♥✈❛r✐❛♥t t❤❡ ✜❜❡r C ❛♥❞ t❤❡ s✐♥❣✉❧❛r ✜❜❡r C ′ ♦❢
t②♣❡ IV ∗✳ ❚❤❡ ❧❛tt❡r ❝♦rr❡s♣♦♥❞s t♦ t❤❡ ♦t❤❡r ✜①❡❞ ♣♦✐♥t ❢♦r t❤❡ ❛❝t✐♦♥ ♦❢ σ ♦♥ t❤❡ ❜❛s❡
P1✳ ❇② t❤❡ ♣r❡✈✐♦✉s r❡♠❛r❦ t❤❡ ❝✉r✈❡ C ❝❛♥ ♥♦t ❜❡ ✜①❡❞ ❜② σ✱ ❤❡♥❝❡ σ ❤❛s ♦r❞❡r 2 ♦r
4✱ ✇✐t❤ ✜①❡❞ ♣♦✐♥ts✱ ♦♥ ✐t ♦r ✐t ✐s ❛ tr❛♥s❧❛t✐♦♥✳ ❇② ❜❛s✐❝ r❡s✉❧ts ♦♥ ❛✉t♦♠♦r♣❤✐s♠s ♦♥
❡❧❧✐♣t✐❝ ❝✉r✈❡s✱ ✐♥ t❤❡ ✜rst t✇♦ ❝❛s❡s σ ✜①❡s ❢♦✉r✱ r❡s♣❡❝t✐✈❡❧② t✇♦ ♣♦✐♥ts ♦♥ C✳ ❚❤❡r❡ ❛r❡
t✇♦ ♣♦ss✐❜❧❡ ❛❝t✐♦♥s ♦♥ C ′✳

❋✐rst ❝❛s❡✿ ❚❤❡ s✐♥❣✉❧❛r ✜❜❡r ♦❢ t②♣❡ IV ∗ ❝♦♥t❛✐♥s ❛ ✜①❡❞ r❛t✐♦♥❛❧ ❝✉r✈❡✱ ✇❤✐❝❤ ✐s
♥❡❝❡ss❛r✐❧② t❤❡ ❝♦♠♣♦♥❡♥t ♦❢ ♠✉❧t✐♣❧✐❝✐t② ✸✳ ❚❤❡♥ ❜② ✉s✐♥❣ t❤❡ ▲❡♠♠❛ ✸✳✶✳✻ ❛♥❞ t❤❡
❢♦r♠✉❧❛s ✐♥ Pr♦♣♦s✐t✐♦♥ ✸✳✶✳✽ ✇❡ ✜♥❞ k = 1✱ N = 8 ✇✐t❤ n2,15 = n3,14 = 3 ❛♥❞ n4,13 = 2
t❤❡ ♦t❤❡r nt,s ❛r❡ ③❡r♦✳ ■♥ ♣❛rt✐❝✉❧❛r σ ♠✉st ❤❛✈❡ t✇♦ ✜①❡❞ ♣♦✐♥ts ♦♥ C t❤✐s ♠❡❛♥s t❤❛t ✐t
❛❝ts ❛s ❛♥ ❛✉t♦♠♦r♣❤✐s♠ ♦❢ ♦r❞❡r ❢♦✉r✳

❙❡❝♦♥❞ ❝❛s❡✿ ❚❤❡ s✐♥❣✉❧❛r ✜❜❡r ♦❢ t②♣❡ IV ∗ ❤❛s ❛ r❡✢❡❝t✐♦♥ ♦❢ ♦r❞❡r ✷✳ ❚❤❡♥ t❤❡
❝✉r✈❡ ♦❢ ♠✉❧t✐♣❧✐❝✐t② ✸ ✐s ♣r❡s❡r✈❡❞ ❛♥❞ ❝♦♥t❛✐♥s t✇♦ ✐s♦❧❛t❡❞ ✜①❡❞ ♣♦✐♥ts ✇✐t❤ ❛❝t✐♦♥
(8, 9)✳ ■♥ ❢❛❝t t❤✐s ❝✉r✈❡ ♠✉st ❜❡ ✜①❡❞ ❜② σ2 ♦t❤❡r✇✐s❡ ✐t ✇♦✉❧❞ ❝♦♥t❛✐♥ t♦♦ ♠❛♥② ✐s♦❧❛t❡❞
✜①❡❞ ♣♦✐♥ts ❢♦r t❤❡ ❛❝t✐♦♥ ♦❢ σ2✳ ❈♦♠❜✐♥✐♥❣ ❘❡♠❛r❦ ✸✳✶✳✾ ❛♥❞ Pr♦♣♦s✐t✐♦♥ ✸✳✶✳✽ ✇❡ ✜♥❞
(N, k) = (6, 0)✱ ✇✐t❤ n8,9 = 2 = n5,12✱ n7,10 = 1 = n6,11✱ t❤❡ ♦t❤❡r nt,s ❛r❡ ③❡r♦✳ ❲❡ ♦❜s❡r✈❡
t❤❛t ❛❧s♦ ✐♥ t❤✐s ❝❛s❡ σ ♠✉st ❤❛✈❡ t✇♦ ✜①❡❞ ♣♦✐♥ts ♦♥ C✱ t❤✐s ♠❡❛♥s t❤❛t ✐t ❛❝ts ❛s ❛♥
❛✉t♦♠♦r♣❤✐s♠ ♦❢ ♦r❞❡r ❢♦✉r✳

❯s✐♥❣ t❤❡ ❢❛❝t t❤❛t (mσ4 , rσ4 , lσ4) = (4, 10, 4) ✇❡ ❣❡t ✐♠♠❡❞✐❛t❡❧② t❤❛t ✐♥ ❜♦t❤ ❝❛s❡s
m2

σ = m1
σ = 1✳ ▼♦r❡♦✈❡r ✇❡ ❤❛✈❡ t❤❛t rσ + lσ + 2mσ = 10 ❛♥❞ ✐♥ t❤❡ ✜rst ❝❛s❡ ✇❡ ❤❛✈❡

r − l = 8✱ ✐♥ t❤❡ s❡❝♦♥❞ ❝❛s❡ r − l = 4✳ ■♥ ❜♦t❤ ❝❛s❡s ✇❡ ❤❛✈❡ Nσ2 = 10 ❛♥❞ kσ2 = 1 s♦
✉s✐♥❣ Pr♦♣♦s✐t✐♦♥ ✸✳✶✳✶✶ ✇❡ ♦❜t❛✐♥ t❤❡ ✈❛❧✉❡s ♦❢ r, l,m ❣✐✈❡♥ ✐♥ t❤❡ t❛❜❧❡✳ ■♥ t❤✐s t✇♦ ❝❛s❡s
✇❡ ❤❛✈❡ t❤❛t r❦ P✐❝(X) = r❦ S(σ8) = 14✳

❋✐♥❛❧❧②✱ ❛ss✉♠❡ t❤❛t C * ❋✐①(σ4)✳ ❇② t❤❡ ❡q✉❛t✐♦♥s ♦❢ ❘❡♠❛r❦ ✸✳✶✳✶ ❛♥❞ s✐♥❝❡ kσ4 > 0

❜② Pr♦♣♦s✐t✐♦♥ ✸✳✶✳✶✵✱ ✇❡ ❛r❡ ✐♥ t❤❡ ❝❛s❡ (mσ4 , rσ4 , lσ4) = (4, 10, 4) ✇✐t❤ (kσ4 , Nσ4 , aσ4) =
(1, 6, 0) ✐♥ ❬✷✱ ❚❤❡♦r❡♠ ✽✳✹❪✳ ❚❤❡ ♦r❞❡r ✹ ❛✉t♦♠♦r♣❤✐s♠ σ4 ❛❝ts ♦♥ t❤❡ ❝✉r✈❡ C ❛s ❛
tr❛♥s❧❛t✐♦♥ ❛♥❞ t❤❡ s✐① ✜①❡❞ ♣♦✐♥ts ❜② ✐t ❛r❡ ❝♦♥t❛✐♥❡❞ ✐♥ t❤❡ r❡❞✉❝✐❜❧❡ ✜❜❡r C

′

♦❢ t②♣❡
IV ∗✳ ❚❤✐s ❝❛s❡ ✐s ♥♦t ♣♦ss✐❜❧❡ ❜② t❤❡ s❛♠❡ r❡❛s♦♥ ♦❢ t❤❡ ✜rst ❝❛s❡ ✐♥ t❤✐s ♣r♦♦❢ ✭✇❤❡r❡ σ
❛❝ts ♦♥ t❤❡ ❝✉r✈❡ C ❛s ❛ tr❛♥s❧❛t✐♦♥ ✇✐t❤ ♥♦ ✜①❡❞ ♣♦✐♥ts ♦♥ ✐t✮✳

Pr♦♣♦s✐t✐♦♥ ✸✳✷✳✸✳ ▲❡t σ ❜❡ ❛ ♣✉r❡❧② ♥♦♥✲s②♠♣❧❡❝t✐❝ ❛✉t♦♠♦r♣❤✐s♠ ♦❢ ♦r❞❡r 16 ❛❝t✐♥❣ ♦♥
❛ K3 s✉r❢❛❝❡ X✳ ■❢ C ⊂ Fix(σ) t❤❡♥ C ✐s r❛t✐♦♥❛❧✳

Pr♦♦❢✳ ❇② Pr♦♣♦s✐t✐♦♥ ✸✳✶✳✹ ✇❡ ❤❛✈❡ t❤❛t ✐❢ σ ✜①❡s ❛ ❝✉r✈❡ C✱ t❤❡♥ C ✐s ❡✐t❤❡r s♠♦♦t❤
❡❧❧✐♣t✐❝ ❝✉r✈❡ ♦r r❛t✐♦♥❛❧✳ ❚❤❡ ❝❛s❡ ✇❤❡♥ g(C) = 1 ✐s ♥♦t ♣♦ss✐❜❧❡ ❜② ❚❤❡♦r❡♠ ✸✳✷✳✷ ✭s❡❡
t❤❡ ✜rst ❝❛s❡ ✐♥ t❤❡ ♣r♦♦❢ ♦❢ t❤❡ ♣r❡✈✐♦✉s t❤❡♦r❡♠✮✳

✸✳✸ ❚❤❡ r❛♥❦ s✐① ❝❛s❡✳

■♥ t❤✐s s❡❝t✐♦♥ ✇❡ st✉❞② t❤❡ ❝❛s❡ ✇❤❡♥ P✐❝(X) = S(σ8) ❤❛s r❛♥❦ 6✳ ❲❡ ❞❡♥♦t❡ ❤❡r❡ ❜② N
′

t❤❡ ♥✉♠❜❡r ♦❢ ✜①❡❞ ♣♦✐♥ts t❤❛t ❛r❡ ❝♦♥t❛✐♥❡❞ ✐♥ t❤❡ ❝✉r✈❡ C ⊂ ❋✐①(σ8)✱ ❜② 2h t❤❡ ♥✉♠❜❡r
♦❢ ✐♥t❡r❝❤❛♥❣❡❞ ♣♦✐♥ts ❜② σ ♦♥ ✐t✳ ❖❜s❡r✈❡ t❤❛t t❤❡ ✜①❡❞ ♣♦✐♥ts ❜② σ ♦♥ C ❛r❡ ♦❢ t②♣❡
P 7,10, P 2,15, P 3,14 ❛♥❞ P 6,11✳ ■♥ ❢❛❝t ❜② Pr♦♣♦s✐t✐♦♥ ✸✳✶✳✶✵ ✇❡ ❣❡t ✐❢ C ✐s ✜①❡❞ ❜② t❤❡ ♦r❞❡r
❢♦✉r ❛✉t♦♠♦r♣❤✐s♠ σ4 t❤❡♥ g(C) = 0, 1✱ ❛♥❞ ❜② ❚❤❡♦r❡♠ ✸✳✷✳✷ t❤❡ r❛♥❦ ♦❢ P✐❝(X) ✐s ✶✹
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✇❤❡♥ g(C) = 1✳ ❲❡ ❞❡♥♦t❡ ❛❧s♦ ❜② kσj t❤❡ ♥✉♠❜❡r ♦❢ ✜①❡❞ r❛t✐♦♥❛❧ ❝✉r✈❡s✱ ❜② Nσj ❢♦r
j = 1, 2, 4, 8 t❤❡ ♥✉♠❜❡r ♦❢ ✜①❡❞ ♣♦✐♥ts ✐♥ Fix(σj)✱ ❛♥❞ ❜② 2aσ4 t❤❡ ♥✉♠❜❡r ♦❢ ❡①❝❤❛♥❣❡❞
s♠♦♦t❤ r❛t✐♦♥❛❧ ❝✉r✈❡s ❜② σ4 ❛♥❞ ✜①❡❞ ❜② σ8✳

❚❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦♣♦s✐t✐♦♥ ✇✐❧❧ ❜❡ ✉s❡❢✉❧ ✐♥ t❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✸✳✸✳✷✳

Pr♦♣♦s✐t✐♦♥ ✸✳✸✳✶✳ ▲❡t σ ❜❡ ❛ ♥♦♥✲s②♠♣❧❡❝t✐❝ ❛✉t♦♠♦r♣❤✐s♠ ♦❢ ♦r❞❡r ✶✻ ♦♥ ❛ K3 s✉r❢❛❝❡
X s✉❝❤ t❤❛t Pic(X) = S(σ8) ∼= U ⊕ L ✇❤❡r❡ L ✐s ✐s♦♠♦r♣❤✐❝ t♦ ❛ ❞✐r❡❝t s✉♠ ♦❢ r♦♦t
❧❛tt✐❝❡s ♦❢ t②♣❡s A1, D4+n, E7 ♦r E8 ❛♥❞ σ8 ✜①❡s ❛ ❝✉r✈❡ ♦❢ ❣❡♥✉s g > 1✳ ❚❤❡♥ X ❝❛rr✐❡s ❛
❥❛❝♦❜✐❛♥ ❡❧❧✐♣t✐❝ ✜❜r❛t✐♦♥ π : X −→ P1 ✇❤♦s❡ ✜❜❡rs ❛r❡ σ8−✐♥✈❛r✐❛♥t ❛♥❞ ✐t ❤❛s r❡❞✉❝✐❜❧❡
✜❜❡rs ❞❡s❝r✐❜❡❞ ❜② L ❛♥❞ ❛ ✉♥✐q✉❡ s❡❝t✐♦♥ E ⊂ Fix(σ8)✳ ▼♦r❡♦✈❡r ✱ ✐❢ g > 4 t❤❡♥ π ✐s
σ−✐♥✈❛r✐❛♥t ✳

Pr♦♦❢✳ ❙✐♥❝❡ P✐❝(X) = S(σ8) ∼= U⊕L t❤❡ ✜rst ❤❛❧❢ ♦❢ t❤❡ st❛t❡♠❡♥t ❢♦❧❧♦✇s ❢r♦♠ ❬✺✱ ▲❡♠♠❛
✷✳✶✱ ✷✳✷❪✳ ❖♥ ♦t❤❡r ❤❛♥❞✱ s✐♥❝❡ σ8 ✜①❡s ❛ ❝✉r✈❡ C ♦❢ ❣❡♥✉s g > 1✱ t❤❡♥ C ✐♥t❡rs❡❝ts ❡❛❝❤
✜❜❡r ♦❢ π ✐♥ ❛t ❧❡❛st t✇♦ ♣♦✐♥ts✳ ❚❤✐s ✐♠♣❧✐❡s t❤❛t σ8 ♣r❡s❡r✈❡s ❡❛❝❤ ✜❜❡r ♦❢ π ❛♥❞ ❛❝ts ♦♥ ✐t
❛s ❛♥ ✐♥✈♦❧✉t✐♦♥ ✇✐t❤ ❢♦✉r ✜①❡❞ ♣♦✐♥ts✳ ❇② ❬✻✱ ❚❤❡♦r❡♠ ✻✳✸❪ ✇❡ ❤❛✈❡ t❤❛t t❤❡ ▼♦r❞❡❧❧✲❲❡✐❧
❣r♦✉♣ ♦❢ π ✐s MW (π) ∼= Pic(X)/T ✇❤❡r❡ T ❞❡♥♦t❡ t❤❡ s✉❜❣r♦✉♣ ♦❢ Pic(X) ❣❡♥❡r❛t❡❞ ❜②
t❤❡ ③❡r♦ s❡❝t✐♦♥ ❛♥❞ ✜❜❡r ❝♦♠♣♦♥❡♥ts✳ ❙✐♥❝❡ L ✐s ❛ r♦♦t ❧❛tt✐❝❡ ❛♥❞ Pic(X) ∼= U ⊕ L ✇❡
❤❛✈❡ t❤❛t MW (π) ✐s tr✐✈✐❛❧✱ ❤❡♥❝❡ π ❤❛s ❛ ✉♥✐q✉❡ s❡❝t✐♦♥ E✳ ❙✐♥❝❡ σ8 ♣r❡s❡r✈❡s ❡❛❝❤ ✜❜❡r
♦❢ π ❛♥❞ E ✐s ✐♥✈❛r✐❛♥t✱ ✇❡ ❤❛✈❡ t❤❛t E ✐s ✜①❡❞ ❜② σ8✳ ❚❤✐s ✐♠♣❧✐❡s t❤❛t C ✐♥t❡rs❡❝ts ❡❛❝❤
✜❜❡r ✐♥ t❤r❡❡ ♣♦✐♥ts ❛♥❞ ♦♥❡ ✜①❡❞ ♣♦✐♥t ❢♦r t❤❡ ❛❝t✐♦♥ ♦❢ σ8 ✐s ❝♦♥t❛✐♥❡❞ ✐♥ t❤❡ s❡❝t✐♦♥ E✳

◆♦✇ ✇❡ ✇✐❧❧ ♣r♦✈❡ t❤❛t π ✐s σ−✐♥✈❛r✐❛♥t ✐❢ g > 4 ✳ ▲❡t f ❜❡ t❤❡ ❝❧❛ss ♦❢ ❛ ✜❜❡r ♦❢ π✳
❚❤❡ ❛✉t♦♠♦r♣❤✐s♠ σ ♣r❡s❡r✈❡s t❤❡ ❝✉r✈❡ C✱ ❛♥❞ ✇❡ ❤❛✈❡ t❤❛t CE = 0 ✭t❤❡ ✜①❡❞ ❝✉r✈❡s
❢♦r σ8 ❝❛♥ ♥♦t ✐♥t❡rs❡❝t✮✳ ❆ss✉♠❡ t❤❛t f 6= σ∗(f) t❤❡♥ t❤❡② ✐♥t❡rs❡❝t ✐♥ ❛t ❧❡❛st 2 ♣♦✐♥ts✳
■♥❞❡❡❞ ✐❢ fσ∗(f) = 1 t❤❡♥ t❤✐s ✐s ❛ ✜①❡❞ ♣♦✐♥t ♦❢ σ ♦♥ f ❛♥❞ s♦ ❡✐t❤❡r C ✐s ✜①❡❞ ❜② σ ✇❤✐❝❤
✐s ♥♦t ♣♦ss✐❜❧❡✱ ♦r E ✐s ✜①❡❞ ❜② σ✳ ❚❤✐s ✐s ♥♦t ♣♦ss✐❜❧❡ t♦♦✱ s✐♥❝❡ ♦t❤❡r✇✐s❡ t❤❡ ❛❝t✐♦♥ ♦❢ σ
♦♥ t❤❡ ❜❛s✐s ♦❢ t❤❡ ✜❜r❛t✐♦♥ ✇♦✉❧❞ ❜❡ t❤❡ ✐❞❡♥t✐t② ❛♥❞ s♦ f = σ∗(f)✱ ❛ ❝♦♥tr❛❞✐❝t✐♦♥✳ ◆♦✇
❛♣♣❧②✐♥❣ ❬✷✱ ▲❡♠♠❛ ✺❪ ✇❡ ✜♥❞ t❤❛t✿

2g − 2 = C2 ≤ 2(C · f)2
f · σ∗(f) + 1

≤ 2 · 9
3

= 6

❚❤✐s ✐♠♣❧✐❡s g = g(C) ≤ 4✳

❚❤❡♦r❡♠ ✸✳✸✳✷✳ ▲❡t σ ❜❡ ❛♥ ❛✉t♦♠♦r♣❤✐s♠ ♦❢ ♦r❞❡r 16 ❛❝t✐♥❣ ♥♦♥✲s②♠♣❧❡❝t✐❝❛❧❧② ♦♥ ❛
K3 s✉r❢❛❝❡ X ❛♥❞ ❛ss✉♠❡ t❤❛t P✐❝(X) = S(σ8) ❤❛s r❛♥❦ 6✳ ❚❤❡♥ σ ✜①❡s ❛t ♠♦st ♦♥❡
r❛t✐♦♥❛❧ ❝✉r✈❡✳

❚❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ✐♥✈❛r✐❛♥ts ♦❢ σ ❛r❡ ❣✐✈❡♥ ✐♥ t❤❡ ❚❛❜❧❡ ✸✳✸✳ ■♥ ❛♥② ❝❛s❡ n4,13 =
n5,12 = n6,11 = 0 ❛♥❞ ✇❡ ❤❛✈❡ (n2,15, n3,14, n7,10, n8,9) = (4, 1, 1, 0) ✐♥ t❤❡ ✜rst ❝❛s❡ ❛♥❞
(n2,15, n3,14, n7,10, n8,9) = (0, 1, 1, 2) ✐♥ t❤❡ s❡❝♦♥❞ ❝❛s❡✳

m2 m1 m l r N k N ′ g(C) P✐❝(X)

