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Résumé

On considère les paquets d’ondes hydrodynamiques comme mécanismes de génération de bruit

des jets subsoniques.

Cette approche résulte tout d’abord de l’analyse de données numériques - DNS d’une couche

de mélange (Wei et Freund 2006) et LES d’un jet à Mach 0,9 (Daviller 2010) - permettant de

déterminer les propriétés des sources en termes de compacité, d’intermittence et de struc-

ture azimutale. L’identification d’un rayonnement intermittent associé aux modifications des

structures cohérentes des écoulements permet de proposer un modèle de paquet d’onde pour

représenter ce phénomène dans l’analogie de Lighthill, dont l’enveloppe présente des variations

temporelles d’amplitude et d’étendue spatiale. Celles-ci sont tirées de données de vitesse de

simulations numériques de jets subsoniques, et un accord de l’ordre de 1,5dB entre le champ

acoustique simulé et le modèle confirme sa pertinence.

L’exploration du concept proposé est ensuite poursuivie expérimentalement, avec des mesures

de pression acoustique et de vitesse de jets turbulents subsoniques, permettant la décomposition

des champs en modes de Fourier azimutaux. On observe l’accord des directivités des modes

0, 1 et 2 du champ acoustique avec le rayonnement d’un paquet d’onde. Les modes 0 et 1 du

champ de vitesse correspondent également à des paquets d’onde, modélisés comme des ondes

d’instabilité linéaires à partir des équations de stabilité parabolisées. Finalement, des corréla-

tions de l’ordre de 10% entre les modes axisymétriques de vitesse dans le jet et de pression

acoustique rayonnée montrent un lien clair entre les paquets d’onde et l’émission acoustique du

jet.

Mots clés : aéroacoustique, jets – bruit, bruit aérodynamique, vélocimétrie par images de par-

ticules.
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Abstract

Hydrodynamic wavepackets are studied as a sound-source mechanism in subsonic jets. We first

analyse numerical simulations to discern properties of acoustic sources such as compactness,

intermittency and azimuthal structure. The simulations include a DNS of a two-dimensional

mixing layer (Wei and Freund 2006) and an LES of a Mach 0.9 jet (Daviller 2010). In both cases

we identify intermittent radiation, which is associated with changes in coherent structures in the

flows. A wave-packet model that includes temporal changes in amplitude and axial extension

is proposed to represent the identified phenomena using Lighthill’s analogy. These parameters

are obtained from velocity data of two subsonic jet simulations, and an agreement to within

1.5dB between the model and the acoustic field of the simulations confirms its pertinence.

The proposed mechanism is then investigated experimentally, with measurements of acoustic

pressure and velocity of turbulent subsonic jets, allowing the decomposition of the fields into

azimuthal Fourier modes. We find close agreement of the directivities of modes 0, 1 and 2 of the

acoustic field with wave-packet radiation. Modes 0 and 1 of the velocity field correspond also to

wavepackets, modelled as linear instability waves using parabolised stability equations. Finally,

correlations of order of 10% between axisymmetric modes of velocity and far-field pressure show

the relationship between wavepackets and sound radiated by the jet.

Keywords : aeroacoustics, jet noise, aerodynamic noise, particle image velocimetry
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Résumé étendu

L’objectif de cette thèse est d’établir une description simplifiée permettant de modéliser la

génération de bruit par des jets turbulents subsoniques, en s’appuyant sur les caractéristiques

des structures cohérentes présentes dans les écoulements turbulents, qui forment des paquets

d’onde hydrodynamiques dans les jets.

Cet objectif est poursuivi ici sur la base de résultats de simulations numériques, du développe-

ment de modèles théoriques et d’expériences, dans un effort commun profitant des atouts de

chacune des approches et prenant en compte les progrès récents concernant les possibilités de

calcul et de mesure des écoulements turbulents et de leur champ acoustique.

Le chapitre I présente une revue bibliographique du bruit de jet, à la fois des points de

vue théorique, numérique et expérimental, avec une perspective historique des travaux qui

constituent la base de cette thèse.

Des données de simulations numériques sont tout d’abord utilisées comme point de départ

pour l’analyse des phénomènes. La possibilité d’étudier des données résolues dans le temps pour

toutes les variables de l’écoulement, dans un volume comprenant à la fois le jet et le champ

rayonné, est un avantage considérable qu’on a exploité afin de cerner les propriétés fondamen-

tales de l’écoulement vis-à-vis de la génération sonore. On utilise pour cela des simulations des

couches de mélange bidimensionnelles (Wei et Freund[203]) et un jet à Mach 0,9 (Daviller[52]).