✷ ✵ ✵ ✵ ✻ ✻ ✶ ✹ ✼ U ⊕D4

✷ ✵ ✵ ✷ ✹ ✹ ✵ ✷ ✻ U(2)⊕D4

❚❛❜❧❡ ✸✳✷✿ ❚❤❡ ❝❛s❡ r❦ P✐❝(X) = 6.
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Pr♦♦❢✳ ❇② t❤❡ ❝❧❛ss✐✜❝❛t✐♦♥ t❤❡♦r❡♠ ❢♦r ♥♦♥✲s②♠♣❧❡❝t✐❝ ✐♥✈♦❧✉t✐♦♥s ♦♥ K3 s✉r❢❛❝❡s ❣✐✈❡♥
❜② ◆✐❦✉❧✐♥ ✐♥ ❬✾✱ ➓✹❪ ✇❡ ❤❛✈❡ t❤❛t (g(C), kσ8) ✐s ❡✐t❤❡r ❡q✉❛❧ t♦ (5, 0), (6, 1) ♦r (7, 2) ✳
❖❜s❡r✈❡ t❤❛t t❤❡ ❝❛s❡ g(C) = 5 ✐s ♥♦t ♣♦ss✐❜❧❡✳ ■♥❞❡❡❞ ✐♥ t❤✐s ❝❛s❡ s✐♥❝❡ kσ8 = 0 t❤❡♥
kσ4 = 0 t♦♦ ❛♥❞ s✐♥❝❡ C ✐s ♥♦t ✜①❡❞ ❜② σ4 ❜② Pr♦♣♦s✐t✐♦♥ ✸✳✶✳✶✵✱ ✇❡ ❣❡t ❛ ❝♦♥tr❛❞✐❝t✐♦♥
✇✐t❤ Pr♦♣♦s✐t✐♦♥ ✸✳✶✳✶✵ ❛❣❛✐♥✳ ❖❜s❡r✈❡ t❤❛t ✇❡ ❤❛✈❡ m2

σ = 2 s♦ t❤❛t mσ4 = 8 ❜② ❢♦r♠✉❧❛s
✐♥ ❘❡♠❛r❦ ✸✳✶✳✶✳ ❚❤✐s ♠❡❛♥s t❤❛t t❤❡ ❛✉t♦♠♦r♣❤✐s♠ σ4 ❝❛♥ ♥♦t ❤❛✈❡ lσ4 > 0 ❜② ❬✷✱
❚❤❡♦r❡♠ ✽✳✶❪✳ ❚❤✐s ✐♠♣❧✐❡s t❤❛t lσ4 = 0 ❛♥❞ ❜② ❬✷✱ ❚❤❡♦r❡♠ ✻✳✶❪ ♦r ❬✶✹✱ ▼❛✐♥ ❚❤❡♦r❡♠ ✶❪
✇❡ ❤❛✈❡ t✇♦ ♣♦ss✐❜❧❡ ❝❛s❡s t❤❛t ✇❡ r❡❝❛❧❧ ❜❡❧♦✇✱ ❜♦t❤ ❤❛✈❡ m1

σ = 0✳
❚❤❡ ❝❛s❡ (g(C), kσ8) = (6, 1)✳ ❚❤❡ ❛✉t♦♠♦r♣❤✐s♠ σ4 ♦❢ ♦r❞❡r 4 ✜①❡s ♦♥❡ r❛t✐♦♥❛❧ ❝✉r✈❡

❛♥❞ s✐① ♣♦✐♥ts ♦♥ C ❜② ❬✷❪✱ ❬✶✹❪✳ ❇② ❘✐❡♠❛♥♥✲❍✉r✇✐t③ ❢♦r♠✉❧❛ ❛♣♣❧✐❡❞ t♦ t❤❡ ❛✉t♦♠♦r♣❤✐s♠
σ ♦♥ C ✇❡ ❤❛✈❡ t❤❛t✿

2g(C)− 2 = ❞❡❣ (σ|C )(2g(D)− 2) + ❞❡❣ R,

✇❤❡r❡D = C/〈σ|C 〉 ✐s t❤❡ q✉♦t✐❡♥t ❝✉r✈❡ ❛♥❞R ✐s t❤❡ r❛♠✐✜❝❛t✐♦♥ ❞✐✈✐s♦r✳ ❙✐♥❝❡ ❞❡❣ (σ|C ) =
8 ✭✇❤❡r❡ σ ❛❝ts ♦♥ C ❛s ❛♥ ❛✉t♦♠♦r♣❤✐s♠ ♦❢ ♦r❞❡r ❡✐❣❤t✮ ✇❡ ❣❡t✿

2g(C)− 2 = 8(2g(D)− 2) + ❞❡❣ R,

t❤✉s
2g(C) + 14− ❞❡❣R

16
= g(D).

❙✉❝❤ t❤❛t ❞❡❣ R = 7N
′

+ 3(2h) + (4µ) s✐♥❝❡ σ ❛❝ts ♦♥ C ❛s ❛♥ ❛✉t♦♠♦r♣❤✐s♠ ♦❢ ♦r❞❡r
✽ ✱ ✇❤❡r❡ ✇❡ ❞❡♥♦t❡❞ ❜② N

′

t❤❡ ♥✉♠❜❡r ♦❢ ✜①❡❞ ♣♦✐♥ts ❜② σ ♦♥ C✱ 2h t❤❡ ♥✉♠❜❡r ♦❢
✐♥t❡r❝❤❛♥❣❡❞ ♣♦✐♥ts ❜② σ ♦♥ ✐t ❛♥❞ ❜② 4µ t❤❡ ♥✉♠❜❡r ♦❢ ♣❡r♠✉t❡❞ ♣♦✐♥ts ♦♥ C ♦❢ σ✳ ❙✐♥❝❡
g(D) ∈ Z≥0 ✇❡ ❤❛✈❡✿

2g(C) + 14− (7N
′

+ 6h+ 4µ) ≡ 0 mod 16, ✭■✮

❍❡♥❝❡ ❢♦r g(C) = 6 ♦♥❡ ❝❛♥ ✜♥❞ ❜② ✭■✮ t❤❛t ❡✐t❤❡r σ ❡①❝❤❛♥❣❡s t✇♦ ✜①❡❞ ♣♦✐♥ts ❛♥❞
♣❡r♠✉t❡s t❤❡ ♦t❤❡r ❢♦✉r ♦r σ ✜①❡s t✇♦ ♣♦✐♥ts ❛♥❞ t❤❡ ♦t❤❡r ❢♦✉r ❛r❡ ❡①❝❤❛♥❣❡❞ t✇♦ ❜②
t✇♦✳ ❚❤❡ ✜rst ❝❛s❡ ✐s ♥♦t ♣♦ss✐❜❧❡ s✐♥❝❡ t❤❡♥ N = 2 ❛♥❞ ❜② Pr♦♣♦s✐t✐♦♥ ✸✳✶✳✽ ✇❡ ❦♥♦✇ t❤❛t
N ≥ 4✳ ❙♦ ✇❡ ❛r❡ ✐♥ t❤❡ s❡❝♦♥❞ ❝❛s❡✳ ❙✐♥❝❡ ❛❣❛✐♥ N ≥ 4 t❤❡♥ t❤❡ r❛t✐♦♥❛❧ ❝✉r✈❡ ✐s ✐♥✈❛r✐❛♥t
❜✉t ♥♦t ✜①❡❞ ❛♥❞ s♦ N = 4 ❛♥❞ ❜② ❘❡♠❛r❦ ✸✳✶✳✾ ✇❡ ❤❛✈❡ (n3,14, n7,10, n8,9) = (1, 1, 2) t❤❡
♦t❤❡rs nt,s ❛r❡ ③❡r♦✳ ❲❡ ❤❛✈❡ ♠♦r❡♦✈❡r t❤❛t kσ2 = 1 ❛♥❞ Nσ2 = 6 s♦ ❝♦♠❜✐♥✐♥❣ t❤❡
▲❡❢s❝❤❡t③ ❢♦r♠✉❧❛s ✇❡ ❤❛✈❡ r + l + 2m = 6✱ 4 = 2 + r − l✱ 6 = 2 + r + l − 2m − 2✳ ❚❤❛t
❣✐✈❡s m = 0 ❛♥❞ r = 4✱ l = 2✳ ❚❤✐s ✐s t❤❡ s❡❝♦♥❞ ❝❛s❡ ✐♥ t❤❡ ❚❛❜❧❡ ✸✳✸✳

❚❤❡ ❝❛s❡ (g(C), kσ8) = (7, 2)✳ ❚❤❡ ❛✉t♦♠♦r♣❤✐s♠ σ4 ♦❢ ♦r❞❡r 4 ✜①❡s ♦♥❡ r❛t✐♦♥❛❧ ❝✉r✈❡✱
❢♦✉r ♣♦✐♥ts ♦♥ C ❛♥❞ t✇♦ ♣♦✐♥ts ♦♥ t❤❡ ♦t❤❡r r❛t✐♦♥❛❧ ❝✉r✈❡ s❡❡ ❬✷❪✱ ❬✶✹❪✳ ❇② r❡❧❛t✐♦♥ ✭■✮
♦❢ ❘✐❡♠❛♥♥✲❍✉r✇✐t③ ❢♦r♠✉❧❛ ❛♣♣❧✐❡❞ t♦ t❤❡ ❛✉t♦♠♦r♣❤✐s♠ σ ♦♥ C ✇❡ ✜♥❞ t❤❛t ❡✐t❤❡r σ
❡①❝❤❛♥❣❡s t✇♦ ❜② t✇♦ t❤❡ ❢♦✉r ♣♦✐♥ts ♦r ✐t ✜①❡s ❡❛❝❤ ♦❢ t❤❡ ❢♦✉r ♣♦✐♥ts✳ ■♥ t❤❡ ✜rst ❝❛s❡ s✐♥❝❡
N ≥ 4 ✇❡ ❤❛✈❡ t❤❛t t❤❡ t✇♦ r❛t✐♦♥❛❧ ❝✉r✈❡s ❛r❡ ✐♥✈❛r✐❛♥t ❛♥❞ t❤❡② ❝♦♥t❛✐♥ ✷ ✜①❡❞ ♣♦✐♥ts
❡❛❝❤✱ s♦ t❤❛t N = 4 ❜② ❘❡♠❛r❦ ✸✳✶✳✾✳ ❚❤❡♥ (n3,14, n7,10, n8,9) = (1, 1, 2) s♦ t❤❛t kσ2 = 1
❛♥❞ Nσ2 = 6✳ ❲❡ ❤❛✈❡ n2,7+n3,6 = 6 ❛♥❞ s✐♥❝❡ n4,5 = 0 ✭✇❡ ❤❛✈❡ kσ4 = 1✮ ✇❡ ❣❡t n3,6 = 1
❛♥❞ n2,7 = 5✳ ❯s✐♥❣ Pr♦♣♦s✐t✐♦♥ ✸✳✶✳✽ ❛♥❞ ✸✳✶✳✶✶ ✇❡ ❝♦♠♣✉t❡ ❤❡r❡ t❤❛t (r, l,m) = (4, 2, 2)
❛♥❞ ✇❡ ❤❛✈❡ Pic(X) = U ⊕ D4 ❜② ❬✷✱ ❚❤❡♦r❡♠ ✻✳✶❪✳ ❇② ❛♣♣❧②✐♥❣ Pr♦♣♦s✐t✐♦♥ ✸✳✸✳✶ ✇❡
❦♥♦✇ t❤❛t t❤❡ K3 s✉r❢❛❝❡ X ❝❛rr✐❡s ❛ σ✲✐♥✈❛r✐❛♥t ❡❧❧✐♣t✐❝ ✜❜r❛t✐♦♥ ✇✐t❤ ❛ s✐♥❣✉❧❛r ✜❜❡r
I∗0 ✳ ❙✐♥❝❡ t❤❡ ❛❝t✐♦♥ ✐s ♥♦t tr✐✈✐❛❧ ♦♥ Pic(X) t❤❡ ❛✉t♦♠♦r♣❤✐s♠ σ s❤♦✉❧❞ ❛❝t ♥♦♥ tr✐✈✐❛❧❧②
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♦♥ I∗0 ✳ ❙✐♥❝❡ C ✐♥t❡rs❡❝ts ✐♥ t❤r❡❡ ♣♦✐♥ts t❤❡ ✜❜❡r I∗0 t❤❡♥ t❤❡ ♦♥❧② ♣♦ss✐❜✐❧✐t② ✐s t❤❛t σ
❡①❝❤❛♥❣❡s t✇♦ ❝♦♠♣♦♥❡♥ts ♦❢ ♠✉❧t✐♣❧✐❝✐t② ♦♥❡✳ ❚❤❡♥ t❤❡ t❤✐r❞ ♣♦✐♥t ♦♥ C ✇♦✉❧❞ ❜❡ ✜①❡❞
❜✉t t❤✐s ✐s ♥♦t ♣♦ss✐❜❧❡✳ ❙♦ t❤❡ ❛❝t✐♦♥ ♦❢ σ ♦♥ C ✜①❡s t❤❡ ❢♦✉r ♣♦✐♥ts✳ ❖❜s❡r✈❡ t❤❛t t❤❡♥
t❤❡ ♥✉♠❜❡r ♦❢ ✜①❡❞ ♣♦✐♥ts ❢♦r σ2 s❛t✐s✜❡s n2,7 + n3,6 ≥ 4 s♦ t❤❛t kσ2 = 1 ❜② Pr♦♣♦s✐t✐♦♥
✸✳✶✳✶✶✳ ❚❤✐s ❛❣❛✐♥ ❣✐✈❡s n2,7 + n3,6 = 6 ❛♥❞ s♦ n4,5 = 0 ❛♥❞ n2,7 = 5✱n3,6 = 1✳ ❋✐♥❛❧❧②
♦❜s❡r✈❡ t❤❛t t❤❡ ❝❛s❡ (N, k) = (8, 0) ✐s ♥♦t ♣♦ss✐❜❧❡ ❢♦r σ ❜② ❘❡♠❛r❦ ✸✳✶✳✾ ❛♥❞ s♦ ✇❡ ❤❛✈❡
(N, k) = (6, 1)✳ ❆❣❛✐♥ ❜② ❘❡♠❛r❦ ✸✳✶✳✾ ✇❡ ❤❛✈❡ (n2,15, n3,14, n7,10) = (4, 1, 1)✳ ■♥ t❤✐s ❝❛s❡
✇❡ ❤❛✈❡ r+ l+ 2m = 6✱ r− l = 6✱ r+ l− 2m = 6✳ ❲❡ ✜♥❞ m = 0✱ r = 6✱ l = 0✳ ❙♦ σ ❛❝ts
tr✐✈✐❛❧❧② ♦♥ Pic(X) ❛♥❞ t❤✐s ✐s t❤❡ ✜rst ❝❛s❡ ✐♥ t❤❡ t❛❜❧❡✳

✸✳✹ ❚❤❡ r❛♥❦ ❢♦✉rt❡❡♥ ❝❛s❡✳

❲❡ ❛ss✉♠❡ ✜♥❛❧❧② ✐♥ t❤✐s s❡❝t✐♦♥ t❤❛t S(σ8) = Pic(X) ❤❛s r❛♥❦ 14✳ ❲❡ r❡❝❛❧❧ t❤❡ ♥♦t❛t✐♦♥
t❤❛t ✇✐❧❧ ❜❡ ✉s❡❞ ❤❡r❡ ❧❡t C ❞❡♥♦t❡s t❤❡ σ8✲✜①❡❞ ❝✉r✈❡ ♦❢ ❣❡♥✉s > 1 ✭✇❤❡r❡ t❤❡ ❝❛s❡ ✇✐t❤
g(C) = 1 ❛♥❞ r❦ P✐❝(X) = 14 ✐s st✉❞✐❡❞ ✐♥ ❙❡❝t✐♦♥ ✸✳✷✮✳ ❛♥❞ N ′ ❞❡♥♦t❡s t❤❡ ♥✉♠❜❡r ♦❢
✜①❡❞ ♣♦✐♥ts t❤❛t ❛r❡ ❝♦♥t❛✐♥❡❞ ✐♥ C✳ ❋✐♥❛❧❧②✱ ❧❡t kσj ❜❡ t❤❡ ♥✉♠❜❡r ♦❢ ✜①❡❞ r❛t✐♦♥❛❧ ❝✉r✈❡s✱
❛♥❞ Nσj ❢♦r j = 1, 2, 4, 8 ❜❡ t❤❡ ♥✉♠❜❡r ♦❢ ✜①❡❞ ♣♦✐♥ts ✐♥ Fix(σj)✱ ❛♥❞ ❜② 2aσ4 t❤❡ ♥✉♠❜❡r
♦❢ ❡①❝❤❛♥❣❡❞ s♠♦♦t❤ r❛t✐♦♥❛❧ ❝✉r✈❡s ❜② σ4 ❛♥❞ ✜①❡❞ ❜② σ8✳

❚❤❡♦r❡♠ ✸✳✹✳✶✳ ▲❡t σ ❜❡ ❛♥ ❛✉t♦♠♦r♣❤✐s♠ ♦❢ ♦r❞❡r 16 ❛❝t✐♥❣ ♥♦♥ s②♠♣❧❡❝t✐❝❛❧❧② ♦♥ ❛ K3
s✉r❢❛❝❡ X ❛♥❞ ❛ss✉♠❡ t❤❛t S(σ8) = Pic(X) ❤❛s r❛♥❦ 14✳ ❚❤❡♥ t❤❡ K3 s✉r❢❛❝❡ ✐s ♦♥❡ ♦❢
t❤❡ s✉r❢❛❝❡s ❞❡s❝r✐❜❡❞ ✐♥ Pr♦♣♦s✐t✐♦♥ ✸✳✷✳✷ ✇✐t❤ ❛ ✜①❡❞ ❡❧❧✐♣t✐❝ ❝✉r✈❡ ❢♦r t❤❡ ❛✉t♦♠♦r♣❤✐s♠
σ4 ♦r ✐t ❤❛s✿

m2 m1 m l r N k N ′ g(C) P✐❝(X)

✶ ✵ ✵ ✶ ✶✸ ✶✷ ✶ ✷ ✸ U ⊕D4 ⊕ E8

✶ ✵ ✶ ✶ ✶✶ ✶✵ ✶ ✷ ✷ U(2)⊕D4 ⊕ E8

✶ ✵ ✶ ✺ ✼ ✹ ✵ ✷ ✷ U(2)⊕D4 ⊕ E8

❚❛❜❧❡ ✸✳✸✿ ❚❤❡ ❝❛s❡ r❦ P✐❝(X) = 14.

Pr♦♦❢✳ ❇② ❬✾✱ ➓✹❪ ✇❡ ❦♥♦✇ t❤❛t ❢♦r t❤❡ ❣❡♥✉s g := g(C) ♦❢ t❤❡ ✜①❡❞ ❝✉r✈❡ ❜② σ8 ❛♥❞ t❤❡
♥✉♠❜❡r kσ8 ♦❢ r❛t✐♦♥❛❧ ❝✉r✈❡s ✭❞✐✛❡r❡♥t ❢r♦♠ C✮ ❤♦❧❞s✿

(g, kσ8) = (0, 3), (1, 4), (2, 5), (3, 6)

❚❤❡ ❝❛s❡ g(C) = 0✳ ❲❡ ❛r❡ ✐♥ t❤❡ ❝❛s❡ ♦❢ ❬✷✱ ❚❤❡♦r❡♠ ✺✳✶❪ ❢♦r σ4✱ s♦ ✇❡ ❤❛✈❡
(rσ4 , lσ4 ,mσ4) = (10, 4, 4) ✇✐t❤ (Nσ4 , kσ4 , aσ4) = (6, 1, 0) s✐♥❝❡ lσ4 ,mσ4 ∈ 4Z ❜② ❘❡♠❛r❦
✸✳✶✳✶✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ s✐♥❝❡ Nσ4 = 6 ❛♥❞ kσ8 = 3✱ ✇❡ ❤❛✈❡ N = 4, 6, 8 ❜② Pr♦♣♦s✐t✐♦♥
✸✳✶✳✽✳ ▼♦r❡♦✈❡r s✐♥❝❡ kσ4 = 1 t❤❡♥ kσ2 ❛♥❞ k ❛r❡ 0 ♦r 1✳

❆ss✉♠❡ ✜rst kσ2 = 0 s✐♥❝❡ σ4 ❛❝ts ✐♥ ❛ ❞✐✛❡r❡♥t ✇❛② ♦♥ t❤❡ ❢♦✉r r❛t✐♦♥❛❧ ❝✉r✈❡s ✭✐✳❡✳
σ4 ✜①❡s s♦♠❡ ❝✉r✈❡s ♣♦✐♥t✇✐s❡❧② ✇❤✐❧❡ ✐t ❧❡❛✈❡s t❤❡ ♦t❤❡r ❝✉r✈❡s ✐♥✈❛r✐❛♥t ✇✐t❤ t✇♦ ✜①❡❞
♣♦✐♥ts ❜② σ4 ♦♥ ❡❛❝❤ ♦♥❡ ♦❢ t❤❡♠✮✱ t❤❡s❡ ♠✉st ❜❡ ♣r❡s❡r✈❡❞ ❜② σ ❛♥❞ s♦ ❛❧s♦ ❜② σ2✳ ❲❡
❤❛✈❡ n4,5 = 2✱ n2,7 = 3 = n3,6 ❜② ❘❡♠❛r❦ ✸✳✶✳✶✷✳ ❚❤❡s❡ ❝♦♥tr❛❞✐❝ts Pr♦♣♦s✐t✐♦♥ ✸✳✶✳✶✶✳ ■❢
kσ2 = 1 t❤❡♥ n4,5 = 0 ❛♥❞ n2,7 = 3 = n3,6✳ ❚❤✐s ❛❣❛✐♥ ❝♦♥tr❛❞✐❝ts Pr♦♣♦s✐t✐♦♥ ✸✳✶✳✶✶✳



✸✳✹✳ ❚❍❊ ❘❆◆❑ ❋❖❯❘❚❊❊◆ ❈❆❙❊✳ ✻✼

❚❤❡ ❝❛s❡ g(C) = 1✳ ❲❡ ❤❛✈❡ ❛❧r❡❛❞② st✉❞② t❤✐s ❝❛s❡ ✐♥ ❙❡❝t✐♦♥ ✸✳✷✱ ✇❤❡r❡ ✇❡ ♣r♦✈❡❞
✐♥ ❚❤❡♦r❡♠ ✸✳✷✳✷ t❤❛t σ ❛❝ts ❛s ❛♥ ❛✉t♦♠♦r♣❤✐s♠ ♦❢ ♦r❞❡r ❢♦✉r ♦♥ C ❛♥❞ ✇❡ ❣✐✈❡♥ t❤❡
❝♦rr❡s♣♦♥❞✐♥❣ ✐♥✈❛r✐❛♥ts ♦❢ σ ✐♥ t❤✐s ❝❛s❡✳

❚❤❡ ❝❛s❡ g(C) = 2✳ ❇② Pr♦♣♦s✐t✐♦♥ ✸✳✶✳✶✵ ✇❡ ❤❛✈❡ kσ4 ≥ 1 s♦ t❤❛t σ4 ✜①❡s ❛t
❧❡❛st ❛ r❛t✐♦♥❛❧ ❝✉r✈❡✳ ▼♦r❡♦✈❡r ❜② ❢♦r♠✉❧❛s ♦❢ ❘❡♠❛r❦ ✸✳✶✳✶ ✇❡ ❤❛✈❡ rσ4 + lσ4 = 14 ❛♥❞
lσ4 ,mσ4 ∈ 4Z✳ ❖❜s❡r✈❡ t❤❛t mσ4 = 4m2

σ = 4✳ ❇② ❬✷✱ ❚❤❡♦r❡♠ ✽✳✶❪ ✐❢ lσ4 > 0 t❤❡♥ ✇❡ ❤❛✈❡
lσ4 +mσ4 = 4 ♦r 8✳ ❚❤❡ ✜rst ❝❛s❡ ✐s ♥♦t ♣♦ss✐❜❧❡✱ ✐❢ lσ4 +mσ4 = 8 t❤❡♥ lσ4 = 4 ❛♥❞ ❜② ❬✷✱
❚❤❡♦r❡♠ ✽✳✶❪ ✇❡ ❤❛✈❡ kσ4 = 1✳

❖❜s❡r✈❡ t❤❛t σ ♣r❡s❡r✈❡s ♦r ♣❡r♠✉t❡s ♦r ❡①❝❤❛♥❣❡s t✇♦ ❜② t✇♦ t❤❡ ❢♦✉r r❛t✐♦♥❛❧ ❝✉r✈❡s
♥♦t ✜①❡❞ ❜② σ4 ✭✇❤❡r❡ kσ8 = 5✮ s♦ t❤❛t ✐♥ ❛♥② ❝❛s❡ Nσ4 ≥ 8✳ ❇② ❬✷✱ Pr♦♣♦s✐t✐♦♥ ✶❪ ✇❡
❤❛✈❡ Nσ4 = 6 ✇❤✐❝❤ ❝♦♥tr❛❞✐❝ts t❤❡ ♣r❡✈✐♦✉s ✐♥❡q✉❛❧✐t②✳ ❍❡♥❝❡ lσ4 = 0 ❛♥❞ s♦ σ4 ❛❝ts
tr✐✈✐❛❧❧② ♦♥ Pic(X)✳ ❇② ❬✷✱ ❚❤❡♦r❡♠ ✻✳✶❪ ✇❡ ❤❛✈❡ (mσ4 , rσ4 , N1, N

′

σ4 , kσ4) = (4, 14, 4, 6, 3)

✇❤❡r❡ Nσ4 = N1 +N
′

σ4 ❛♥❞ N
′

σ4 ✐s t❤❡ ♥✉♠❜❡r ♦❢ ✜①❡❞ ♣♦✐♥ts ♦♥ C✳ ❙♦ ✇❡ ❤❛✈❡ 4 ♣♦✐♥ts
❝♦♥t❛✐♥❡❞ ✐♥ t❤❡ t✇♦ r❛t✐♦♥❛❧ ❝✉r✈❡s t❤❛t ❛r❡ σ4✲✐♥✈❛r✐❛♥t ❜✉t ♥♦t ✜①❡❞✳ ❲❡ ❝❛❧❧ t❤❡s❡
❝✉r✈❡s R1 ❛♥❞ R2✳ ❲❡ st✉❞② ♥♦✇ t❤❡ ❛❝t✐♦♥ ♦❢ σ ❛♥❞ σ2 ♦♥ t❤❡ 5 r❛t✐♦♥❛❧ ❝✉r✈❡s✱ ✜①❡❞ ❜②
σ8✱ ❛♥❞ ♦♥ C✳

❚❤❡ ❛✉t♦♠♦r♣❤✐s♠ σ2✳ ❲❡ ❤❛✈❡ kσ2 ≤ 3 ❛♥❞ ❛t ❧❡❛st ♦♥❡ ♦❢ t❤❡ ✜✈❡ ❝✉r✈❡s ✐s ♣r❡s❡r✈❡❞
♦r ✜①❡❞✳ ❇② ✉s✐♥❣ ❘❡♠❛r❦ ✸✳✶✳✶✷ ✇❡ ❤❛✈❡✿ n4,5 ∈ 2Z ✭♣♦✐♥ts ♦❢ t❤✐s t②♣❡ ❝❛♥ ♦❝❝✉r ♦♥❧② ♦♥
t❤❡ r❛t✐♦♥❛❧ ❝✉r✈❡s✮ ❛♥❞ n2,7 + n3,6 ≤ 10 ✭✇❡ ❤❛✈❡ Nσ4 = 10✱ ❛t ♠♦st ✻ ✜①❡❞ ♣♦✐♥ts ❛r❡ ♦♥
C ❛♥❞ ♣♦✐♥ts ♦❢ t❤✐s t②♣❡ ❛r❡ ♥♦t ❝♦♥t❛✐♥❡❞ ✐♥ r❛t✐♦♥❛❧ ❝✉r✈❡s t❤❛t ❛r❡ ✜①❡❞ ❢♦r σ4 ❜✉t ❝❛♥
❜❡ ❝♦♥t❛✐♥❡❞ ✐♥ t❤❡ t✇♦ r❛t✐♦♥❛❧ ❝✉r✈❡s t❤❛t ❛r❡ ♦♥❧② σ4✲✐♥✈❛r✐❛♥t✮✳ ❇② ✉s✐♥❣ Pr♦♣♦s✐t✐♦♥
✸✳✶✳✶✶ ✇❡ ♦❜t❛✐♥ t❤❛t kσ2 ≤ 2✳ ■❢ kσ2 = 0✱ s✐♥❝❡ t❤❡ ❛❝t✐♦♥ ♦❢ σ4 ✐s ♥♦t t❤❡ s❛♠❡✱ t❤❡♥ ❛❧❧
t❤❡ r❛t✐♦♥❛❧ ❝✉r✈❡s ❛r❡ ♣r❡s❡r✈❡❞ ❜② σ2 ✐♥ ♣❛rt✐❝✉❧❛r n4,5 = 6 ❛♥❞ n2,7 ≥ 2 n3,6 ≥ 2✳ ❚❤✐s
❝♦♥tr❛❞✐❝ts Pr♦♣♦s✐t✐♦♥ ✸✳✶✳✶✶✳ ❲❡ ❛r❡ ❧❡❢t ✇✐t❤ t❤❡ ❝❛s❡s ✇✐t❤ kσ2 = 1 ♦r kσ2 = 2✳

✐✮ kσ2 = 2✳ ❇② Pr♦♣♦s✐t✐♦♥ ✸✳✶✳✶✶ ✇❡ ❣❡t n2,7 + n3,6 = 10 t❤✐s ♠❡❛♥s t❤❛t t❤❡ ❝✉r✈❡
C ♠✉st ❝♦♥t❛✐♥ s✐① ✜①❡❞ ♣♦✐♥ts ❢♦r σ2 ❛♥❞ t❤❡ ♦t❤❡r ❢♦✉r ✜①❡❞ ♣♦✐♥ts ❛r❡ ❝♦♥t❛✐♥❡❞ ✐♥
t❤❡ t✇♦ σ4✲✐♥✈❛r✐❛♥t ❝✉r✈❡s R1 ❛♥❞ R2✳ ■♥ ♣❛rt✐❝✉❧❛r ✇❡ ❤❛✈❡ n2,7 ≥ 2 ❛♥❞ n3,6 ≥ 2✱ ❛♥❞
n4,5 = 2✳ ❙✐♥❝❡ ❜② Pr♦♣♦s✐t✐♦♥ ✸✳✶✳✶✶ ✇❡ ❤❛✈❡ n4,5 = 2n3,6 − 4 ✇❡ ❣❡t n3,6 = 3✱ n2,7 = 7✱
Nσ2 = 12✳

✐✐✮ kσ2 = 1✳ ❇② Pr♦♣♦s✐t✐♦♥ ✸✳✶✳✶✶ ✇❡ ❤❛✈❡ n2,7 + n3,6 = 6✳ ❖❜s❡r✈❡ t❤❛t ❢♦r t❤❡ s❛♠❡
r❡❛s♦♥ ❛s ❛❜♦✈❡ t❤❡ r❡♠❛✐♥✐♥❣ r❛t✐♦♥❛❧ ❝✉r✈❡s ❝❛♥ ♥♦t ❜❡ ❡①❝❤❛♥❣❡❞ t✇♦ ❜② t✇♦✳ ❙♦ t❤❡s❡
❛r❡ ✐♥✈❛r✐❛♥t✳ ❚❤✐s ❣✐✈❡s n2,7 ≥ 2✱ n3,6 ≥ 2 ❛♥❞ n4,5 = 4✳ ❯s✐♥❣ Pr♦♣♦s✐t✐♦♥ ✸✳✶✳✶✶ ✇❡
♦❜t❛✐♥ t❤❛t n2,7 = n3,6 = 3✳ ❆♥❞ t✇♦ ✜①❡❞ ♣♦✐♥ts ❛r❡ ❝♦♥t❛✐♥❡❞ ✐♥ C✳ ❚❤❡ ♦t❤❡r ♣♦✐♥ts ♦♥
C ✜①❡❞ ❜② σ4 ❢♦r♠ ❛ σ✲♦r❜✐t ♦❢ ❧❡♥❣t❤ ❢♦✉r✳

❚❤❡ ❛✉t♦♠♦r♣❤✐s♠ σ✳ ❋✐rst ♦❜s❡r✈❡ t❤❛t ✉s✐♥❣ ❘✐❡♠❛♥♥✲❍✉r✇✐t③ ❢♦r♠✉❧❛ ♦♥ C ✭s❡❡
r❡❧❛t✐♦♥ ✭■✮ ✐♥ ❚❤❡♦r❡♠ ✸✳✸✳✷✮ ✇❡ ❤❛✈❡ t✇♦ ♣♦ss✐❜✐❧✐t✐❡s✿ C ❝♦♥t❛✐♥s ✷ ✜①❡❞ ♣♦✐♥ts ❛♥❞ t❤❡
♦t❤❡r ❢♦✉r ♣♦✐♥ts ❛r❡ ♣❡r♠✉t❡❞ ❜② σ ✐♥ ♦♥❡ ♦r❜✐t ✭t❤✐s ✐s ❝❛s❡ ✐✐✮✮ ♦r t❤❡ s✐① ♣♦✐♥ts ❛r❡
❡①❝❤❛♥❣❡❞ t✇♦ ❜② t✇♦ ❛♥❞ s♦ ✜①❡❞ ❜② σ2 ✭t❤✐s ✐s ❝❛s❡ ✐✮✮✳

✐✮ ■♥ t❤✐s ❝❛s❡ σ ❡①❝❤❛♥❣❡s t✇♦ ❜② t✇♦ t❤❡ ♣♦✐♥ts ♦♥ C✳ ❲❡ ❤❛✈❡ n5,12 = n4,13 = 1
s✐♥❝❡ t❤❡s❡ t✇♦ ♣♦✐♥ts ❝♦rr❡s♣♦♥❞ t♦ t❤❡ t✇♦ ✜①❡❞ ♣♦✐♥ts ✇✐t❤ ❧♦❝❛❧ ❛❝t✐♦♥ (4, 5) ❢♦r σ2

❛♥❞ ❛r❡ ❝♦♥t❛✐♥❡❞ ✐♥ ❛ r❛t✐♦♥❛❧ ❝✉r✈❡ ✭s❡❡ ❘❡♠❛r❦ ✸✳✶✳✼✮✳ ❆ss✉♠❡ t❤❛t R1 ❛♥❞ R2 ❛r❡
♥♦t ❡①❝❤❛♥❣❡❞✳ ❲❡ ❤❛✈❡ n2,15 + n7,10 + n3,14 + n6,11 = 4 ❛♥❞ n2,15 = n3,14✱ n7,10 = n6,11✳
❇✉t t❤✐s ❝♦♥tr❛❞✐❝ts ❡q✉❛t✐♦♥ ✭✸✳✶✳✺✮ ✐♥ Pr♦♣♦s✐t✐♦♥ ✸✳✶✳✽✳ ■❢ R1 ❛♥❞ R2 ❛r❡ ❡①❝❤❛♥❣❡❞ ✇❡
❤❛✈❡ n3,14 = n6,11 = 0✱ n2,15 = n7,10 = 0 ❛♥❞ n5,12 = n4,13 = 1✳ ❇✉t t❤✐s ❝♦♥tr❛❞✐❝ts t❤❡
❡q✉❛❧✐t② n3,14 − n6,11 = 1 ✐♥ Pr♦♣♦s✐t✐♦♥ ✸✳✶✳✽✳

✐✐✮ ■♥ t❤✐s ❝❛s❡ C ❝♦♥t❛✐♥s t✇♦ ✜①❡❞ ♣♦✐♥ts ❢♦r σ✳ ❲❡ ❤❛✈❡ n8,9 = 2w✱ ✇✐t❤ w = 0, 1✳
▼♦r❡♦✈❡r ❜② ❘❡♠❛r❦ ✸✳✶✳✼ ✇❡ ❤❛✈❡ n5,12 = n4,13 = 2 ♦r n5,12 = n4,13 = 0✳ ■❢ n8,9 = 2
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s♦ t❤❛t kσ = 0 ❛♥ ❡❛s② ❝♦♠♣✉t❛t✐♦♥ ✉s✐♥❣ t❤❡ ❡q✉❛t✐♦♥s ♦❢ Pr♦♣♦s✐t✐♦♥ ✸✳✶✳✽ s❤♦✇s t❤❛t
t❤❡ ✜rst ❝❛s❡ ✇✐t❤ n5,12 = n4,13 = 2 ✐s ♥♦t ♣♦ss✐❜❧❡✳ ■❢ n5,12 = n4,13 = 0 ❛❣❛✐♥ ✉s✐♥❣
Pr♦♣♦s✐t✐♦♥ ✸✳✶✳✽ ✇❡ ✜♥❞ t❤❛t n3,14 = n7,10 = 1 t❤❡ ♦t❤❡r nt,s ❛r❡ ③❡r♦✳ ❖♥❡ ❝♦♠♣✉t❡s
(rσ, lσ,mσ) = (7, 5, 1) ❛♥❞ ✇❡ ❤❛✈❡ Pic(X) = U(2) ⊕D4 ⊕ E8✳ ❖❜s❡r✈❡ t❤❛t ✐♥ t❤✐s ❝❛s❡
t❤❡ r❡♠❛✐♥✐♥❣ σ8✲✜①❡❞ r❛t✐♦♥❛❧ ❝✉r✈❡s ❛r❡ ❡①❝❤❛♥❣❡❞ t✇♦ ❜② t✇♦ ❜② σ✳ ■❢ n8,9 = 0 s♦ t❤❛t
kσ = 1 ❛❣❛✐♥ ♦♥❡ ❝♦♠♣✉t❡s ✉s✐♥❣ Pr♦♣♦s✐t✐♦♥ ✸✳✶✳✽ t❤❛t ✿

(N, k, n8,9, n2,15, n3,14, n4,13, n5,12, n6,11, n7,10) = (10, 1, 0, 3, 2, 2, 2, 1, 0)

❛♥❞ (rσ, lσ,mσ) = (11, 1, 1)✳ ▼♦r❡♦✈❡r ✇❡ ❤❛✈❡ Pic(X) = U(2)⊕D4 ⊕ E8✳
❚❤❡ ❝❛s❡ g(C) = 3✳ ❇② Pr♦♣♦s✐t✐♦♥ ✸✳✶✳✶✵ ✇❡ ❤❛✈❡ kσ4 ≥ 1 s♦ t❤❛t σ4 ✜①❡s ❛t ❧❡❛st

❛ r❛t✐♦♥❛❧ ❝✉r✈❡✳ ❲❡ ❤❛✈❡ ♠♦r❡♦✈❡r ❜② ❢♦r♠✉❧❛s ♦❢ ❘❡♠❛r❦ ✸✳✶✳✶ t❤❛t rσ4 + lσ4 = 14 ❛♥❞
lσ4 ,mσ4 ∈ 4Z ❛♥❞ ♦❜s❡r✈❡ t❤❛t mσ4 = 4m2

σ = 4✳ ❇② ❬✷✱ ❚❤❡♦r❡♠ ✽✳✶❪ ✐❢ lσ4 > 0 t❤❡♥ ✇❡
❤❛✈❡ lσ4 +mσ4 = 4 ♦r 8✳ ❚❤❡ ✜rst ❝❛s❡ ✐s ♥♦t ♣♦ss✐❜❧❡✱ ✐❢ lσ4 +mσ4 = 8 t❤❡♥ lσ4 = 4 ❛♥❞
❜② ❬✷✱ ❚❤❡♦r❡♠ ✽✳✶❪ ✇❡ ❤❛✈❡ kσ4 = 1✳ ❖❜s❡r✈❡ t❤❛t σ ♣r❡s❡r✈❡s ♦r ♣❡r♠✉t❡s s♦♠❡ ♦❢ t❤❡
✜✈❡ r❛t✐♦♥❛❧ ❝✉r✈❡ ♥♦t ✜①❡❞ ❜② σ4 s♦ t❤❛t ✐♥ ❛♥② ❝❛s❡ Nσ4 ≥ 10✳ ❇② ❬✷✱ Pr♦♣♦s✐t✐♦♥ ✶❪ ✇❡
❤❛✈❡ Nσ4 = 6✱ ✇❤✐❝❤ ✐s ♥♦t ♣♦ss✐❜❧❡✳ ❍❡♥❝❡ lσ4 = 0 ❛♥❞ s♦ σ4 ❛❝ts tr✐✈✐❛❧❧② ♦♥ Pic(X)✳
❇② ❬✷✱ ❚❤❡♦r❡♠ ✻✳✶❪ ✇❡ ❤❛✈❡ (mσ4 , rσ4 , n1, n2, kσ4) = (4, 14, 6, 4, 3) ✇❤❡r❡ Nσ4 = n1 + n2

❛♥❞ n2 ✐s t❤❡ ♥✉♠❜❡r ♦❢ ✜①❡❞ ♣♦✐♥ts ♦♥ C✳ ❲❡ ❤❛✈❡ ❤❡♥❝❡ 6 ♣♦✐♥ts ❝♦♥t❛✐♥❡❞ ✐♥ t❤❡ t❤r❡❡
r❛t✐♦♥❛❧ ❝✉r✈❡s t❤❛t ❛r❡ σ4✲✐♥✈❛r✐❛♥t ❜✉t ♥♦t ✜①❡❞✳ ❲❡ ❝❛❧❧ t❤❡s❡ ❝✉r✈❡s Ti✱ i = 1, 2, 3✳ ❲❡
st✉❞② ♥♦✇ t❤❡ ❛❝t✐♦♥ ♦❢ σ ❛♥❞ σ2 ♦♥ t❤❡ 6 r❛t✐♦♥❛❧ ❝✉r✈❡s ✜①❡❞ ❜② σ8 ❛♥❞ ♦♥ C✳

❚❤❡ ❛✉t♦♠♦r♣❤✐s♠ σ2✳ ❲❡ ❤❛✈❡ kσ2 ≤ 3 ❛♥❞ ♦❜s❡r✈❡ t❤❛t s✐♥❝❡ σ ❝❛♥ ♥♦t ♣❡r♠✉t❡ t❤❡
❢♦✉r ❝✉r✈❡s✱ s✐♥❝❡ t❤❡ ❛❝t✐♦♥ ♦❢ σ4 ✐s ❞✐✛❡r❡♥t✱ t❤❡♥ ❡❛❝❤ ❝✉r✈❡ ✐s ♣r❡s❡r✈❡❞ ❜② σ2✳ ▼♦r❡♦✈❡r
✇❡ ❤❛✈❡ n4,5 ∈ 2Z✱ ❛♥❞ t❤❡s❡ ❛r❡ ❛t ♠♦st 6✱ ✐♥ ❢❛❝t ♣♦✐♥ts ♦❢ t❤✐s t②♣❡ ❝❛♥ ♦❝❝✉r ♦♥❧② ♦♥
t❤❡ r❛t✐♦♥❛❧ ❝✉r✈❡s✱ ❛♥❞ n2,7 + n3,6 ≤ 10 ✭✇❡ ❤❛✈❡ ❛t ♠♦st ✹ ✜①❡❞ ♣♦✐♥ts ♦♥ C ❛♥❞ ♣♦✐♥ts
♦❢ t❤✐s t②♣❡ ❛r❡ ♥♦t ❝♦♥t❛✐♥❡❞ ✐♥ r❛t✐♦♥❛❧ ❝✉r✈❡s t❤❛t ❛r❡ ✜①❡❞ ❢♦r σ4✱ ❜✉t ❝❛♥ ❜❡ ❝♦♥t❛✐♥❡❞
✐♥ t❤❡ t❤r❡❡ r❛t✐♦♥❛❧ ❝✉r✈❡s t❤❛t ❛r❡ ♦♥❧② σ4✲✐♥✈❛r✐❛♥t✮✳ ❆❣❛✐♥ ❜② ✉s✐♥❣ Pr♦♣♦s✐t✐♦♥ ✸✳✶✳✶✶
✇❡ ✜♥❞ t❤❛t kσ2 ≤ 2✳ ■❢ kσ2 = 0 t❤❡♥ n2,7 + n3,6 = 2 ❜✉t s✐♥❝❡ ❛❧❧ t❤❡ r❛t✐♦♥❛❧ ❝✉r✈❡s ❛r❡
♣r❡s❡r✈❡❞ n4,5 = 6 ❛♥❞ ✇❡ ❣❡t ❛ ❝♦♥tr❛❞✐❝t✐♦♥ ✉s✐♥❣ Pr♦♣♦s✐t✐♦♥ ✸✳✶✳✶✶✳ ❲❡ ❛r❡ ❧❡❢t ✇✐t❤
t❤❡ ❝❛s❡s ✇✐t❤ kσ2 = 1 ♦r kσ2 = 2✳