Les simulations de couche de mélange de Wei et Freund[203] représentent une excellente

opportunité pour l’analyse des mécanismes de génération de bruit compte tenu de l’application

d’un contrôle optimal, dont l’objectif est la réduction de l’intensité acoustique rayonnée. Dans

le chapitre II ces simulations sont examinées en détail afin d’identifier le mécanisme d’action du

contrôle permettant de réduire le bruit généré. On observe que cette réduction intervient dans

un intervalle de temps limité : la couche de mélange sans contrôle présente un rayonnement

intense localisé dans le temps, qui est réduit par l’action du contrôle. L’étude du champ de

vitesses de la couche de mélange révèle que le contrôle permet d’éviter l’occurrence d’une inter-
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action entre trois tourbillons, qui, dans le cas sans contrôle, mène au rayonnement intermittent

mentionné. L’interaction des trois tourbillons est vue comme une perte, pendant un certain

temps, de l’homogénéité axiale de l’écoulement dont il résulte l’émergence d’une longue zone

de haute pression entre les tourbillons qui forme une onde acoustique d’amplitude élevée.

Pour la détection systématique de tels événements, on applique une transformée en on-

delettes continue aux signaux de pression issus de la simulation de la couche de mélange sans

contrôle. Des rayonnements intermittents ont une signature formée de niveaux importants dans

la représentation de l’énergie du signal en fonction du temps et de la fréquence, et l’observation

de la couche de mélange aux temps correspondant à la génération de ces émissions intermittentes

révèle que ces événements résultent également d’interactions entre trois tourbillons.

Dans le chapitre III cette approche est appliquée à la simulation aux grandes échelles d’un

jet à Mach 0,9. Les champs acoustique et turbulent sont décrits en modes de Fourier azimu-

taux ; le bruit rayonné aux angles faibles par rapport à l’axe du jet est dominé par le mode

axisymétrique. L’application de la transformée en ondelettes montre des amplitudes élevées des

émissions intermittentes, notamment pour le mode 0 aux angles faibles. Des visualisations du

champ de pression à l’intérieur du jet montrent une structure de paquet d’onde pour le mode

axisymétrique, et l’instant d’émission d’une onde acoustique de forte amplitude est identifié

avec la troncature de l’enveloppe du paquet d’onde.

Pour étudier l’effet des modifications temporelles de la structure des paquets d’onde ax-

isymétriques sur le bruit rayonné, on a développé quelques modèles de sources intermittentes

dans le chapitre IV, intégrant des variations temporelles de l’enveloppe. L’effet de ces variations

est d’abord étudié dans deux problèmes modèles. Dans le premier, une modulation temporelle

de l’amplitude maximale est introduite, et dans le deuxième problème la source présente une

variation temporelle de son étendue spatiale, deux comportements qui représentent les obser-

vations de la simulation de jet subsonique, détaillées dans le chapitre III. Les deux types de

variation temporelle de l’enveloppe impliquent une augmentation du rayonnement acoustique,

de façon intermittente, ce qui correspond aux analyses des chapitres II et III.

Les deux types de changements temporels de l’enveloppe sont réunis dans un troisième mod-

èle, où la source est représentée par un paquet d’onde dont l’amplitude maximale et l’étendue

spatiale varient avec le temps. Pour vérifier la consistance du modèle, on utilise des données

du champ de vitesse de la simulation pour en déterminer les paramètres ; le bruit rayonné

est calculé en utilisant l’analogie de Lighthill, avec un bon accord avec l’intensité acoustique

aux angles faibles donnée par la simulation. La même méthode est appliquée à la simulation

numérique directe de Freund[66], avec un accord également proche.

Les modèles de paquet d’onde motivent ensuite l’étude séparée de la contribution de chaque
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mode azimutal dans les champs turbulent et acoustique. Les modes azimutaux d’ordre bas,

et notamment le mode axisymétrique, ont une efficacité acoustique plus importante, comme

montré dans l’annexe A du chapitre IV ainsi que dans l’annexe B du chapitre V. En particulier,

le format de paquet d’onde du mode 0, donné aux chapitres III et IV, impose une forte directivité

des émissions acoustiques vers les angles faibles en raison de l’interférence axiale entres les

parties positives et négatives de la source. Cette interférence résulte de l’étendue axiale d’un

paquet d’onde, qui est comparable à la longueur d’onde acoustique et empêche l’application

d’une hypothèse de compacité.