✐✮ kσ2 = 2✳ ❍❡r❡ ✇❡ ❣❡t n2,7 + n3,6 = 10 t❤✐s ♠❡❛♥s t❤❛t t❤❡ ❝✉r✈❡ C ♠✉st ❝♦♥t❛✐♥
❢♦✉r ✜①❡❞ ♣♦✐♥ts ❢♦r σ2 ❛♥❞ t❤❡ ♦t❤❡r s✐① ♣♦✐♥ts ❛r❡ ❝♦♥t❛✐♥❡❞ ✐♥ t❤❡ t❤r❡❡ σ4✲✐♥✈❛r✐❛♥t
❝✉r✈❡s T1✱ T2 ❛♥❞ T3✳ ■♥ ♣❛rt✐❝✉❧❛r ✇❡ ❤❛✈❡ n2,7 ≥ 3 ❛♥❞ n3,6 ≥ 3✱ n4,5 = 2✳ ▼♦r❡♦✈❡r
n4,5 = 2n3,6 − 4 s♦ ✇❡ ❣❡t n3,6 = 3✱ n2,7 = 7✱ Nσ2 = 12 ✭❜② Pr♦♣♦s✐t✐♦♥ ✸✳✶✳✶✶✮✳

✐✐✮ kσ2 = 1✿ ❍❡r❡ ✇❡ ❣❡t n2,7 + n3,6 = 6 ❜② Pr♦♣♦s✐t✐♦♥ ✸✳✶✳✶✶✳ ❖❜s❡r✈❡ t❤❛t ❢♦r t❤❡
s❛♠❡ r❡❛s♦♥ ❛s ❛❜♦✈❡ t❤❡ r❡♠❛✐♥✐♥❣ r❛t✐♦♥❛❧ ❝✉r✈❡s ❝❛♥ ♥♦t ❜❡ ❡①❝❤❛♥❣❡❞ t✇♦ ❜② t✇♦✳ ❙♦
t❤❡s❡ ❛r❡ ✐♥✈❛r✐❛♥t✳ ❚❤✐s ❣✐✈❡s n2,7 ≥ 3✱ n3,6 ≥ 3 ❛♥❞ n4,5 = 4✳ ❲❡ ❣❡t ✉s✐♥❣ Pr♦♣♦s✐t✐♦♥
✸✳✶✳✶✶ t❤❛t n2,7 = n3,6 = 3✱ ❛♥❞ s♦ t❤❡ ❢♦✉r ♣♦✐♥ts ♦♥ C ✜①❡❞ ❜② σ4 ❢♦r♠ ❛ σ✲♦r❜✐t ♦❢
❧❡♥❣t❤ ❢♦✉r✳

❚❤❡ ❛✉t♦♠♦r♣❤✐s♠ σ✳ ❇② ✉s✐♥❣ ❘✐❡♠❛♥♥✲❍✉r✇✐t③ ❢♦r♠✉❧❛ t❤❡r❡ ❛r❡ t✇♦ ♣♦ss✐❜❧❡ ❛❝✲
t✐♦♥s ♦♥ C✿ ❚❤❡ ❛✉t♦♠♦r♣❤✐s♠ σ ❡①❝❤❛♥❣❡s 2 ♣♦✐♥ts ❛♥❞ ✜①❡s t❤❡ ♦t❤❡r t✇♦ ✭t❤✐s ✐s ❝❛s❡
✐✮✮ ♦r t❤❡ ❢♦✉r ♣♦✐♥ts ❢♦r♠ ❛ σ✲♦r❜✐t ✭t❤✐s ✐s ❝❛s❡ ✐✐✮✮✳

✐✮ ❲❡ ❤❛✈❡ n8,9 = 2w ❛♥❞ s✐♥❝❡ kσ2 = 2 ✇❡ ❤❛✈❡ 0 ≤ w ≤ 2✳ ▼♦r❡♦✈❡r n5,12 = n4,13 = 1
✭s✐♥❝❡ t❤❡s❡ t✇♦ ♣♦✐♥ts ❝♦rr❡s♣♦♥❞ t♦ t❤❡ t✇♦ ✜①❡❞ ♣♦✐♥ts ✇✐t❤ ❧♦❝❛❧ ❛❝t✐♦♥ (4, 5) ❢♦r σ2✮✳
■❢ w = 0 ❛♥❞ k = 0✱ s♦ t❤❛t t❤❡ t✇♦ σ2✲✜①❡❞ ❝✉r✈❡s ❛r❡ ❡①❝❤❛♥❣❡❞ ❜② σ✱ t❤❡♥ ✉s✐♥❣
Pr♦♣♦s✐t✐♦♥ ✸✳✶✳✽ ♦♥❡ s❡❡s t❤❛t t❤✐s ❝❛s❡ ✐s ♥♦t ♣♦ss✐❜❧❡✳ ■❢ w = 0 ❛♥❞ k = 2 ✉s✐♥❣
Pr♦♣♦s✐t✐♦♥ ✸✳✶✳✽ ✇❡ ❣❡t N = 14 ✇❤✐❝❤ ✐s ✐♠♣♦ss✐❜❧❡ ❜② ❧♦♦❦✐♥❣ ❛t t❤❡ ❣❡♦♠❡tr② ✭✐♥❞❡❡❞
✐♥ t❤✐s ❝❛s❡ ✇❡ ❤❛✈❡ N ≤ 12✮✳
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■❢ w = 1✱ t❤❡♥ k = 1 ❛♥❞ ✇❡ ✜♥❞ N = 12 ✇✐t❤

(N, k, n8,9, n2,15, n3,14, n4,13, n5,12, n6,11, n7,10) = (12, 1, 2, 3, 2, 1, 1, 1, 2).

❚❤✐s ✐s t❤❡ ❝❛s❡ ✐♥ t❤❡ st❛t❡♠❡♥t✳
■❢ w = 2 ❛♥❞ k = 0 t❤✐s ✐s ♥♦t ♣♦ss✐❜❧❡ ❜② ✉s✐♥❣ ❡q✉❛t✐♦♥ ✐♥ Pr♦♣♦s✐t✐♦♥ ✸✳✶✳✽✳
✐✐✮ ❲❡ ❤❛✈❡ n8,9 = 2w ❛♥❞ s✐♥❝❡ kσ2 = 1 ✇❡ ❤❛✈❡ w = 0, 1✳ ■❢ w = 0 t❤❡♥ k = 1

❛♥❞ n5,12 = n4,13 = 2 ♦r n5,12 = n4,13 = 0✳ ■❢ n5,12 = n4,13 = 2 ✇❡ ♦❜t❛✐♥ n6,11 = 1
❛♥❞ n7,10 = 0 ✇❤✐❝❤ ✐s ✐♠♣♦ss✐❜❧❡ s✐♥❝❡ t❤❡ ✜①❡❞ ♣♦✐♥ts ❜② σ ❛r❡ ❝♦♥t❛✐♥❡❞ ✐♥ t❤❡ r❛t✐♦♥❛❧
❝✉r✈❡s t❤❛t ❛r❡ ✜①❡❞ ❜② σ8 ✭s❡❡ ❘❡♠❛r❦ ✸✳✶✳✼✮✳ ■❢ n5,12 = n4,13 = 0 t❤❡♥ t✇♦ ♦❢ t❤❡ σ4✲✜①❡❞
❝✉r✈❡s ❛r❡ ❡①❝❤❛♥❣❡❞✳ ❇② ✉s✐♥❣ Pr♦♣♦s✐t✐♦♥ ✸✳✶✳✽ ✇❡ ❣❡t n7,10 = 1✱ n2,15 = 4✱ n3,14 = 1
✭t❤❡ ♦t❤❡r nt,s ❛r❡ ③❡r♦✮✱ ❜✉t t❤✐s ✐s ♥♦t ♣♦ss✐❜❧❡ s✐♥❝❡ t❤❡ ✐s♦❧❛t❡❞ ♣♦✐♥ts ✜①❡❞ ❜② σ ❛r❡
❝♦♥t❛✐♥❡❞ ✐♥ r❛t✐♦♥❛❧ ❝✉r✈❡s ✭s❡❡ ❘❡♠❛r❦ ✸✳✶✳✼✮✳

■❢ w = 1 t❤❡♥ k = 0 t❤❡♥ ❛❣❛✐♥ n5,12 = n4,13 = 2 ♦r n5,12 = n4,13 = 0✳ ❇② ✉s✐♥❣
Pr♦♣♦s✐t✐♦♥ ✸✳✶✳✽ ✇❡ s❡❡ t❤❛t t❤❡ ✜rst ❝❛s❡ ✐s ♥♦t ♣♦ss✐❜❧❡✳ ■❢ n5,12 = n4,13 = 0 t❤❡♥ t✇♦
♦❢ t❤❡ σ4✲✜①❡❞ ❝✉r✈❡s ❛r❡ ❡①❝❤❛♥❣❡❞✳ ❇② Pr♦♣♦s✐t✐♦♥ ✸✳✶✳✽ ✇❡ ✜♥❞ N = 4✳ ❚❤✐s ✐s ♥♦t
♣♦ss✐❜❧❡ ✐♥❞❡❡❞ ✐❢ t❤❡ ❝✉r✈❡s Ti ❛r❡ ♣r❡s❡r✈❡❞ t❤❡♥ N = 6✱ ✐❢ t✇♦ ♦❢ t❤❡♠ ❛r❡ ❡①❝❤❛♥❣❡❞
✇❡ ❣❡t N = 2✳ ■♥ ❛♥② ❝❛s❡ ✇❡ ❣❡t ❛ ❝♦♥tr❛❞✐❝t✐♦♥✳

❘❡♠❛r❦ ✸✳✹✳✷✳ ■❢ rkS(σ8) = 14 t❤❡♥ t❤❡ ❛✉t♦♠♦r♣❤✐s♠ σ ❛❝ts ♦♥ S(σ8)⊥ ⊗ C ❜② t❤❡
❡✐❣❤t ♣r✐♠✐t✐✈❡ r♦♦ts ♦❢ ✉♥✐t② ζi16✱ i = 1, 3, . . . , 15✳ ■♥ ♣❛rt✐❝✉❧❛r ❡❛❝❤ ❡✐❣❡♥s♣❛❝❡ ✐s ♦♥❡✲
❞✐♠❡♥s✐♦♥❛❧✱ s♦ ❜② ❛♣♣❧②✐♥❣ t❤❡ ❝♦♥str✉❝t✐♦♥ ❢♦r t❤❡ ♠♦❞✉❧✐ s♣❛❝❡ ♦❢ ❑✸ s✉r❢❛❝❡s ✇✐t❤
♥♦♥✲s②♠♣❧❡❝t✐❝ ❛✉t♦♠♦r♣❤✐s♠s ❛s ❞❡s❝r✐❜❡❞ ✐♥ ❬✷✺✱ ➓✶✶❪✱ ✇❡ s❡❡ t❤❛t ✐♥ ❢❛❝t t❤✐s ✐s ③❡r♦
❞✐♠❡♥s✐♦♥❛❧✳ ❚❤✐s ✐s t❤❡ ❝❛s❡ ✐♥ ❚❤❡♦r❡♠ ✸✳✷✳✷ ❛♥❞ ✐♥ ❚❤❡♦r❡♠ ✸✳✹✳✶✳ ■❢ rkS(σ8) = 6
✉s✐♥❣ t❤❡ s❛♠❡ ❝♦♥str✉❝t✐♦♥ ❛s ❛❜♦✈❡ ♦♥❡ ✜♥❞s t❤❛t t❤❡ ❞✐♠❡♥s✐♦♥ ♦❢ t❤❡ ♠♦❞✉❧✐ s♣❛❝❡ ✐s
♦♥❡✳

✸✳✺ ❊①❛♠♣❧❡s✳

■♥ t❤✐s s❡❝t✐♦♥ ✇❡ ❣✐✈❡ ❛♥ ❡①❛♠♣❧❡ ❢♦r ❡❛❝❤ ❝❛s❡ ✐♥ t❤❡ ❝❧❛ss✐✜❝❛t✐♦♥ ♦❢ t❤❡ ♥♦♥✲s②♠♣❧❡❝t✐❝
❛✉t♦♠♦r♣❤✐s♠s ♦❢ ♦r❞❡r ✶✻✳ ❚❤✐s s❤♦✇s ♠♦r❡ ♣r❡❝✐s❡❧② t❤❛t ❛❧❧ t❤❡ ❝❛s❡s ✐♥ t❤❡ ❝❧❛ss✐✜❝t✐♦♥
❞♦ ❡①✐st✳ ❲❡ ❝♦♥str✉❝t ❛❧❧ t❤✐s ❡①❛♠♣❧❡s ❜② ✉s✐♥❣ ❡❧❧✐♣t✐❝ ✜❜r❛t✐♦♥s ♦♥ K3 s✉r❢❛❝❡s✳ ❚❤❡
♠❛✐♥ ❞❡✜♥✐t✐♦♥s ❛♥❞ ♣r♦♣❡rt✐❡s ♦❢ ❡❧❧✐♣t✐❝ ✜❜r❛t✐♦♥s✱ t❤❛t ✇❡ ♥❡❡❞✱ ❛r❡ ❝♦♥t❛✐♥❡❞ ✐♥ t❤❡
❙❡❝t✐♦♥ ✶✳✸✳

❊①❛♠♣❧❡ ✸✳✺✳✶✳ ❈♦♥s✐❞❡r t❤❡ ❡❧❧✐♣t✐❝ ✜❜r❛t✐♦♥ ✐♥ ❲❡✐❡rstr❛ss ❢♦r♠ ❣✐✈❡♥ ❜② ✿

y2 = x3 + ax+ bt8

✇❤❡r❡ a, b ∈ C ❛♥❞ t❤❡ ❛✉t♦♠♦r♣❤✐s♠ σ(x, y, t) = (−x, iy, ζ1316 t) ✭r❡❝❛❧❧ t❤❛t i = ζ416✮✳ ❇②
♠❛❦✐♥❣ t❤❡ ❝♦♦r❞✐♥❛t❡ tr❛♥s❢♦r♠❛t✐♦♥ t❤❛t r❡♣❧❛❝ ❡ x ❜② λ4x ❛♥❞ y ❜② λ6y ❢♦r ❛ s✉✐t❛❜❧❡
λ ∈ C ✇❡ ❝❛♥ ❛ss✉♠❡ t❤❛t a = 1✳ ▼♦r❡♦✈❡r s✐♥❝❡ b 6= 0 ✇❡ ❝❛♥ ❛♣♣❧② ❛ ❝♦♦r❞✐♥❛t❡
tr❛♥❢♦r♠❛t✐♦♥ t♦ t ❛♥❞ s♦ ❛ss✉♠❡ t❤❛t b = 1 t♦♦✳ ❖✉r ❡q✉❛t✐♦♥ ❜❡❝♦♠❡s✿

y2 = x3 + x+ t8.

❚❤❡ ✜❜❡rs ♣r❡s❡r✈❡❞ ❜② σ ❛r❡ ♦✈❡r 0,∞ ❛♥❞ t❤❡ ❛❝t✐♦♥ ❛t ✐♥✜♥✐t② ✐s ✭s❡❡ ❬✺✱ ➓✸❪✮✿

(x/t4, y/t6, 1/t) 7−→ (−ix/t4, ζ616y/t
6, ζ15161/t).
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❚❤❡ ❞✐s❝r✐♠✐♥❛♥t ♦❢ t❤❡ ✜❜r❛t✐♦♥ ✐s

∆(t) = 4 + 27t16.

❲❡ ❤❛✈❡ t❤❛t t = ∞ ✐s ❛♥ ♦r❞❡r ❡✐❣❤t ③❡r♦ ♦❢ ∆(t)✱ ❛♥❞ ∆(t) ❤❛s 16 s✐♠♣❧❡ ③❡r♦s✳ ▲♦♦❦✐♥❣
✐♥ t❤❡ ❝❧❛ss✐✜❝❛t✐♦♥ ♦❢ s✐♥❣✉❧❛r ✜❜❡rs ♦❢ ❡❧❧✐♣t✐❝ ✜❜r❛t✐♦♥s ♦♥ s✉r❢❛❝❡s ✭❡✳❣✳ ❬✶✼✱ ❙❡❝t✐♦♥ ✸❪✮
✇❡ s❡❡ t❤❛t t❤❡ ✜❜❡r ♦✈❡r t = ∞ ✐s ♦❢ t②♣❡ IV∗ ❛♥❞ t❤❡ ✜❜r❛t✐♦♥ ❤❛s 16 ✜❜❡rs ♦❢ t②♣❡ I1✳
■♥ ♣❛rt✐❝✉❧❛r t❤❡ ✜❜❡r ♦✈❡r t = 0 ✐s s♠♦♦t❤✳ ❇② ❬✺✱ ➓✸❪ ❛ ❤♦❧♦♠♦r♣❤✐❝ t✇♦ ❢♦r♠ ✐s ❣✐✈❡♥
❜② (dt ∧ dx)/2y ❛♥❞ s♦ t❤❡ ❛❝t✐♦♥ ♦❢ σ ♦♥ ✐t ✐s ❜② ♠✉❧t✐♣❧✐❝❛t✐♦♥ ❜② ζ16✳ ■♥ ❢❛❝t ✇❡ ❝❛♥
✉♥❞❡rst❛♥❞ t❤❡ ❧♦❝❛❧ ❛❝t✐♦♥ ♦❢ t❤❡ ❛✉t♦♠♦r♣❤✐s♠ σ ❛t t❤❡ ✜①❡❞ ♣♦✐♥ts ♦♥ C✳ ■❢ ✇❡ ❧♦♦❦ ❛t
t❤❡ ❡❧❧✐♣t✐❝ ✜❜r❛t✐♦♥ ❧♦❝❛❧❧② ❛r♦✉♥❞ t❤❡ ✜❜❡r ♦✈❡r t = 0 t❤❡ ❡q✉❛t✐♦♥ ✐♥ P2 ×C ✐s ❣✐✈❡♥ ❜②✿

G(x, y, z, t) := zy2 − (x3 + z2x+ z3t8) = 0

✇❤❡r❡ (x : y : z) ❛r❡ t❤❡ ❤♦♠♦❣❡♥❡♦✉s ❝♦♦r❞✐♥❛t❡s ♦❢ P2 ❛♥❞ t❤❡ t✇♦ ✜①❡❞ ♣♦✐♥ts ❢♦r t❤❡
❛✉t♦♠♦r♣❤✐s♠ σ ♦♥ t❤❡ ✜❜❡r t = 0 ❛r❡ p0 := (0 : 1 : 0) ❛♥❞ p1 := (0 : 0 : 1)✳ ■♥ t❤❡
❝❤❛rt z = 1 ❛♥❞ ♦♥ t❤❡ ♦♣❡♥ s✉❜s❡t ∂G(x, y, 1, 0)/∂x 6= 0 t❤❛t ❝♦♥t❛✐♥s t❤❡ ✜①❡❞ ♣♦✐♥t
p1 = (0 : 0 : 1)✱ ❛ ♦♥❡ ❢♦r♠ ❢♦r t❤❡ ❡❧❧✐♣t✐❝ ❝✉r✈❡ ♦✈❡r t = 0 ✐s✿

dy/(∂G(x, y, 1, 0)/∂x) = dy/(−3x2 − 1).

❍❡r❡ t❤❡ ❛❝t✐♦♥ ♦❢ σ ✐s ❛ ♠✉❧t✐♣❧✐❝❛t✐♦♥ ❜② i s♦ t❤❛t t❤❡ ❛❝t✐♦♥ ♦♥ t❤❡ ❤♦❧♦♠♦r♣❤✐❝ t✇♦
❢♦r♠

dt ∧ (dy/(−3x2 − 1))

✐s ❛ ♠✉❧t✐♣❧✐❝❛t✐♦♥ ❜② ζ16 ❛s ❡①♣❡❝t❡❞✱ ❛♥❞ ✇❡ s❡❡ t❤❛t t❤❡ ❧♦❝❛❧ ❛❝t✐♦♥ ✐s ♦❢ t②♣❡ P 4,13✳
❉♦✐♥❣ ❛ s✐♠✐❧❛r ❝♦♠♣✉t❛t✐♦♥ ✐♥ ❛♥ ♦♣❡♥ s✉❜s❡t ♦❢ t❤❡ ❝❤❛rt y = 1 t❤❛t ❝♦♥t❛✐♥s t❤❡
✜①❡❞ ♣♦✐♥t p0 ✇❡ ✜♥❞ ❛❣❛✐♥ t❤❡ s❛♠❡ ❧♦❝❛❧ ❛❝t✐♦♥✳ ❙♦ ✇❡ ❛r❡ ✐♥ t❤❡ ✜rst ❝❛s❡ ♦❢ t❤❡
❚❤❡♦r❡♠ ✸✳✷✳✷ ✇✐t❤ N = 8✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞ t❤❡ ✜❜r❛t✐♦♥ ❛❞♠✐ts ❛❧s♦ t❤❡ ❛✉t♦♠♦r♣❤✐s♠
γ(x, y, t) = (−x,−iy, ζ516t)✳ ❚❤✐s ❛❝ts ❛❧s♦ ❜② ♠✉❧t✐♣❧✐❝❛t✐♦♥ ❜② ζ16 ♦♥ t❤❡ ❤♦❧♦♠♦r♣❤✐❝ t✇♦
❢♦r♠✱ s♦ γ ✐s ♥♦t ❛ ♣♦✇❡r ♦❢ σ✳ ■♥ t❤✐s ❝❛s❡ ❛ s✐♠✐❧❛r ❝♦♠♣✉t❛t✐♦♥ ❛s ❛❜♦✈❡ s❤♦✇s t❤❛t t❤❡
❧♦❝❛❧ ❛❝t✐♦♥ ❛t t❤❡ ✜①❡❞ ♣♦✐♥ts ♦♥ t❤❡ ✜❜❡r C ✐s ♦❢ t②♣❡ P 5,12✱ s♦ ✇❡ ❛r❡ ✐♥ t❤❡ s❡❝♦♥❞ ❝❛s❡
♦❢ t❤❡ ❚❤❡♦r❡♠ ✸✳✷✳✷✳

❊①❛♠♣❧❡ ✸✳✺✳✷✳ ✶✮ ❚❤❡ ❝❛s❡ g(C) = 7✱ (r, l) = (6, 0)✱ Pic(X) = U ⊕D4✳
❈♦♥s✐❞❡r ❛s ✐♥ ❬✼✱ ❙❡❝t✐♦♥ ✸✳✹❪ t❤❡ ❡❧❧✐♣t✐❝ ✜❜r❛t✐♦♥✿

y2 = x3 + t2x+ (bt3 + t11)

✇✐t❤ b ∈ C ❛♥❞ ✇✐t❤ t❤❡ ❛✉t♦♠♦r♣❤✐s♠ σ(x, y, t) = (ζ216x, ζ
3
16y, ζ

2
16t) ✭✇❡ ✇r✐t❡ ❤❡r❡ t❤❡

✜❜r❛t✐♦♥ ✐♥ ❛ s❧✐❣❤t❧② ❞✐✛❡r❡♥t ✇❛② ❛s ❣✐✈❡♥ ✐♥ ❬✼❪✮✳ ❖♥ t = 0 t❤❡ ✜❜r❛t✐♦♥ ❤❛s ❛ ✜❜❡r ♦❢
t②♣❡ I∗0 ❛♥❞ ♦♥ t = ∞ t❤❡ ✜❜r❛t✐♦♥ ❤❛s ❛ ✜❜❡r ♦❢ t②♣❡ II✳ ❚❤❡ ❛❝t✐♦♥ ♦♥ t❤❡ ❤♦❧♦♠♦r♣❤✐❝
t✇♦ ❢♦r♠ (dx ∧ dt)/2y ✐s ❛ ♠✉❧t✐♣❧✐❝❛t✐♦♥ ❜② ζ16✳ ❚❤✐s ✐s ❛ ♦♥❡ ❞✐♠❡♥s✐♦♥❛❧ ❢❛♠✐❧② ❛♥❞
❢♦r ❣❡♥❡r✐❝ b t❤❡ ❛❝t✐♦♥ ✐s tr✐✈✐❛❧ ♦♥ Pic(X)✳ ❙♦ ✇❡ ❛r❡ ✐♥ t❤❡ ✜rst ❝❛s❡ ♦❢ ❚❤❡♦r❡♠ ✸✳✸✳✷✳
❖❜s❡r✈❡ t❤❛t t❤❡ ✜❜❡r ♦❢ t②♣❡ I∗0 ❝♦♥t❛✐♥s t❤❡ ❢♦✉r ✜①❡❞ ♣♦✐♥ts ✇✐t❤ ❧♦❝❛❧ ❛❝t✐♦♥ ♦❢ t②♣❡
P 2,15 ❛♥❞ t❤❡ ✐♥✈❛r✐❛♥t ❡❧❧✐♣t✐❝ ❝✉s♣✐❞❛❧ ❝✉r✈❡ ♦✈❡r t = ∞ ❝♦♥t❛✐♥s t❤❡ ✜①❡❞ ♣♦✐♥t ✇✐t❤
❧♦❝❛❧ ❛❝t✐♦♥ P 14,3 ✭✇❤✐❝❤ ✐s ❛❧s♦ ❝♦♥t❛✐♥❡❞ ♦♥ t❤❡ s❡❝t✐♦♥ ♦❢ t❤❡ ✜❜r❛t✐♦♥✮ ❛♥❞ t❤❡ ♣♦✐♥t ♦❢
t②♣❡ P 7,10✳ ■♥ ♣❛rt✐❝✉❧❛r ♦❜s❡r✈❡ t❤❛t t❤❡ ❝✉r✈❡ C ♦❢ ❣❡♥✉s ✼ ♠❡❡ts t❤❡ ✜❜❡r ♦❢ t②♣❡ II ❛t
t❤❡ s✐♥❣✉❧❛r ♣♦✐♥t ✇✐t❤ ♠✉❧t✐♣❧✐❝✐t② ✸✳
❖❜s❡r✈❡ t❤❛t ✐❢ b = 0 ✇❡ ❣❡t t❤❡ ❡❧❧✐♣t✐❝ ✜❜r❛t✐♦♥ ✇✐t❤ t❤❡ ♦r❞❡r ✸✷ ❛✉t♦♠♦r♣❤✐s♠

σ32(x, y, t) = (ζ1832x, ζ
11
32y, ζ

2
32t)



✸✳✺✳ ❊❳❆▼P▲❊❙✳ ✼✶

❛s ❞❡s❝r✐❜❡❞ ❡✳❣✳ ✐♥ ❬✶✺❪✳ ❚❤❡ ❛✉t♦♠♦r♣❤✐s♠ σ ✐s t❤❡ sq✉❛r❡ ♦❢ t❤❡ ❛✉t♦♠♦r♣❤✐s♠ σ25
32✳

✷✮ ❚❤❡ ❝❛s❡ g(C) = 6✱ (r, l) = (4, 2)✱ Pic(X) = U(2)⊕D4✳
❚❤❡ s✉r❢❛❝❡s ♦❢ t❤✐s ❦✐♥❞ ❛r❡ ❞❡s❝r✐❜❡❞ ✐♥ t❤❡ ♣❛♣❡r ❬✶✸❪ ❛♥❞ t❤❡② ❛r❡ ❞♦✉❜❧❡ ❝♦✈❡rs ♦❢

P2 r❛♠✐✜❡❞ ♦♥ ❛ r❡❞✉❝✐❜❧❡ s❡①t✐❝ ✇❤✐❝❤ ✐s t❤❡ ♣r♦❞✉❝t ♦❢ ❛ s♠♦♦t❤ q✉✐♥t✐❝ ❛♥❞ ❛ ❧✐♥❡✳ ❲❡
❝♦♥s✐❞❡r t❤❡ s♣❡❝✐❛❧ ❢❛♠✐❧② ✇✐t❤ ❡q✉❛t✐♦♥ ✐♥ P(3, 1, 1, 1)✿

z2 = x0(α0x
4
0x2 + β0x

5
1 + β1x

3
1x

2
2 + β2x1x

4
2).

❖❜s❡r✈❡ t❤❛t t❤❡ q✉✐♥t✐❝ ❝✉r✈❡ ✐s s♠♦♦t❤ ❛♥❞ t❤❡ ❑✸ s✉r❢❛❝❡ ❤❛s ✜✈❡ A1 s✐♥❣✉❧❛r✐t✐❡s ♦✈❡r
t❤❡ ♣♦✐♥ts ♦❢ ✐♥t❡rs❡❝t✐♦♥ ♦❢ t❤❡ q✉✐♥t✐❝ ❝✉r✈❡ ❛♥❞ t❤❡ ❧✐♥❡✳ ❚❤❡ ❑✸ s✉r❢❛❝❡ ❝❛rr✐❡s t❤❡
♦r❞❡r 16 ♥♦♥✲s②♠♣❧❡❝t✐❝ ❛✉t♦♠♦r♣❤✐s♠

σ(z : x0 : x1 : x2) 7→ (ζ316z : x0 : ζ
7
8x1 : ζ

3
8x2).

❚❤✐s ❛❝ts ❜② ♠✉❧t✐♣❧✐❝❛t✐♦♥ ❜② ζ16 ♦♥ t❤❡ ❤♦❧♦♠♦r♣❤✐❝ t✇♦ ❢♦r♠✿

(dx ∧ dy)/
√

f

✇❤❡r❡ f(x, y) = 0 ✐s t❤❡ ❡q✉❛t✐♦♥ ♦❢ t❤❡ r❛♠✐✜❝❛t✐♦♥ s❡①t✐❝ ✐♥ t❤❡ ❧♦❝❛❧ ❝♦♦r❞✐♥❛t❡s x ❛♥❞
y✳ ❆♥ ❡❛s② ❝♦♠♣✉t❛t✐♦♥ s❤♦✇s t❤❛t t❤❡ ❛✉t♦♠♦r♣❤✐s♠ ✜①❡s t❤❡ ♣♦✐♥ts✿

(0 : 1 : 0 : 0), (0 : 0 : 1 : 0), (0 : 0 : 0 : 1)

❖❜s❡r✈❡ t❤❛t t❤❡ ♣♦✐♥t (0 : 0 : 0 : 1) ✐s ✐♥ ❢❛❝t ♦♥❡ ♦❢ t❤❡ ✜✈❡ A1 s✐♥❣✉❧❛r✐t✐❡s ♦♥ t❤❡ ❑✸
s✉r❢❛❝❡✳ ■❢ ✇❡ r❡s♦❧✈❡ ✐t ✇❡ ✜♥❞ ❛ ✜①❡❞ ♣♦✐♥t ♦♥ t❤❡ str✐❝t tr❛♥s❢♦r♠ ♦❢ C ✇❤✐❝❤ ✐s t❤❡
q✉✐♥t✐❝ ❝✉r✈❡ ♦♥ P2 ✭t❤❛t ❤❛✈❡ ❣❡♥✉s s✐①✮ ❛♥❞ ♦♥❡ ✜①❡❞ ♣♦✐♥t ♦♥ t❤❡ str✐❝t tr❛♥s❢♦r♠ ♦❢ L
✇❤✐❝❤ ❞❡♥♦t❡s t❤❡ ❝✉r✈❡ {x0 = 0}✳ ❚❤❡ ♦t❤❡r t✇♦ ✜①❡❞ ♣♦✐♥ts ❛r❡ ❝♦♥t❛✐♥❡❞ r❡s♣❡❝t✐✈❡❧②
✐♥ C ❛♥❞ L ✭❛♥❞ t❤❡✐r r❡s♣❡❝t✐✈❡ str✐❝t tr❛♥s❢♦r♠s✮✳ ❖❜s❡r✈❡ t❤❛t t❤❡ ❛✉t♦♠♦r♣❤✐s♠ σ
❡①❝❤❛♥❣❡s t✇♦ ❜② t✇♦ t❤❡ ♦t❤❡r ♣♦✐♥ts ♦❢ ✐♥t❡rs❡❝t✐♦♥ ♦❢ C ✇✐t❤ L✳

❊①❛♠♣❧❡ ✸✳✺✳✸✳ ✶✮ ❚❤❡ ❝❛s❡ g(C) = 3 ✭s❡❡ ❬✶✹❪✮✳ ❈♦♥s✐❞❡r t❤❡ ❡❧❧✐♣t✐❝ ✜❜r❛t✐♦♥✿

y2 = x3 + t2x+ t7

❚❤✐s ❝❛rr✐❡s t❤❡ ♦r❞❡r ✶✻ ❛✉t♦♠♦r♣❤✐s♠ σ(x, y, t) = (ζ216x, ζ
11
16y, ζ

10
16 t)✳ ❚❤❡ ❞✐s❝r✐♠✐♥❛♥t

✐s t6(4 + 27t8) s♦ ♦✈❡r t = 0 t❤❡ ✜❜r❛t✐♦♥ ❤❛s ❛ ✜❜❡r ♦❢ t②♣❡ I∗0 ❛♥❞ ♦✈❡r t = ∞ t❤❡
✜❜r❛t✐♦♥ ❤❛s ❛ ✜❜❡r ♦❢ t②♣❡ II∗✳ ❚❤❡ ❛✉t♦♠♦r♣❤✐s♠ σ ♣r❡s❡r✈❡s t❤❡ II∗ ✜❜❡r ❛♥❞ ✜①❡s
t❤❡ ❝♦♠♣♦♥❡♥t ♦❢ ♠✉❧t✐♣❧✐❝✐t② ✻✳ ❚❤❡ ❣❡♥✉s ✸ ❝✉r✈❡ ❝✉ts t❤❡ ✜❜❡r II∗ ✐♥ t❤❡ ❝♦♠♣♦♥❡♥t ♦❢
♠✉❧t✐♣❧✐❝✐t② ✸✳ ❋✐♥❛❧❧② σ ❡①❝❤❛♥❣❡s t✇♦ ❝✉r✈❡s ✐♥ t❤❡ I∗0 ✜❜❡r ✭t❤✐s ❝♦rr❡s♣♦♥❞s t♦ lσ = 1✮✱
✐t ❧❡❛✈❡s ✐♥✈❛r✐❛♥t t❤❡ ❝♦♠♣♦♥❡♥t ♦❢ ♠✉❧t✐♣❧✐❝✐t② t✇♦ ❛♥❞ ❝♦♥t❛✐♥s t✇♦ ✜①❡❞ ♣♦✐♥t ♦♥ ✐t✳
❯s✐♥❣ ❘❡♠❛r❦ ✸✳✶✳✼ ✐t ✐s ❡❛s② t♦ ✜♥❞ t❤❡ ❧♦❝❛❧ ❛❝t✐♦♥ ❛t t❤❡ 12 ✜①❡❞ ♣♦✐♥ts✳ ■♥ t❤✐s ❝❛s❡
✇❡ ❤❛✈❡ Pic(X) = U ⊕D4 ⊕ E8✳

✷✮ ❚❤❡ ❝❛s❡ g(C) = 2 ❛♥❞ kσ = 0✳ ❲❡ ❝♦♥s✐❞❡r t❤❡ ❑✸ s✉r❢❛❝❡ ❞♦✉❜❧❡ ❝♦✈❡r ♦❢ P2

r❛♠✐✜❡❞ ♦♥ ❛ s♣❡❝✐❛❧ r❡❞✉❝✐❜❧❡ s❡①t✐❝ ❛s ✐♥ ❊①❛♠♣❧❡ ✸✳✺✳✷✱ ✷✮✳ ❲❡ ❝♦♥s✐❞❡r t❤❡ q✉✐♥t✐❝ ✇✐t❤
❛ s♣❡❝✐❛❧ ❡q✉❛t✐♦♥✱ ♠♦r❡ ♣r❡❝✐s❡❧② ✇❡ ❛ss✉♠❡ t❤❛t t❤❡ r❡❞✉❝✐❜❧❡ s❡①t✐❝ (L = {x0 = 0})∪C
❤❛s t❤❡ ❡q✉❛t✐♦♥✿

x0(x
4
0x2 + x51 − 2x31x

2
2 + x42x1) = 0,

❛♥❞ r❡❝❛❧❧ t❤❛t t❤❡ ❛✉t♦♠♦r♣❤✐s♠ ✐s✿

σ : (z : x0 : x1 : x2) 7→ (ζ316z : x0 : ζ
7
8x1 : ζ

3
8x2).
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❚❤❡ ❧✐♥❡ L = {x0 = 0} ♠❡❡ts t❤❡ q✉✐♥t✐❝ ✐♥ t❤❡ ♣♦✐♥t (0 : 0 : 1) ❛♥❞ t✇♦ ❢✉rt❤❡r ♣♦✐♥ts
(0 : 1 : 1) ❛♥❞ (0 : −1 : 1)✱ t❤❛t ❛r❡ ✐♥ ❢❛❝t ❡①❝❤❛♥❣❡❞ ❜② t❤❡ ❛✉t♦♠♦r♣❤✐s♠ σ✳ ❇② st✉❞②✐♥❣
t❤❡ ♣❛rt✐❛❧ ❞❡r✐✈❛t✐✈❡s ♦❢ t❤❡ ❡q✉❛t✐♦♥ ♦❢ C ♦♥❡ s❡❡s t❤❛t t❤❡s❡ ❛r❡ s✐♥❣✉❧❛r ♣♦✐♥ts✳ ❚❤❡s❡
❛r❡ ✐♥ ❢❛❝t A3 s✐♥❣✉❧❛r✐t✐❡s✳ ❲❡ ❡①♣❧❛✐♥ t❤❡ ❝♦♠♣✉t❛t✐♦♥s ✐♥ ❞❡t❛✐❧ ❢♦r t❤❡ ♣♦✐♥t (0 : 1 : 1)✳
■♥ t❤❡ ❝❤❛rt x2 = 1 t❤❡ ❡q✉❛t✐♦♥ ♦❢ C ❜❡❝♦♠❡s✿

x40 + x51 − 2x31 + x1 = 0

❲❡ tr❛♥s❧❛t❡ t❤❡ ♣♦✐♥t (0, 1) t♦ t❤❡ ♦r✐❣✐♥ ❛♥❞ ✇❡ ❣❡t ❛♥ ❡q✉❛t✐♦♥ ✐♥ ♥❡✇ ❧♦❝❛❧ ❝♦♦r❞✐♥❛t❡s
✭❤❡r❡ x0 = y✮✿

x2(x3 + 5x2 + 8x+ 4) + y4 = 0

❙♦ ✇❡ ❤❛✈❡ ❛ ❞♦✉❜❧❡ ♣♦✐♥t ❛t (0, 0) ❛♥❞ ❜② ♠❛❦✐♥❣ ❛ ❝♦♦r❞✐♥❛t❡s tr❛♥s❢♦r♠❛t✐♦♥ ❛s ✐♥ ❬✷✷✱
❈❤✳ ■■✱ s❡❝t✐♦♥ ✽❪ ✇❡ ♦❜t❛✐♥ t❤❡ ❧♦❝❛❧ ❡q✉❛t✐♦♥✿

x2 + y4 = 0

✇❤✐❝❤ ✐s ❛♥ A3 s✐♥❣✉❧❛r✐t②✳ ◆♦✇ ❛s ❡①♣❧❛✐♥❡❞ ❛❣❛✐♥ ✐♥ ❬✷✷✱ ❈❤✳ ■■✱ s❡❝t✐♦♥ ✽❪ ♦r ❛❧s♦ ✐♥
❬✶✸✱ ▲❡♠♠❛ ✸✳✶✺❪ t❤✐s ❣✐✈❡s ❛ D6 s✐♥❣✉❧❛r✐t② ♦❢ t❤❡ r❡❞✉❝✐❜❧❡ r❛♠✐✜❝❛t✐♦♥ s❡①t✐❝✳ ❚❤❡ s❛♠❡
❤❛♣♣❡♥s ❛t t❤❡ ♣♦✐♥t (0 : −1 : 1) s✐♥❝❡ t❤❡ t✇♦ ♣♦✐♥ts ❛r❡ ❡①❝❤❛♥❣❡❞ ❜② σ✳ ❚❤✐s ♠❡❛♥s
t❤❛t t❤❡ ❑✸ s✉r❢❛❝❡ ❞❡✜♥❡❞ ❜②

z2 = x0(x
4
0x2 + x51 − 2x31x

2
2 + x42x1)

❤❛s t✇♦ D6 s✐♥❣✉❧❛r✐t✐❡s ❛♥❞ ♦♥❡ A1 s✐♥❣✉❧❛r✐t② ✭❝♦♠✐♥❣ ❢r♦♠ t❤❡ ✐♥t❡rs❡❝t✐♦♥ ♣♦✐♥t (0 : 0 :
1)✮✳ ▲❡t X ❜❡ t❤❡ ♠✐♥✐♠❛❧ ❞❡s✐♥❣✉❧❛r✐③❛t✐♦♥ ♦❢ t❤❡ ❞♦✉❜❧❡ ❝♦✈❡r✳ ❚❤❡ r❛♥❦ ♦❢ t❤❡ P✐❝❛r❞
❣r♦✉♣ ✐s ❛t ❧❡❛st 14 ❜✉t s✐♥❝❡ t❤❡ ❛✉t♦♠♦r♣❤✐s♠ ♦❢ ♦r❞❡r 16 ❛❝ts ♥♦♥✲s②♠♣❧❡❝t✐❝❛❧❧② ♦♥
✐t✱ t❤❡ r❛♥❦ ✐s ❡①❛❝t❧② 14 ❛♥❞ Pic(X) = U(2) ⊕ D4 ⊕ E8✳ ❖❜s❡r✈❡ t❤❛t t❤❡ (−2)✲❝✉r✈❡
❝♦♠✐♥❣ ❢r♦♠ t❤❡ r❡s♦❧✉t✐♦♥ ♦❢ t❤❡ A1 s✐♥❣✉❧❛r✐t② ❝❛♥ ♥♦t ❜❡ ✜①❡❞✱ ❜❡❝❛✉s❡ ✐t ✐♥t❡rs❡❝ts C
❛♥❞ L ♦♥ X ✭✇❡ ❝❛❧❧ ❛❣❛✐♥ ✐♥ t❤✐s ✇❛② t❤❡ str✐❝t tr❛♥s❢♦r♠s✮ t❤❛t ❛r❡ σ8✲✜①❡❞✳ ▼♦r❡♦✈❡r
s✐♥❝❡ t❤❡ t✇♦ D6 s✐♥❣✉❧❛r✐t✐❡s ❛r❡ ❡①❝❤❛♥❣❡❞ ✇❡ ❤❛✈❡ k = 0✳ ❖❜s❡r✈❡ t❤❛t t❤❡ ✐♥❞✉❝❡❞
❛✉t♦♠♦r♣❤✐s♠ ♦♥ P2 ✜①❡s ❛❧s♦ t❤❡ ♣♦✐♥t (0 : 1 : 0) ∈ L ❛♥❞ t❤❡ ♣♦✐♥t (1 : 0 : 0) ∈ C ✇❤✐❝❤
t♦❣❡t❤❡r ✇✐t❤ t❤❡ t✇♦ ✐♥t❡rs❡❝t✐♦♥ ♣♦✐♥ts ✇✐t❤ L ❛♥❞ C ♦❢ t❤❡ ❡①❝❡♣t✐♦♥❛❧ (−2)✲❝✉r✈❡ ♦♥
t❤❡ A1 s✐♥❣✉❧❛r✐t② ❣✐✈❡s N = 4✳