Les chapitres V et VI sont dédiés à des expériences relatives à l’émission acoustique de jets

turbulents subsoniques naturels, et cherchent à mettre en évidence des paquets d’onde comme

source de bruit dans ces écoulements. Les couches limites en sortie de la buse sont turbulentes,

et les fluctuations turbulentes constituent l’excitation naturelle correspondant de façon plus

proche aux jets d’applications pratiques. On évite donc l’ambiguïté introduite par le forçage

périodique: les jets forcés présentent clairement des structures cohérentes, mais rien n’indique

que les jets forcés et naturels ont le même comportement, comme discuté dans la section 1.2.

Les données expérimentales sont étudiées dans le domaine fréquentiel, en opposition aux

approches temporelles utilisées dans les chapitres précédents. Ceci est motivé par le manque

relatif d’information dans la littérature sur le contenu énergétique des paires (ω,m) relatifs aux

champs turbulent et acoustique, où ω la fréquence et m le mode azimutal. Comme l’efficacité

acoustique des paquets d’onde est fortement liée à ces deux paramètres, nous avons réalisé

des mesures permettant à la fois des décompositions de Fourier en temps et en azimut. En

outre, la description des fluctuations en termes de fréquence et nombre d’onde azimutal permet

d’utiliser la théorie de la stabilité linéaire comme modèle dynamique des paquets d’onde dans

les jets. Les mesures réalisées permettent tout de même l’analyse dans le domaine temporel,

comme pour les études de simulations numériques, mais avec des contraintes liées à la quantité

de données disponibles. Un exemple d’une telle analyse est l’application de la transformée

en ondelettes pour quantifier l’énergie intermittente pour les différents modes azimutaux du

champ acoustique. Cette analyse, donnée en l’Annexe, confirme la dominance des émissions

axisymétriques et leur forte directivité, tel qu’observé dans la simulation du chapitre III et

suggéré par les modèles du chapitre IV.

Les mesures acoustiques détaillées dans le chapitre V montrent que le mode axisymétrique

de la pression en champ lointain a la superdirectivité caractéristique du rayonnement d’un

paquet d’onde (Crow[50]). Cette forte directivité est une indication que le son rayonné aux

angles faibles est lié à un paquet d’onde avec une étendue spatiale importante dans la direction

axiale. La dépendance de l’intensité du bruit axisymétrique rayonné à St = 0.2 avec le nombre
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de Mach acoustique du jet est de M9.5 pour les angles faibles. Ceci est également cohérent

avec le rayonnement d’un paquet d’onde, mais seulement après prise en compte des effets de

compressibilité sur le champ de vitesse : l’augmentation du nombre de Mach provoque une

réduction de l’amplitude du mode axisymétrique des fluctuations de vitesse, un effet prédit par

la théorie de la stabilité linéaire.

Les propriétés observées pour le mode axisymétrique du champ acoustique ne sont pas

compatibles avec des sources compactes, comme des petites structures turbulentes distribuées

dans le jet de façon aléatoire. Ceci renforce l’idée que le bruit aux angles faibles, dominé par

le mode axisymétrique, est généré pour la plupart par des paquets d’onde au sein du jet.

Le modèle de Crow est également étendu dans le chapitre V à l’étude des paquets d’onde

hélicoïdaux comme sources dans l’analogie de Lighthill. On modélise la structure radiale de

ces paquets d’onde avec les modes issus de l’instabilité linéaire de l’écoulement moyen. La

directivité obtenue pour les modes azimutaux 1 et 2 dans le champ acoustique est proche des

comportements prévus par le modèle.

Dans le chapitre VI, on s’intéresse à la détection des paquets d’ondes pour le mode ax-

isymétrique et le premier mode hélicoïdal dans le champ de vitesse des mêmes jets, avec un

accord proche avec des ondes d’instabilité linéaires modélisées par les équations de stabilité

parabolisées. Cet accord corrobore l’existence de structures cohérentes, issues d’une instabilité

linéaire de l’écoulement moyen de type Kelvin-Helmholtz, dans des jets turbulents à des nom-

bres de Reynolds élevés. Néanmoins, ces structures ne dominent pas le champ de vitesses ; on

montre que la dimension caractéristique des structures le plus énergétiques est liée à l’épaisseur

locale de quantité de mouvement. Les modes azimutaux 0 et 1 sont tout de même présents

dans le champ de vitesse, mais ont des amplitudes plus faibles que les modes plus élevés.