✸✮ ❚❤❡ ❝❛s❡ g(C) = 2 ❛♥❞ kσ = 1 ✭s❡❡ ❬✷✻❪✮✳ ❲❡ ❝♦♥s✐❞❡r t❤❡ ❡❧❧✐♣t✐❝ ✜❜r❛t✐♦♥ ✐♥
❲❡✐❡rstr❛ss ❢♦r♠ ✇✐t❤ t❤❡ ♥♦♥✲s②♠♣❧❡❝t✐❝ ❛✉t♦♠♦r♣❤✐s♠ ♦❢ ♦r❞❡r 16 ✿

y2 = x3 + t3(t4 − 1)x, σ : (x, y, t) 7→ (ζ616x, ζ
9
16y, ζ

4
16t)

❚❤✐s ✜❜r❛t✐♦♥ ❤❛s ✜✈❡ ✜❜❡rs III ✭♦♥❡ ♦✈❡r t = ∞✮ ❛♥❞ ♦♥❡ ✜❜❡r III∗ ♦✈❡r t = 0✳ ❆♥ ❡❛s②
❝♦♠♣✉t❛t✐♦♥ ✉s✐♥❣ t❤❡ ❧♦❝❛❧ ❛❝t✐♦♥ ❛t t❤❡ ✜①❡❞ ♣♦✐♥ts s❤♦✇s t❤❛t ✇❡ ❤❛✈❡ kσ = 1 ❛♥❞ 10
✐s♦❧❛t❡❞ ✜①❡❞ ♣♦✐♥ts✳



❆♣♣❡♥❞✐① ❆

X ❞❡✜♥❡❞ ❜② ❛ q✉❛rt✐❝✳

■♥ t❤✐s ❛♣♣❡♥❞✐① ✇❡ ❝❧❛ss✐❢② ❛❧❧ q✉❛rt✐❝ s✉r❢❛❝❡s t❤❛t ❛r❡ ✭❛✣♥❡✮ ✐♥✈❛r✐❛♥t ❢♦r t❤❡ ❛❝t✐♦♥ ♦❢
s♦♠❡ ❛✉t♦♠♦r♣❤✐s♠ ♦❢ ♦r❞❡r ✽ ♦❢ P3 ❛❝t✐♥❣ ♥♦♥✲s②♠♣❧❡❝t✐❝❛❧② ♦♥ t❤❡ q✉❛rt✐❝✳
❈❧❛ss✐✜❝❛t✐♦♥✿
▲❡t X ❜❡ ❛ K3 s✉r❢❛❝❡ ❞❡✜♥❡❞ ♦♥ P3 ❛s t❤❡ ③❡r♦ s❡t ♦❢ ❛ ❤♦♠♦❣❡♥❡♦✉s ♣♦❧②♥♦♠✐❛❧
f4 ∈ C[X0, X1, X2, X3] ♦❢ ❞❡❣r❡❡ ❢♦✉r✳ ❆♥❞ ❧❡t µ ❜❡ ❛ ♣✉r❡❧② ♥♦♥✲s②♠♣❧❡❝t✐❝ ❛✉t♦♠♦r✲
♣❤✐s♠ ♦❢ ♦r❞❡r ❢♦✉r ♦♥ ✐t✳ ❚❤❡♥ t❤❡ ❛✉t♦♠♦r♣❤✐s♠ µ ❛♥❞ t❤❡ s✉r❢❛❝❡ X ❛r❡ ♦♥❡ ♦❢ t❤❡
❢♦❧❧♦✇✐♥❣ ❝❛s❡s ✭✇❡ ❝♦♥s✐❞❡r ❤❡r❡ ♦♥❧② ❡q✉❛t✐♦♥s ♦❢ X t❤❛t ❛r❡ ❛✣♥❡ ✐♥✈❛r✐❛♥ts✮✿

❬ ✶ ❪
µ(X0, X1, X2, X3) = (iX0, X1, X2, X3)

♦r
µ(X0, X1, X2, X3) = (iX0,−X1,−X2,−X3).

❲❤❡r❡

X = a1X
4
0 + a2X

4
1 + a3X

4
2 + a4X

4
3 + a5X

3
1X2 + a6X1X

3
2 + a7X

3
1X3 + a8X1X

3
3

+a9X
2
1X

2
2 + a10X

2
1X

2
3 + a11X

2
2X

2
3 + a12X

3
2X3 + a13X2X

3
3+

a14X
2
1X2X3 + a15X1X

2
2X3 + a16X1X2X

2
3 ✳

❬ ✷ ❪
µ(X0, X1, X2, X3) = (iX0,−X1,−X2, X3)

♦r
µ(X0, X1, X2, X3) = (iX0, X1, X2,−X3).

❲❤❡r❡

X = a1X
4
0 + a2X

4
1 + a3X

4
2 + a4X

4
3 + a5X

3
1X2 + a6X1X

3
2 + a7X

2
1X

2
3 + a8X

2
1X

2
2

+a9X
2
2X

2
3 + a10X1X2X

2
3 + a11X

2
0X1X3 + a12X

2
0X2X3✳

❬ ✸ ❪
µ(X0, X1, X2, X3) = (iX0, iX1, iX2, X3)

♦r
µ(X0, X1, X2, X3) = (iX0, iX1, iX2,−X3).

✼✸
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❲❤❡r❡

X = a1X
4
0 + a2X

4
1 + a3X

4
2 + a4X

4
3 + a5X

3
1X2 + a6X1X

3
2 + a7X

3
0X1 + a8X0X

3
1+

a9X
3
0X2 + a10X0X

3
2 + a11X

2
0X1X2 + a12X0X

2
1X2 + a13X0X1X

2
2 + a14X

2
1X

2
2 +

a15X
2
0X

2
1 + a16X

2
0X

2
2 ✳

❬ ✹ ❪
µ(X0, X1, X2, X3) = (iX0, iX1,−iX2, X3)

♦r
µ(X0, X1, X2, X3) = (iX0, iX1,−iX2,−X3).

❲❤❡r❡

X = a1X
4
0 + a2X

4
1 + a3X

4
2 + a4X

4
3 + a5X

3
0X1 + a6X0X

3
1 + a7X0X1X

2
2+

a8X0X2X
2
3 + a9X1X2X

2
3 + a10X

2
1X

2
2 + a11X

2
0X

2
1 + a12X

2
0X

2
2 ✳

◆♦✇ ❧❡t σ ❜❡ ❛ ♣✉r❡❧② ♥♦♥✲s②♠♣❧❡❝t✐❝ ❛✉t♦♠♦r♣❤✐s♠ ♦❢ ♦r❞❡r 8 s✉❝❤ t❤❛t σ2 = µ ✇❤❡r❡

σ(X0, X1, X2, X3) = (ζa8X0, ζ
b
8X1, ζ

c
8X2, ζ

d
8X3).

❚❤✉s ✇❡ ❛r❡ ✐♥ ♦♥❡ ♦❢ t❤❡ ❢♦❧❧♦✇✐♥❣ ❝❛s❡s✿

❬✶ ❪ ■❢ µ ✐s ❡✐t❤❡r
µ(X0, X1, X2, X3) = (iX0, X1, X2, X3)

♦r
µ(X0, X1, X2, X3) = (iX0,−X1,−X2,−X3).

❚❤❡♥ ✇❡ ❤❛✈❡ ✿

X = a1X
4
1 + a2X

4
2 + a3X

4
3 + a4X

3
1X2 + a5X1X

3
2 + a6X

3
1X3 + a7X1X

3
3 + a8X

2
1X

2
2+

a9X
2
1X

2
3 + a10X

2
2X

2
3 + a11X

3
2X3 + a12X2X

3
3 + a13X

2
1X2X3

+a14X1X
2
2X3 + a15X1X2X

2
3 ✳

❲❤❡r❡
(a, b, c, d) = (1, 4, 4, 4), (1, 8, 8, 8).

X = a1X
4
1 + a2X

4
2 + a3X

4
3 + a4X

3
1X2 + a5X1X

3
2 + a6X

2
1X

2
2+

a7X
2
1X

2
3 + a8X

2
2X

2
3 + a9X1X2X

2
3 ✳

❲❤❡r❡
(a, b, c, d) = (1, 4, 4, 8), (1, 8, 8, 4).

X = a1X
4
1 + a2X

4
2 + a3X

4
3 + a4X

3
1X3 + a5X1X

3
3 + a6X

2
1X

2
2+

a7X
2
1X

2
3 + a8X

2
2X

2
3 + a9X1X

2
2X3✳

❲❤❡r❡
(a, b, c, d) = (1, 4, 8, 4), (1, 8, 4, 4).



✼✺

X = a1X
4
1 + a2X

4
2 + a3X

4
3 + a4X

2
1X

2
2 + a5X

2
1X

2
3 + a6X

2
2X

2
3+

a7X
3
2X3 + a8X2X

3
3 + a9X

2
1X2X3

❲❤❡r❡
(a, b, c, d) = (1, 4, 8, 8), (1, 8, 4, 4).

❬✷ ❪ ■❢ µ ✐s ❡✐t❤❡r
µ(X0, X1, X2, X3) = (iX0,−X1,−X2, X3)

♦r
µ(X0, X1, X2, X3) = (iX0, X1, X2,−X3).

❚❤❡♥ ✇❡ ❤❛✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣✿

X = a1X
4
1 + a2X

4
2 + a3X

4
3 + a4X

3
1X2 + a5X1X

3
2 + a6X

2
1X

2
2

+a7X
2
0X1X3 + a8X

2
0X2X3✳

❲❤❡r❡
(a, b, c, d) = (1, 2, 2, 4)(1, 2, 2, 8)(1, 6, 6, 8)(1, 4, 4, 2)(1, 8, 8, 6).

X = a1X
4
1 + a2X

4
2 + a3X

4
3 + a4X

2
1X

2
2 + a5X1X2X

2
3 + a6X

2
0X2X3 ✳

❲❤❡r❡
(a, b, c, d) = (1, 2, 6, 8)(1, 8, 4, 2).

X = a1X
4
1 + a2X

4
2 + a3X

4
3 + a4X

2
1X

2
2 + a5X1X2X

2
3 + a6X

2
0X1X3✳

❲❤❡r❡
(a, b, c, d) = (1, 2, 6, 4)(1, 8, 4, 6).

X = a1X
4
1 + a2X

4
2 + a3X

4
3 + a4X

2
1X

2
2 + a5X1X2X

2
3 + a6X

2
0X1X3✳

❲❤❡r❡
(a, b, c, d) = (1, 6, 2, 8)(1, 4, 8, 2).

X = a1X
4
1 + a2X

4
2 + a3X

4
3 + a4X

3
1X2 + a5X1X

3
2 + a6X

2
1X

2
2 ✳

❲❤❡r❡
(a, b, c, d) = (1, 4, 4, 6)(1, 8, 8, 2).

❬ ✸ ❪ ■❢ µ ✐s ❡✐t❤❡r

µ(X0, X1, X2, X3) = (iX0, iX1, iX2, X3)
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♦r
µ(X0, X1, X2, X3) = (iX0, iX1, iX2,−X3).

❚❤❡♥ ✇❡ ❣❡t✿

X = a1X
4
3 ✳

❲❤❡r❡
(a, b, c, d) = (1, 1, 1, 2), (1, 1, 1, 6), (1, 1, 1, 4), (1, 1, 1, 8).

X = a1X
4
3 + a2X

3
1X2 + a3X1X

3
2 + a4X

3
0X2 + a5X0X

3
2 + a6X

2
0X1X2 + a7X0X

2
1X2

❲❤❡r❡
(a, b, c, d) = (1, 1, 5, 2), (1, 1, 5, 6), (1, 1, 5, 8), (1, 1, 5, 4).

X = a1X
4
3 + a2X

3
0X1 + a3X0X

3
1 + a4X

3
0X2 + a5X0X

3
2 + a6X0X

2
1X2 + a7X0X1X

2
2+✳

❲❤❡r❡
(a, b, c, d) = (1, 5, 5, 2), (1, 5, 5, 6), (1, 5, 5, 4), (1, 5, 5, 8).

❬ ✹ ❪ ■❢ µ ✐s ❡✐t❤❡r

µ(X0, X1, X2, X3) = (iX0, iX1,−iX2, X3)

♦r
µ(X0, X1, X2, X3) = (iX0, iX1,−iX2,−X3).

❚❤❡♥ ✇❡ ❤❛✈❡ ✿

X = a1X
4
3 + a2X0X1X

2
2 + a3X0X2X

2
3 + a4X1X2X

2
3 + a5X

2
1X

2
2 + a6X

2
0X

2
2 ✳

❲❤❡r❡
(a, b, c, d) = (1, 1, 3, 2), (1, 1, 3, 6), (1, 1, 7, 4), (1, 1, 7, 8).

X = a1X
4
3 + a2X

3
0X1 + a3X0X

3
1 + a4X0X2X

2
3 + a5X

2
1X

2
2 + a6X

2
0X

2
2 ✳

❲❤❡r❡
(a, b, c, d) = (1, 5, 3, 2), (1, 5, 3, 6), (1, 5, 7, 4), (1, 5, 7, 8).

X = a1X
4
3 + a2X

3
0X1 + a3X0X

3
1 + a4X1X2X

2
3 + a5X

2
1X

2
2 + a6X

2
0X

2
2 ✳

❲❤❡r❡
(a, b, c, d) = (1, 5, 7, 2), (1, 5, 7, 6), (1, 5, 3, 4), (1, 5, 3, 8).



✼✼

X = a1X
4
3 + a2X0X1X

2
2 + a3X

2
1X

2
2 + a4X

2
0X

2
2 ✳

❲❤❡r❡
(a, b, c, d) = (1, 1, 7, 2), (1, 1, 7, 6), (1, 1, 3, 4), (1, 1, 3, 8).

◆♦t❡ t❤❛t t❤❡ s✉r❢❛❝❡ X ✐♥ ❛❧❧ t❤❡s❡ ♣r❡✈✐♦✉s ❝❛s❡s ✐s ♥♦t s♠♦♦t❤ ❛♥❞ s♦ t❤❡ ♣r♦♦❢
♦❢ ❘❡♠❛r❦ ✷✳✺✳✹ ✐♥ ➓✷✳✺✳✶ ❤♦❧❞s✳



✼✽ ❆PP❊◆❉■❳ ❆✳ X ❉❊❋■◆❊❉ ❇❨ ❆ ◗❯❆❘❚■❈✳



❆♣♣❡♥❞✐① ❇

❚❤❡ ❈❛s❡ l = 0✳

■♥ t❤✐s ❛♣♣❡♥❞✐① ✇❡ st✉❞② t❤❡ ❝❛s❡ l = 0✱ s♦ t❤❛t rσ2 = r ✭✐✳❡✳ σ∗ ❛❝ts ❛s t❤❡ ✐❞❡♥t✐t② ♦♥
S(σ2)✮✳ ❲❡ ❝❧❛ss✐❢② ♠♦r❡ ♣r❡❝✐s❡❧② ♥♦♥✲s②♠♣❧❡❝t✐❝ ❛✉t♦♠♦r♣❤✐s♠s ♦❢ ♦r❞❡r ❡✐❣❤t ♦♥ K3
s✉r❢❛❝❡s ✇❤✐❝❤ ❛❝t tr✐✈✐❛❧❧② ♦♥ t❤❡ P✐❝❛r❞ ❧❛tt✐❝❡ ❛♥❞ ✇❡ ❣✐✈❡ ❛♥ ✐♥❞❡♣❡♥❞❡♥t ♣r♦♦❢ ✭♥♦t
❜❛s❡❞ ♦♥ t❤❡ ❝❧❛ss✐✜❝❛t✐♦♥ ♦❢ ♦r❞❡r ❢♦✉r ❛✉t♦♠♦r♣❤✐s♠s ❬✷❪✮ ♦❢ ❬✶✹✱ Pr♦♣♦s✐t✐♦♥ ✺✳✺❪✳ ❲❡
r❡❝❛❧❧ ✜rst s♦♠❡ ♥♦t❛t✐♦♥s✳ ▲❡t 2h ❜❡ t❤❡ ♥✉♠❜❡r ♦❢ ✐♥t❡r❝❤❛♥❣❡❞ ♣♦✐♥ts ❜② σ ♦♥ t❤❡ ❝✉r✈❡
C ⊂ ❋✐①(σ4) ✇✐t❤ ❣❡♥✉s g(C) > 0✱ ❛♥❞ N

′

r❡s♣❡❝t✐✈❡❧② N
′

σ2 ❜❡ t❤❡ ♥✉♠❜❡r ♦❢ ✜①❡❞ ♣♦✐♥ts
❜② σ r❡s♣❡❝t✐✈❡❧② σ2 ❝♦♥t❛✐♥❡❞ ✐♥ t❤❡ ❝✉r✈❡ C✳ ❆♥❞ ✇❡ ❞❡♥♦t❡ ❜② k r❡s♣❡❝t✐✈❡❧② kσ2 t❤❡
♥✉♠❜❡r ♦❢ s♠♦♦t❤ r❛t✐♦♥❛❧ ❝✉r✈❡s ✜①❡❞ ❜② σ r❡s♣❡❝t✐✈❡❧② σ2✱ ❛♥❞ ❜② N r❡s♣❡❝t✐✈❡❧② Nσ2

t❤❡ ♥✉♠❜❡r ♦❢ ✐s♦❧❛t❡❞ ♣♦✐♥ts ✐♥ ❋✐①(σ) r❡s♣❡❝t✐✈❡❧② ❋✐①(σ2)✳ ❋✐♥❛❧❧②✱ ✇❡ ❞❡♥♦t❡ ❜② 2a t❤❡
♥✉♠❜❡r ♦❢ ❡①❝❤❛♥❣❡❞ s♠♦♦t❤ r❛t✐♦♥❛❧ ❝✉r✈❡s ❜② σ ❛♥❞ ✜①❡❞ ✭t❤❛t ♠❡❛♥s ♣♦✐♥t✇✐s❡❧② ✜①❡❞✮
❜② σ2✱ 2A t❤❡ ♥✉♠❜❡r ♦❢ s♠♦♦t❤ r❛t✐♦♥❛❧ ❝✉r✈❡s ✐♥t❡r❝❤❛♥❣❡❞ ❜② σ ❛♥❞ ✐♥✈❛r✐❛♥ts ✭❜✉t ♥♦t
♣♦✐♥t✇✐s❡ ✜①❡❞✮ ❜② σ2✱ ❛♥❞ ❜② 2aσ2 t❤❡ ♥✉♠❜❡r ♦❢ s♠♦♦t❤ r❛t✐♦♥❛❧ ❝✉r✈❡s ✐♥t❡r❝❤❛♥❣❡❞ ❜②
σ2 ❛♥❞ ✜①❡❞ ❜② σ4✳

Pr♦♣♦s✐t✐♦♥ ❇✳✵✳✹✳ ▲❡t σ ❜❡ ❛ ♣✉r❡❧② ♥♦♥✲s②♠♣❧❡❝t✐❝ ❛✉t♦♠♦r♣❤✐s♠ ♦❢ ♦r❞❡r ✽ ♦♥ ❛ K3
s✉r❢❛❝❡ X s✉❝❤ t❤❛t l = 0✳ ❚❤❡♥ a = A = 0 ❛♥❞ n4 = r − 6k✳

Pr♦♦❢✳ ❆ss✉♠❡ t❤❛t A ✐s ♥♦t ③❡r♦✱ t❤✉s t❤❡r❡ ❛r❡ t✇♦ ❞✐✛❡r❡♥t s♠♦♦t❤ r❛t✐♦♥❛❧ ❝✉r✈❡s
G1, G

′

1 ✐♥✈❛r✐❛♥ts ❜② σ2 s✉❝❤ t❤❛t σ(G1) = G
′

1 ❛♥❞ σ(G
′

1) = G1✳ ▲❡t g = [G1] − [G
′

1]
✐♥ Pic(X)✳ ❚❤✉s σ∗(g) = −g s✉❝❤ t❤❛t g 6= 0 ✇❤✐❝❤ ❝♦♥tr❛❞✐❝ts ✇✐t❤ l = 0 ✭✇❤❡r❡ l ✐s
t❤❡ r❛♥❦ ♦❢ t❤❡ ❡✐❣❡♥s♣❛❝❡ ♦❢ σ∗ ✐♥ H2(X,Z) ✇✐t❤ ❡✐❣❡♥✈❛❧✉❡s ✲✶✮✳ ❇② t❤❡ s❛♠❡ ❛r❣✉♠❡♥t
✇❡ ❝❛♥ ♣r♦✈❡ t❤❛t a = 0 ✇❤❡♥ l = 0✳ ❖♥ ♦t❤❡r ❤❛♥❞✱ ❜② Pr♦♣♦s✐t✐♦♥ ✶ ✇❡ ❤❛✈❡ t❤❛t
n2 + n3 + n4 = 2 + r − 2k s✐♥❝❡ l = 0✱ t❤✉s n4 = r − 6k ✭✇❤❡r❡ n2 + n3 = 4k + 2✮✳

❲❡ ❣✐✈❡ ♥♦✇ ❛ ✉s❡❢✉❧ ♣r♦♣♦s✐t✐♦♥ s❤♦✇✐♥❣ t❤❛t Nσ2 = n2+n3 ✐❢ l = 0✳ ❚❤✐s ♣r♦♣♦s✐t✐♦♥
♣r♦✈❡s ❬✶✹✱ ▲❡♠♠❛ ✺✳✷❪ ✐♥ ❛ ♠♦r❡ ❣❡♥❡r❛❧ ❝❛s❡✳

Pr♦♣♦s✐t✐♦♥ ❇✳✵✳✺✳ ■❢ X ❤❛s ❛ ♥♦♥✲s②♠♣❧❡❝t✐❝ ❛✉t♦♠♦r♣❤✐s♠ σ ♦❢ ♦r❞❡r ✽ s✉❝❤ t❤❛t l = 0✱
t❤❡♥ ❢♦r ❛♥② ✐s♦❧❛t❡❞ ♣♦✐♥t p ∈ Fix(σ2) ✇❡ ❤❛✈❡ σ(p) = p✳

Pr♦♦❢✳ ❖❜s❡r✈❡ t❤❛t ✐❢ σ2 ✜①❡s ❛ ❝✉r✈❡ C ♦❢ ❣❡♥✉s g(C) > 0 ✱ t❤❡♥ ❛❧❧ ✐s♦❧❛t❡❞ ♣♦✐♥ts ❜②
σ ♦♥ ✐t ❛r❡ ♦❢ t②♣❡ P 4,5✳ ❚❤✉s σ(p) = p ❢♦r ❛❧❧ p ∈ Fix(σ2) s✐♥❝❡ A = 0 ❜② Pr♦♣♦s✐t✐♦♥
❇✳✵✳✹ ✭✇❤❡r❡ Nσ2 = n2 + n3 + 4A✮✳ ❖t❤❡r✇✐s❡✱ ❛❧❧ ✜①❡❞ ❝✉r✈❡s ❜② σ2 ❛r❡ r❛t✐♦♥❛❧✳ ❚❤✉s

✼✾



✽✵ ❆PP❊◆❉■❳ ❇✳ ❚❍❊ ❈❆❙❊ L = 0✳

❜② ❝♦♠♣✉t✐♥❣ t❤❡ t♦♣♦❧♦❣✐❝❛❧ ▲❡❢s❝❤❡t③ ❢♦r♠✉❧❛ s✐♥❝❡ A = a = 0 ❛♥❞ gσ2 = 0 ✇❡ ❣❡t✿

χ(Fix(σ2))− χ(Fix(σ)) = 2kσ2 +Nσ2 − (2k +N)

= 2(k + n4/2) + (n2 + n3 + 2h)− (2k + n2 + n3 + n4)

= 2h.

❖♥ ♦t❤❡r ❤❛♥❞ ✇❡ ❤❛✈❡ t❤❛t✿

χ(Fix(σ2))− χ(Fix(σ)) = 2 + rσ2 − lσ2 − (2 + r + l)

= −2m.

❍❡♥❝❡ ✇❡ ❣❡t 2h = −2m✱ s♦ t❤❛t h = m = 0 ❛♥❞ Nσ2 = n2 + n3 ✇❤❡♥ l = 0 ✭✇❤❡r❡
Nσ2 = (n2 + n3) + 4A+ 2h ✐♥ t❤✐s ❝❛s❡✮✳

❘❡♠❛r❦ ❇✳✵✳✻✳ ❆s ❛ ❞✐r❡❝t ❝♦♥s❡q✉❡♥❝❡ ♦❢ t❤❡ ♣r❡✈✐♦✉s ♣r♦♣♦s✐t✐♦♥ ♦♥❡ ❣❡ts t❤❛t✿ ■❢ σ ✐s
❛ ♣✉r❡❧② ♥♦♥✲s②♠♣❧❡❝t✐❝ ❛✉t♦♠♦r♣❤✐s♠ ♦❢ ♦r❞❡r ❡✐❣❤t ♦♥ ❛ K3 s✉r❢❛❝❡ X s✉❝❤ t❤❛t l = 0
❛♥❞ ❛❧❧ t❤❡ ✜①❡❞ ❝✉r✈❡s ❜② σ2 ❛r❡ r❛t✐♦♥❛❧✱ t❤❡♥ h = m = 0 ❛♥❞ t❤❡ ❢♦❧❧♦✇✐♥❣ r❡❧❛t✐♦♥ ❤♦❧❞✳

kσ2 = 2k − 1. ✭❇✳✵✳✶✮

■♥ ❢❛❝t ♦♥❡ ❝❛♥ ♦❜t❛✐♥ m = h = 0 ❜② ❝♦♠♣✉t✐♥❣ t❤❡ ❞✐✛❡r❡♥❝❡ χ(Fix(σ2))− χ(Fix(σ))
t♦♣♦❧♦❣✐❝❛❧❧② ❛♥❞ ✉s✐♥❣ t❤❡ ▲❡❢s❝❤❡t③✬s ❢♦r♠✉❧❛✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ✉s✐♥❣ t❤❡ ❢❛❝t t❤❛t
Nσ2 = n2 + n3 = 4k + 2 ❛♥❞ t❤❡ r❡❧❛t✐♦♥ Nσ2 = 2kσ2 + 4 ✐♥ ❬✷✱ Pr♦♣♦s✐t✐♦♥ ✶❪ ✇❡ ✜♥❞ t❤❡
r❡❧❛t✐♦♥ ✭❇✳✵✳✶✮✳
▼♦r❡♦✈❡r s✐♥❝❡ a = 0 ❛♥❞ t❤❡ ✜①❡❞ ♣♦✐♥ts ❜② σ ♦♥ t❤❡ ❝✉r✈❡ C ♦❢ ❣❡♥✉s g(C) > 0 ❛r❡ ♦❢
t②♣❡ P 2,7, P 3,6 ✇❡ ❣❡t✿

kσ2 = k + n4/2. ✭❇✳✵✳✷✮

▲❡♠♠❛ ❇✳✵✳✼✳ ▲❡t σ ❜❡ ❛ ♣✉r❡❧② ♥♦♥✲s②♠♣❧❡❝t✐❝ ❛✉t♦♠♦r♣❤✐s♠ ♦♥ ❛ K3 s✉r❢❛❝❡ X s✉❝❤
t❤❛t l = 0✳ ❚❤❡♥ σ ❛❝ts tr✐✈✐❛❧❧② ♦♥ Pic(X) ✐❢ ❛♥❞ ♦♥❧② ✐❢ g(C) = 0 ❢♦r ❛❧❧ C ⊂ Fix(σ2)✳

Pr♦♦❢✳ ❖❜s❡r✈❡ ❛t t❤❡ ✜rst t❤❛t ✐❢ ❛❧❧ t❤❡ ✜①❡❞ ❝✉r✈❡s ❜② σ2 ❛r❡ r❛t✐♦♥❛❧✱ t❤❡♥ ❜② Pr♦♣♦s✐t✐♦♥
❇✳✵✳✺ ❛♥❞ ❝♦♠♣✉t✐♥❣ t❤❡ ❞✐✛❡r❡♥❝❡ χ(Fix(σ2)) − χ(Fix(σ)) t♦♣♦❧♦❣✐❝❛❧❧② ❛♥❞ ✉s✐♥❣ t❤❡
▲❡❢s❝❤❡t③✬s ❢♦r♠✉❧❛ ♦♥❡ ❣❡ts t❤❛t m = h = 0 ✭✐✳❡✳ t❤❡ ❛✉t♦♠♦r♣❤✐s♠ σ ❛❝ts tr✐✈✐❛❧❡ ♦♥
Pic(X)✮✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ s✉♣♣♦s❡ t❤❛t σ2 ✜①❡s ❛ ❝✉r✈❡ C ♦❢ ❣❡♥✉s g(C) > 0✳ ❇② ❬✷✱
Pr♦♣♦s✐t✐♦♥ ✶❪ ❛♥❞ ❝♦♠♣✉t✐♥❣ ❛❣❛✐♥ χ(Fix(σ2)) − χ(Fix(σ)) t♦♣♦❧♦❣✐❝❛❧❧② ❛♥❞ ✉s✐♥❣ t❤❡
▲❡❢s❝❤❡t③✬s ❢♦r♠✉❧❛ ✇❡ ❣❡t t❤❛t

2m = 2g(C) +N
′

. ✭❇✳✵✳✸✮

❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ s✐♥❝❡ n2 + n3 = Nσ2 ❛♥❞ kσ2 = k+ n4−N
′

2 ❜② Pr♦♣♦s✐t✐♦♥ ✷✳✶✳✽ ❛♥❞ ❬✷✱
Pr♦♣♦s✐t✐♦♥ ✶❪ ✇❡ ❤❛✈❡ t❤❛t ✿

n2 + n3 = 2− 2g(C) + 2k + n4 −N
′

.

❖❜s❡r✈❡ t❤❛t t❤❡ ✐s♦❧❛t❡❞ ✜①❡❞ ♣♦✐♥ts ❜② σ ♦❢ t②♣❡ P 2,7, P 3,6 ❛r❡ ❝♦♥t❛✐♥❡❞ ✐♥ s♠♦♦t❤
r❛t✐♦♥❛❧ ❝✉r✈❡s✱ s♦ t❤❛t n2 = n3 ✭s❡❡ ❘❡♠❛r❦ ✷✳✶✳✶✵✮ ❛♥❞ n4 = 2k+2 ❜② Pr♦♣♦s✐t✐♦♥ ✷✳✶✳✽✳
❲❡ r❡t✉r♥ t♦ t❤❡ ♣r❡✈✐♦✉s r❡❧❛t✐♦♥ ❛♥❞ ✇❡ ❣❡t ✿

(4k + 2) = 2− 2g(C) + 2k + (2k + 2)−N
′

+ 4, ✭❇✳✵✳✹✮

s♦ t❤❛t
2g(C) +N

′

= 6. ✭❇✳✵✳✺✮

❇② ✭❇✳✵✳✹✮ ❛♥❞ ✭❇✳✵✳✺✮ ✇❡ ✜♥❞ t❤❛t 2m = 4 ❤❡♥❝❡ σ ❞♦❡s ♥♦t ❛❝t tr✐✈✐❛❧❧② ♦♥ Pic(X)✳



✽✶

Pr♦♣♦s✐t✐♦♥ ❇✳✵✳✽✳ ▲❡t σ ❜❡ ❛ ♣✉r❡❧② ♥♦♥✲s②♠♣❧❡❝t✐❝ t❤❛t ❛✉t♦♠♦r♣❤✐s♠ ♦❢ ♦r❞❡r ❡✐❣❤t
s✉❝❤ t❤❛t l = 0✳ ❚❤❡♥ ✐❢ C ⊂ Fix(σ2) ✇✐t❤ g(C) > 0 ✇❡ ❤❛✈❡ C ✐s ❛ s♠♦♦t❤ ❡❧❧✐♣t✐❝
❝✉r✈❡✳ ▼♦r❡♦✈❡r σ ❛❝ts ♦♥ C ❛s ❛♥ ✐♥✈♦❧✉t✐♦♥ ✇✐t❤ t❤❡ ✐♥✈❛r✐❛♥ts (r,m,m1) = (10, 4, 1)
❛♥❞ (k,N) = (1, 10)✳

Pr♦♦❢✳ ■♥ ❢❛❝t ❜② r❡❧❛t✐♦♥ ✭❇✳✵✳✺✮ ✐♥ ▲❡♠♠❛ ❇✳✵✳✼ ♦♥❡ ✜♥❞s t❤❡ ❢♦❧❧♦✇✐♥❣ ♣♦ss✐❜✐❧✐t✐❡s✿
(g(C), N

′

) ❂ ✭✶✱✹✮✱ ✭✷✱✷✮ ❛♥❞ ✭✸✱✵✮✳ ▼♦r❡♦✈❡r✱ ✇❡ ❣❡t t❤❛t m = lσ2 = 4✳ ❚❤❡ ❧❛st t✇♦ ❝❛s❡s
❛r❡ ♥♦t ♣♦ss✐❜❧❡ ❜② ❬✷✱ ❚❤❡♦r❡♠ ✹✳✶❪ ✭s✐♥❝❡ lσ2 = 4). ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ σ ❛❝ts ♦♥ t❤❡
❡❧❧✐♣t✐❝ ❝✉r✈❡ C ✐♥ t❤❡ ✜rst ❝❛s❡ ❛s ❛♥ ✐♥✈♦❧✉t✐♦♥ ✇✐t❤ ❢♦✉r ✜①❡❞ ♣♦✐♥ts ♦❢ t②♣❡ P 4,5✳ ▼♦r❡
♣r❡❝✐s❡❧②✱ ❜② Pr♦♣♦s✐t✐♦♥ ✷✳✶✳✽ ✇❡ ❤❛✈❡ N = r + 2− 2k s♦ ✇❡ ❣❡t r = 8k + 2✳ ■♥ ❢❛❝t s✐♥❝❡
t❤❡ ✐s♦❧❛t❡❞ ✜①❡❞ ♣♦✐♥ts ♦❢ t②♣❡ P 2,7, P 3,6 ❛r❡ ❝♦♥t❛✐♥❡❞ ✐♥ s♠♦♦t❤ r❛t✐♦♥❛❧ ❝✉r✈❡s ✇❡ ❤❛✈❡
n2 = n3 ✭s❡❡ ❘❡♠❛r❦ ✷✳✶✳✶✶✮✱ s♦ ❜② Pr♦♣♦s✐t✐♦♥ ✷✳✶✳✽ ♦♥❡ ✜♥❞s t❤❛t n4 = 2 + 2k ❛♥❞ t❤✉s
N = (4k + 2) + 2k + 2 = r + 2 − 2k✳ ❲❡ ❝❛♥ ♠♦r❡♦✈❡r ♦❜t❛✐♥ t❤❛t rσ4 = 8k + 6 ✇❤❡r❡
l = 0,m = 4✳ ❖❜s❡r✈❡ t❤❛t k ≤ 1 s✐♥❝❡ rσ4 = r❦ P✐❝(X) ≤ 20✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱k ≥ 1
s✐♥❝❡ n4 ≥ 4 ✇❤❡r❡ σ ✜①❡s ❢♦✉r ♣♦✐♥ts ♦❢ t②♣❡ P 4,5 ♦♥ t❤❡ ❝✉r✈❡ C✳ ❙♦ t❤❛t k = 1 ❛♥❞
(r,m1) = (10, 1)✳

❚❤❡♦r❡♠ ❇✳✵✳✾✳ ▲❡t σ ❜❡ ❛ ♣✉r❡❧② ♥♦♥✲s②♠♣❧❡❝t✐❝ ❛✉t♦♠♦r♣❤✐s✐♠ ♦❢ ♦r❞❡r ❡✐❣❤t ♦♥ ❛ K3
s✉r❢❛❝❡ X ❛❝t✐♥❣ tr✐✈✐❛❧② ♦♥ P✐❝(X)✱ t❤❡♥ k = 1 ❛♥❞ ✇❡ ❛r❡ ✐♥ ♦♥❡ ♦❢ t❤❡ ❢♦❧❧♦✇✐♥❣ ❝❛s❡s✿

m1 r N
′

N (n2, n3, n4) gσ4 k S(σ4)

4 6 4 6 (5, 1, 0) 7 1 U ⊕D4

4 6 6 6 (5, 1, 0) 6 1 U(2)⊕D4

2 14 4 12 (7, 3, 2) 3 2 U ⊕D4 ⊕ E8

Pr♦♦❢✳ ❖❜s❡r✈❡ ❛t ✜rst t❤❛t ❜② ▲❡♠♠❛ ❇✳✵✳✼ ❛❧❧ t❤❡ ✜①❡❞ ❝✉r✈❡s ❜② σ2 ❛r❡ r❛t✐♦♥❛❧✳ ❇②
❘❡♠❛r❦ ❇✳✵✳✻ ✇❡ ❤❛✈❡ ♠♦r❡♦✈❡r t❤❛t N

′

= N
′

σ2 s✐♥❝❡ h = 0 ❛♥❞ ❜② r❡❧❛t✐♦♥ ✭❇✳✵✳✶✮ ✇❡ ❣❡t
k ≥ 1 ✳
■❢ k = 1 t❤❡♥ kσ2 = 1 ❜② r❡❧❛t✐♦♥ ✭❇✳✵✳✶✮ ♦❢ ❘❡♠❛r❦ ❇✳✵✳✻ ❛♥❞ s♦ n4 = 0 ❜② ✭❇✳✵✳✷✮ ♦❢
t❤❡ s❛♠❡ r❡♠❛r❦✳ ❚❤✉s (n2, n3) = (5, 1) ❛♥❞ r = 6 ❜② Pr♦♣♦s✐t✐♦♥ ✷✳✶✳✽✳ ■❢ k = 2 t❤❡♥
n4 = 2 s✐♥❝❡ kσ2 = 3 = 2(2) − 1 ❜② ❘❡♠❛r❦ ❇✳✵✳✻ ❛❣❛✐♥✳ ❙♦ t❤❛t (n2, n3) = (7, 3) ❛♥❞
r = 14 ❜② Pr♦♣♦s✐t✐♦♥ ✷✳✶✳✽✳ ❙✐♠✐❧❛r❧② ♦♥❡ ❝❛♥ ♦❜t❛✐♥ t❤❛t ❢♦r k = 3 t❤❡♥ n4 = 4 ❛♥❞ s♦
rσ4 = r = 22 ❜② Pr♦♣♦s✐t✐♦♥ ✷✳✶✳✽✳ ❚❤❛t ❣✐✈❡s ❛ ❝♦♥tr❛❞✐❝t✐♦♥ s✐♥❝❡ rkPic(X) ≤ 20✳ ❍❡♥❝❡
rσ4 = r❦ P✐❝(X) ✐s ❡✐t❤❡r ✻ ♦r ✶✹ ✐❢ σ ❛❝ts ❛s ❛♥ ✐❞❡♥t✐t② ♦♥ P✐❝(X)✳

❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ t❤❡ ♥✉♠❜❡r ♦❢ ✜①❡❞ r❛t✐♦♥❛❧ ❝✉r✈❡s ❜② σ4 ✐s ❣✐✈❡♥ ❜② kσ4 = kσ2 +
N

σ2−N
′

σ2

2 +2aσ2 ✳ ❲❡ ❣❡t ❜② t❤❡ s❛♠❡ ❛r❣✉♠❡♥t ✐♥ t❤❡ ♣r♦♦❢ ♦❢ Pr♦♣♦s✐t✐♦♥ ❇✳✵✳✹ t❤❛t aσ2 =

0✱ ❛♥❞ s✐♥❝❡ Nσ2 = n2 + n3 ❜② Pr♦♣♦s✐t✐♦♥ ❇✳✵✳✺ ❛♥❞ N
′

= N
′

σ2 ✱ kσ2 = 2k − 1 ❜② ❘❡♠❛r❦

❇✳✵✳✻ ♦♥❡ ♦❜t❛✐♥s t❤❛t kσ4 = 2k − 1 + N−N
′

2 ✳ ❯s✐♥❣ t❤❡ ❝❧❛ss✐✜❝❛t✐♦♥ ♦❢ ♥♦♥✲s②♠♣❧❡❝t✐❝
✐♥✈♦❧✉t✐♦♥s ❣✐✈❡♥ ❜② ◆✐❦✉❧✐♥ ❬✾✱ § ✹❪ ✭s❡❡ ❛❧s♦ ❬✹✱ ❋✐❣✉r❡ ✶❪✮ ✇❤❡r❡ r❦ P✐❝(X) = 6, 14 ✇❡
❣❡t t❤❡ ❢♦❧❧♦✇✐♥❣ ♣♦ss✐❜✐❧✐t✐❡s (kσ4 , r,N

′

, g(C))❂✭✷✱✻✱✹✱✼✮✱✭✶✱✻✱✻✱✻✮✱✭✻✱✶✹✱✹✱✸✮✱✭✺✱✶✹✱✻✱✷✮ ❛♥❞
(4, 14, 8, 1)✳ ❖❜s❡r✈❡ t❤❛t t❤❡ ❧❛st t✇♦ ❝❛s❡s ❛r❡ ♥♦t ♣♦ss✐❜❧❡ ❜② ❘✐❡♠❛♥♥✲❍✉r✇✐t③ ❢♦r♠✉❧❛
✭s❡❡ ✭■✮ ✐♥ ❚❤❡♦r❡♠ ✷✳✼✳✶✮✳

❇② t❤❡ ❝❧❛ss✐✜❝❛t✐♦♥ t❤❡♦r❡♠ ♦❢ ✷✲❡❧❡♠❡♥t❛r② ❡✈❡♥ ❧❛tt✐❝❡s ❬✶✵✱ ❚❤❡♦r❡♠ ✸✳✻✳✷❪ ✇❡ ❣❡t
t❤❛t S(σ4) = U ⊕D4 , U(2)⊕D4 ❢♦r g(C) = 7, 6 r❡s♣❡❝t✐✈❡❧② ❛♥❞ S(σ4) = U ⊕D4 ⊕ E8

❢♦r g(C) = 3✳
◆♦t❡ t❤❛t ✇❡ ❝❛♥ ✉s❡ ❬✷✱ ❚❤❡♦r❡♠ ✻✳✶❪ ❛♥❞ ❘✐❡♠❛♥♥✲❍✉r✇✐t③ ❢♦r♠✉❧❛ ✇✐t❤ t❤❡ ❢❛❝t

t❤❛t N
′

σ2 = N
′

t♦ ♦❜t❛✐♥ t❤❡ ❝❛s❡s ❛♣♣❡❛r✐♥❣ ✐♥ t❤❡ t❛❜❧❡✳ ❇✉t ✐♥ t❤✐s ♣r♦♦❢ ✇❡ ❤❛✈❡ tr✐❡❞
t♦ ✜♥❞ t❤❡ ✐♥✈❛r✐❛♥ts ♦❢ σ ✇✐t❤♦✉t ✉s✐♥❣ t❤❡ ♦r❞❡r ❢♦✉r ❛✉t♦♠♦r♣❤✐s♠✳



✽✷ ❆PP❊◆❉■❳ ❇✳ ❚❍❊ ❈❆❙❊ L = 0✳



❆♣♣❡♥❞✐① ❈

❚❛❜❧❡s✳

■♥ t❤✐s ❆♣♣❡♥❞✐① ✇❡ ❣✐✈❡ t❤❡ t❛❜❧❡s ❢♦r t❤❡ ❝♦♠♣❧❡t❡ ❝❧❛ss✐✜❝❛t✐♦♥ ♦❢ t❤❡ ♥♦♥✲s②♠♣❧❡❝t✐❝
❛✉t♦♠♦r♣❤✐s♠s ♦❢ ♦r❞❡r ✽ ♦♥ ❛ ❑✸ s✉r❢❛❝❡✳ ❚❤❡s❡ s❤♦✇ t❤❡ ✐♥✈❛r✐❛♥ts ♦❢ ♥♦♥✲s②♠♣❧❡❝t✐❝
❛✉t♦♠♦r♣❤✐s♠s ♦❢ ♦r❞❡r ❡✐❣❤t ✐♥ ❛❧❧ t❤❡ ♣♦ss✐❜❧❡ ❝❛s❡s✳ ▼♦r❡♦✈❡r t❤❡② ❛❧s♦ s❤♦✇ t❤❡ ❝❛s❡s
✇❤❡♥ ✇❡ ❤❛✈❡ ❛♥ ❡①❛♠♣❧❡✱ ✇❡ ✐♥❞✐❝❛t❡ t❤❡s❡ ✇✐t❤

√
✱ ♦r ✇❤❡♥ t❤❡r❡ ✐s ♥♦t ❛♥ ❡①❛♠♣❧❡ ✱ ✇❡

r❡❢❡r t♦ t❤✐s ❝❛s❡ ✇✐t❤ X✱ ✭❛♥❞ ✇❡ ❣✐✈❡ t❤❡ ♥✉♠❜❡r ♦❢ ❡①❛♠♣❧❡s ✐❢ ✇❡ ❤❛✈❡ ♠♦r❡ t❤❛♥ ♦♥❡✮✳
❲❡ r❡❝❛❧❧ ♥♦✇ t❤❡ ✐♥✈❛r✐❛♥ts t❤❛t ❛♣♣❡❛r ✐♥ t❤❡ t❛❜❧❡s✿ ✇❡ ❞❡♥♦t❡ ❜② k r❡s♣❡❝t✐✈❡❧② kσ2

t❤❡ ♥✉♠❜❡r ♦❢ s♠♦♦t❤ r❛t✐♦♥❛❧ ❝✉r✈❡s ✜①❡❞ ❜② σ r❡s♣❡❝t✐✈❡❧② σ2✳ ❆♥❞ ❜② N t❤❡ ♥✉♠❜❡r
♦❢ ✐s♦❧❛t❡❞ ♣♦✐♥ts ✐♥ ❋✐①(σ)✳ ▲❡t N

′

r❡s♣❡❝t✐✈❡❧② N
′

σ2 ❞❡♥♦t❡s t❤❡ ♥✉♠❜❡r ♦❢ ✜①❡❞ ♣♦✐♥ts
❜② σ r❡s♣❡❝t✐✈❡❧② σ2 ❝♦♥t❛✐♥❡❞ ✐♥ ❛ ❝✉r✈❡ C ⊆ Fix(σ4) ♦❢ ❣❡♥✉s g ≥ 1✱ 4s = 2aσ2 ❞❡♥♦t❡s
t❤❡ ♥✉♠❜❡r ♦❢ s♠♦♦t❤ ❝✉r✈❡s t❤❛t ❛r❡ ♣❡r♠✉t❡❞ ❜② σ✱ ✐♥t❡r❝❤❛♥❣❡❞ ❜② σ2 ❛♥❞ ✜①❡❞ ❜② σ4✳
❆♥❞ ✇❡ ❞❡♥♦t❡ ❜② 2a t❤❡ ♥✉♠❜❡r ♦❢ ❡①❝❤❛♥❣❡❞ s♠♦♦t❤ r❛t✐♦♥❛❧ ❝✉r✈❡s ❜② σ ❛♥❞ ✜①❡❞ ✭t❤❛t
♠❡❛♥s ♣♦✐♥t✇✐s❡❧② ✜①❡❞✮ ❜② σ2✱ 2A t❤❡ ♥✉♠❜❡r ♦❢ s♠♦♦t❤ r❛t✐♦♥❛❧ ❝✉r✈❡s ✐♥t❡r❝❤❛♥❣❡❞ ❜②
σ ❛♥❞ ✐♥✈❛r✐❛♥ts ✭❜✉t ♥♦t ♣♦✐♥t✇✐s❡ ✜①❡❞✮ ❜② σ2✱ 2h t❤❡ ♥✉♠❜❡r ♦❢ ✐♥t❡r❝❤❛♥❣❡❞ ♣♦✐♥ts ❜②
σ ♦♥ t❤❡ ❝✉r✈❡ C✱ ❛♥❞ ❜② gσi ❢♦r i = 1, 2, 4 t❤❡ ❣❡♥✉s ♦❢ t❤❡ ❝✉r✈❡ C ⊂ Fix(σi)✳ ❋✐♥❛❧❧②✱
✇❡ ❞❡♥♦t❡ ❜② r, l,m ❛♥❞ m1 t❤❡ r❛♥❦ ♦❢ t❤❡ ❡✐❣❡♥s♣❛❝❡s ♦❢ (σ)∗ ✐♥ H2(X,C) r❡❧❛t✐✈❡ t♦ t❤❡
❡✐❣❡♥✈❛❧✉❡s 1,−1, i ❛♥❞ ζ8 r❡s♣❡❝t✐✈❡❧②✳

m1 m r l (n2, n3, n4) N k A t②♣❡ ♦❢ C
′

❊①❛♠♣❧❡
✸ ✷ ✸ ✸ (2, 0, 0) 2 0 0 I0

√

2 2 6 4 (1, 1, 2) 4 0 1 IV∗ √

❚❛❜❧❡ ❈✳✶✿ ❚❤❡ ❝❛s❡ g❂✶✱ C ⊆ Fix(σ).

m1 m r l N (n2, n3, n4) N
′

k a A t②♣❡ ♦❢ C
′

❊①❛♠♣❧❡
✸ ✷ ✸ ✸ ✷ (2, 0, 0) 0 0 ✵ ✵ I0

√

✸ ✷ ✺ ✶ ✻ ✭✵✱✷✱✹✮ ✹ ✵ ✵ ✵ I0
√

2 2 6 ✹ 4 (1, 1, 2) 0 0 0 ✶ IV∗ X

2 2 10 0 10 (3, 3, 4) 4 1 0 0 IV∗ √√

❚❛❜❧❡ ❈✳✷✿ ❚❤❡ ❝❛s❡ g❂✶ ✱ Fix(σ2) ⊇ C * Fix(σ).

✽✸
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m1 m r l N (n2, n3, n4) N
′

k a t②♣❡ ♦❢ C
′

❊①❛♠♣❧❡
✸ ✷ ✸ ✸ ✷ ✭✷✱✵✱✵✮ ✷ ✵ ✵ I0 X

✷ ✶ ✶✵ ✷ 8 (4, 2, 2) 2 1 0 I8
√

✷ ✶ ✽ ✹ ✻ ✭✵✱✷✱✹✮ ✷ ✵ ✵ I8
√√

✷ ✶ ✻ ✻ ✷ ✭✷✱✵✱✵✮ ✷ ✵ ✶ I8
√√

✷ ✸ ✹ ✹ ✷ ✭✷✱✵✱✵✮ ✷ ✵ ✵(s = 1) I8 X

✶ ✵ ✶✼ ✶ ✶✹ ✭✻✱✹✱✹✮ ✷ ✷ ✵ I16
√√√

✶ ✵ ✶✶ ✼ ✻ ✭✵✱✷✱✹✮ ✷ ✵ ✶ I16
√√

✶ ✵ ✾ ✾ ✷ ✭✷✱✵✱✵✮ ✷ ✵ ✷ I16
√

✶ ✹ ✺ ✺ ✷ ✭✷✱✵✱✵✮ ✷ ✵ ✵(s = 2) I16 X

✷ ✷ ✻ ✹ ✹ ✭✶✱✶✱✷✮ ✵ ✵ ✵ IV∗ X

❚❛❜❧❡ ❈✳✸✿ ❚❤❡ ❝❛s❡ g = 1,Fix(σ4) ⊇ C * Fix(σ2).

r l m1 (n2, n3, n4) N
′

h k a gσ4 S(σ4) ❊①❛♠♣❧❡
✶ ✶ ✺ ✭✷✱✵✱✵✮ ✷ ✶ ✵ ✵ ✾ U(2) X

✻ ✵ ✹ ✭✺✱✶✱✵✮ ✹ ✵ ✶ ✵ ✼ U ⊕D4
√

✹ ✷ ✹ ✭✶✱✶✱✷✮ ✷ ✷ ✵ ✵ ✻ U(2)⊕D4 X
✻ ✵ ✹ ✭✺✱✶✱✵✮ ✻ ✵ ✶ ✵

√

✼ ✸ ✸ ✭✵✱✷✱✹✮ ✷ ✶ ✵ ✵ ✺ U(2)⊕ E8 X
✾ ✶ ✸ ✭✷✱✵✱✵✮ ✷ ✶ ✵ ✶ X
✾ ✶ ✸ ✭✹✱✷✱✷✮ ✷ ✶ ✶ ✵

√

✾ ✶ ✸ ✭✹✱✷✱✷✮ ✹ ✶ ✶ ✵ ✹ U ⊕D⊕2
4

√

✼ ✸ ✸ ✭✵✱✷✱✹✮ ✷ ✸ ✵ ✵ ✸ U(2)⊕D⊕2
4

√

✺ ✺ ✸ ✭✷✱✵✱✵✮ ✷ ✸ ✵ ✶
√

✽ ✻ ✷ ✭✶✱✶✱✷✮ ✵ ✷ ✵ ✶ ✸ U ⊕ E8 ⊕D4 X
✶✷ ✷ ✷ ✭✸✱✸✱✹✮ ✭✹✲✵✮ ✭✵✲✷✮ ✶ ✵ X
✶✵ ✹ ✷ ✭✺✱✶✱✵✮ ✹ ✵ ✶ ✶ X
✶✹ ✵ ✷ ✭✼✱✸✱✷✮ ✹ ✵ ✷ ✵

√

✽ ✻ ✷ ✭✶✱✶✱✷✮ ✷ ✷ ✵ ✶ ✷ U(2)⊕ E8 ⊕D4
√

✶✷ ✷ ✷ ✭✸✱✸✱✹✮ ✷ ✷ ✶ ✵
√√

❚❛❜❧❡ ❈✳✹✿ ❚❤❡ ❝❛s❡ m = 0, gσ4 > 1 ✳

m1 r N
′

N (n2, n3, n4) gσ4 k S(σ4) ❊①❛♠♣❧❡
✹ ✻ ✹ ✻ ✭✺✱✶✱✵✮ ✼ ✶ U ⊕D4

√

✹ ✻ ✻ ✻ ✭✺✱✶✱✵✮ ✻ ✶ U(2)⊕D4
√

✷ ✶✹ ✹ ✶✷ ✭✼✱✸✱✷✮ ✸ ✷ U ⊕D4 ⊕ E8
√

❚❛❜❧❡ ❈✳✺✿ ❚❤❡ ❝❛s❡ rk Pic(X) = S(σ) = r ✳



✽✺

m1 m r l (n2, n3, n4) N N
′

k a s gσ2 S(σ4) ❊①❛♠♣❧❡
✸ ✸ ✸ ✶ (1, 1, 2) ✹ ✷ ✵ ✵ ✵ ✷ U ⊕A⊕8

1 X

✷ ✹ ✹ ✷ (1, 1, 2) ✹ ✷ ✵ ✵ ✶ ✷ U ⊕A⊕4
1 ⊕ E8 X

U ⊕D4 ⊕D8 X

❚❛❜❧❡ ❈✳✻✿ ❚❤❡ ❝❛s❡ gσ2 > 1.

m r l N N
′

✭n2, n3, n4) a k A h s kσ2 N
′

σ2 gσ4 ❊①❛♠♣❧❡
✶ ✶✸ ✸ ✶✵ ✷ ✭✸✱✸✱✹✮ ✵ ✶ ✵ ✷ ✶ ✸ ✻ ✷ X

✶ ✼ ✶ ✻ ✹ ✭✺✱✶✱✵✮ ✵ ✶ ✵ ✵ ✵ ✶ ✹ ✸ X

✷ ✽ ✷ ✻ ✹ ✭✺✱✶✱✵✮ ✵ ✶ ✵ ✵ ✵ ✶ ✹ ✸ X

❚❛❜❧❡ ❈✳✼✿ ❚❤❡ ❝❛s❡ gσ4 > 1✱ C * Fix(σ2).

m r l N ✭n2, n3, n4) k kσ2 Nσ2 ❊①❛♠♣❧❡
✶ ✶✸ ✸ ✶✵ ✭✸✱✸✱✹✮ ✶ ✸ ✶✵

√

❚❛❜❧❡ ❈✳✽✿ ❚❤❡ ❝❛s❡ Fix(σ4) ❤❛s ♦♥❧② r❛t✐♦♥❛❧ ❝✉r✈❡s✱ k > 0✳

m r l s a A h N N
′

(n2, n3, n4) kσ2 N
′

σ2 gσ4 ❊①❛♠♣❧❡
✶ ✷ ✷ ✵ ✵ ✵ ✶ ✷ ✷ ✭✷✱✵✱✵✮ ✵ ✹ ✺ X

✶ ✾ ✼ ✶ ✶ ✶ ✷ ✹ ✷ ✭✶✱✶✱✷✮ ✸ ✻ ✷ X

✸ ✼ ✺ ✷ ✵ ✵ ✷ ✹ ✷ ✭✶✱✶✱✷✮ ✶ ✻ ✷ X

✶ ✻ ✻ ✶ ✶ ✵ ✸ ✷ ✷ ✭✷✱✵✱✵✮ ✷ ✽ ✸ X

✷ ✻ ✹ ✶ ✵ ✵ ✷ ✹ ✵ ✭✶✱✶✱✷✮ ✶ ✹ ✸ X

✶ ✽ ✹ ✶ ✵ ✵ ✸ ✻ ✷ ✭✵✱✷✱✹✮ ✷ ✽ ✸ X

✶ ✺ ✸ ✵ ✵ ✶ ✵ ✹ ✵ ✭✶✱✶✱✷✮ ✶ ✵ ✺ X
✵ ✵ ✶ ✵ ✹ ✷ ✭✶✱✶✱✷✮ ✶ ✷ ✹ X
✵ ✵ ✵ ✷ ✹ ✵ ✭✶✱✶✱✷✮ ✶ ✹ ✸ X
✵ ✵ ✵ ✷ ✹ ✷ ✭✶✱✶✱✷✮ ✶ ✻ ✷ X

✷ ✻ ✹ ✵ ✵ ✶ ✵ ✹ ✵ ✭✶✱✶✱✷✮ ✶ ✲ ✵ X
✸ ✼ ✺ ✶ ✵ ✶ ✵ ✹ ✵ ✭✶✱✶✱✷✮ ✶ ✲ ✵ X
✶ ✾ ✼ ✵ ✶ ✷ ✵ ✹ ✵ ✭✶✱✶✱✷✮ ✸ ✲ ✵

√

❚❛❜❧❡ ❈✳✾✿ ❚❤❡ ❝❛s❡ k = α = 0,m > 0.
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❇✐❜❧✐♦❣r❛♣❤②

❬✶❪ ❉✳ ❆❧ ❚❛❜❜❛❛✱ ❆✳ ❙❛rt✐ ❛♥❞ ❙✳ ❚❛❦✐✱ ❈❧❛ss✐✜❝❛t✐♦♥ ♦❢ ♦r❞❡r s✐①t❡❡♥ ♥♦♥✲s②♠♣❧❡❝t✐❝
❛✉t♦♠♦r♣❤✐s♠s ♦♥ ❑✸ s✉r❢❛❝❡s✱ ♣r❡♣r✐♥t✱ ✷✵✶✹ ❛r①✐✈ ✿ ✶✹✵✾✲✺✽✵✸✳

❬✷❪ ▼✳ ❆rt❡❜❛♥✐ ❛♥❞ ❆✳ ❙❛rt✐✱ ❙②♠♠❡tr✐❡s ♦❢ ♦r❞❡r ❢♦✉r ♦♥ K3 s✉r❢❛❝❡s✱ ❏✳ ▼❛t❤✳ ❙♦❝✳
❏❛♣❛♥✳ ✻✼ ✭✷✵✶✺✮✱ ♥♦✳ ✷✱ ✶✲✸✶✳

❬✸❪ ▼✳ ❆rt❡❜❛♥✐ ❛♥❞ ❆✳ ❙❛rt✐✱ ◆♦♥✲s②♠♣❧❡❝t✐❝ ❛✉t♦♠♦r♣❤✐s♠s ♦❢ ♦r❞❡r ✸ ♦♥ K3 s✉r❢❛❝❡s✱
▼❛t❤✳ ❆♥♥✳ ✸✹✷ ✭✷✵✵✽✮✱ ♥♦✳ ✹✱ ✾✵✸✲✾✷✶✳

❬✹❪ ▼✳ ❆rt❡❜❛♥✐ ✱ ❆✳ ❙❛rt✐✱ ❛♥❞ ❙✳❚❛❦✐✱ K3 s✉r❢❛❝❡s ✇✐t❤ ♥♦♥✲s②♠♣❧❡❝t✐❝ ❛✉t♦♠♦r♣❤✐s♠s
♦❢ ♣r✐♠❡ ♦r❞❡r✳ ▼❛t❤✳ ❩✳ ✷✻✽ ✭✷✵✶✶✮✱ ♥♦✳ ✶✲✷✱ ✺✵✼✲✺✸✸✱ ✇✐t❤ ❛♥ ❛♣♣❡♥❞✐① ❜② ❙❤✐❣❡②✉❦✐
❑♦♥❞✠♦✳

❬✺❪ ❙✳ ❑♦♥❞✠♦✱ ❆✉t♦♠♦r♣❤✐s♠s ♦❢ ❛❧❣❡❜r✐❝ K3 s✉r❢❛❝❡s ✇❤✐❝❤ ❛❝t tr✐✈✐❛❧❧② ♦♥ P✐❝❛r❞ ❣r♦✉♣s✱
❏✳ ▼❛t❤✳ ❙♦❝✳ ❏❛♣❛♥ ✹✹ ✭✶✾✾✷✮✱ ♥♦✳ ✶✱ ✼✺✲✾✽✳

❬✻❪ ▼✳ ❙❝❤ütt ❛♥❞ ❚✳❙❤✐♦❞❛✱ ❊❧❧✐♣t✐❝ s✉r❢❛❝❡s✱ ❆❧❣❡❜r❛✐❝ ❣❡♦♠❡tr② ✐♥ ❊❛st ❆s✐❛✲❙❡♦✉❧
✷✵✵✽✱ ❆❞✈✳ ❙t✉❞✳ P✉r❡ ▼❛t❤✱ ✈♦❧✳ ✻✵✱ ▼❛t❤✳ ❙♦❝✳ ❏❛♣❛♥✱ ❚♦❦②♦✱ ✷✵✶✵✱ ♣♣✳ ✺✶✲✶✻✵✳

❬✼❪ ▼✳ ❙❤ütt✱ K3 s✉r❢❛❝❡s ✇✐t❤ ♥♦♥✲s②♠♣❧❡❝t✐❝ ❛✉t♦♠♦r♣❤✐s♠s ♦❢ ✷✲♣♦✇❡r ♦r❞❡r✱ ❏✳ ❆❧❣❡✲
❜r❛ ✸✷✸ ✭✷✵✶✵✮✱ ♥♦✳ ✶✱ ✷✵✻✲✷✷✸✳

❬✽❪ ❱✳❱✳ ◆✐❦✉❧✐♥✱ ❋✐♥✐t❡ ❣r♦✉♣s ♦❢ ❛✉t♦♠♦r♣❤✐s♠s ♦❢ ❑ä❤❧❡r✐❛♥ s✉r❢❛❝❡s ♦❢ t②♣❡ K3✱ ❯s✲
♣❡❤✐ ▼❛t✳ ◆❛✉❦ ✸✶ ✭✶✾✼✻✮✱ ♥♦✳ ✷✭✶✽✽✮✱ ✷✷✸✲✷✷✹✳

❬✾❪ ❱✳❱✳ ◆✐❦✉❧✐♥✱ ❋❛❝t♦r ❣r♦✉♣s ♦❢ ❣r♦✉♣s ♦❢ ❛✉t♦♠♦r♣❤✐s♠s ♦❢ ❤②♣❡r❜♦❧✐❝ ❢♦r♠s ✇✐t❤
r❡s♣❡❝t t♦ s✉❜❣r♦✉♣s ❣❡♥❡r❛t❡❞ ❜② ✷✲r❡✢❝t✐♦♥s ✳ ❆❧❣❡❜r♦❣❡♦♠❡tr✐❝ ❛♣♣❧✐❝❛t✐♦♥s✱ ❏✳ ❙♦✈✐❡t✳
▼❛t❤✳ ✷✷ ✭✶✾✽✸✮✱ ✶✹✵✶✲✶✹✼✺✳

❬✶✵❪ ❱✳❱✳ ◆✐❦✉❧✐♥✱ ■♥t❡❣r❛❧ s②♠♠❡tr✐❝ ❜✐❧✐♥❡❛r ❢♦r♠s ❛♥❞ s♦♠❡ ♦❢ t❤❡✐r ❛♣♣❧✐❝❛t✐♦♥s✱ ▼❛t❤✳
❯❙❙❘ ■③✈✳ ✶✹ ✭✶✾✽✵✮✱ ✶✵✸✲✶✻✼✳

❬✶✶❪ ❱✳❱✳ ◆✐❦✉❧✐♥✱ ❉✐s❝r❡t❡ r❡✢❡❝t✐♦♥ ❣r♦✉♣s ✐♥ ▲♦❜❛❝❤❡✈s❦② s♣❛❝❡s ❛♥❞ ❛❧❣❡❜r❛✐❝ s✉r❢❛❝❡s✱
Pr♦❝❡❡❞✐♥❣s ♦❢ t❤❡ ■♥t❡r♥❛t✐♦♥❛❧ ❈♦♥❣r❡ss ♦❢ ▼❛t❤❡♠❛t✐❝✐❛♥s✱ ❱♦❧✳ ✶✱ ✷ ✭❇❡r❦❡❧❡②✱
❈❛❧✐❢✳✱ ✶✾✽✻✮✱ ❆♠❡r✳ ▼❛t❤✳ ❙♦❝✳✱ Pr♦✈✐❞❡♥❝❡✱ ❘■✱ ✶✾✽✼✱ ♣♣✳ ✻✺✹✲✻✼✶✳ ▼❘ ✾✸✹✷✻✽
✭✽✾❞✿✶✶✵✸✷✮✳

❬✶✷❪ ❇✳ ❙❛✐♥t✲❉♦♥❛t Pr♦❥❡❝t✐✈❡ ▼♦❞❡❧s ♦❢ K3 s✉r❢❛❝❡s ❆♠❡r✳ ❏✳ ♦❢ ▼❛t❤✳ ✾✻ ✭✶✾✼✹✮ ✻✵✷✲✻✸✾✳
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