Ces basses amplitudes favorisent l’application des modèles linéaires, ce qui explique les bons

résultats obtenus avec les équations de stabilité parabolisées. En revanche, en aval du cône

potentiel l’accord entre la stabilité linéaire et l’expérience se dégrade, ce qui suggère des effets

non linéaires dans cette région.

Le contraste entre les basses amplitudes des modes 0 et 1 dans le champ de vitesse et leur

caractère dominant dans le champ acoustique peut s’expliquer par l’efficacité acoustique de

chaque mode azimutal, discutée dans les chapitres IV et V. Il y a un effet important d’annulation

pour des sources ayant des nombres d’onde azimutaux élevés, ce qui réduit leur efficacité pour

la génération sonore.

Des corrélations vitesse-pression sont ensuite utilisées de façon à vérifier cette hypothèse.

La corrélation de la pression acoustique en champ lointain avec les paquets d’onde dans l’écou-

lement, calculée entre les modes axisymétriques de la pression et de la vitesse, est de l’ordre de
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10%, valeur plus élevée que de précédents résultats pour les jets subsoniques de la littérature,

où des corrélations entre deux points sont calculées en ignorant les contenus azimutaux des

champs. Cela montre l’importance des paquets d’onde, et la forte cohérence azimutale qui

leur est associée, sur le bruit rayonné, en accord avec la théorie (Michalke[127] ; Michalke &

Fuchs[132] ; voir aussi la discussion dans la section 2.1.1).

L’ensemble des résultats présentés dans cette thèse soutient ainsi le concept de paquets

d’onde hydrodynamiques, générés par l’instabilité linéaire de Kelvin-Helmholtz de l’écoulement

moyen turbulent, comme principales sources de bruit des jets subsoniques pour des faibles

angles par rapport à l’axe du jet.
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Introduction

Context of the problem

The reduction of aircraft noise is a major challenge currently faced by industry. A 10dB

reduction in the radiated sound has been chosen as an objective for 2020 in Europe; this stands

for a reduction of an order of magnitude of the acoustic intensity, which requires considerable

effort in the reduction of noise from all sources on an aircraft. This objective recently motivated

a IUTAM symposium on computational techniques for the prediction of aircraft noise (Astley

and Gabard [5]).

Among the sound sources generated by aircraft, the free turbulent jets that exit turbofan

engines pose a challenging problem in fluid mechanics. The sound radiated by such jets results

from turbulent fluctuations, and hence knowledge of turbulence is required for noise prediction

and design for noise reduction. Conceptual difficulties arise thus due to the complexity of jet

turbulence. Moreover, in jet aeroacoustics one has to deal with the coupling of the turbulent

field with an external irrotational medium; this coupling leads to the notion of acoustic effi-

ciency: certain energetic turbulent fluctuations may radiate negligible sound, whereas other

low-energy disturbances in the turbulent field may couple more efficiently with the surrounding

medium and generate significant radiation.

It is possible, with current computational capabilities, to obtain unsteady solutions of the

compressible Navier-Stokes equations for turbulent jets, which include both turbulent and

acoustic fields. Such simulations can thus predict the radiated sound by a jet, but with a

high computational cost.

On the other hand, the features of a turbulent flow related to sound generation are, in

general, not clearly exposed by analysis of a numerical solution, unless it is investigated in

some detail. Moreover, a flow simulation by itself does not provide guidelines for reduction of

jet noise. A simplified description of the noise-generation mechanisms in turbulent jets is thus
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valuable, and would allow the proposition of devices acting in the turbulent flow with a view

to reducing the radiated sound.

Our objective in the present work is to obtain a simplified description modelling sound

generation in turbulent jets. We use simulation, theory and experiment in a unified effort,

taking advantage of the relative strengths of each.

In the present work we restrict our analysis to unheated subsonic jets exiting a circular

nozzle with a nearly uniform velocity profile. Such a jet is a canonical flow in the literature,

with significant past and ongoing research on both turbulent and aeroacoustic properties, and

present clear interest for aeronautical applications. Although the exhaust of current aircraft

engines comprises a co-axial jet, with a primary heated jet surrounded by a secondary cold

stream, single jets can nonetheless be seen as a simpler flow presenting the salient features of

co-axial jets, but with a reduced number of flow parameters.

Free jets are also among the first turbulent flows where close analysis revealed the existence

of coherent structures forming hydrodynamic wavepackets. Analysis of numerical databases led

us to investigate wavepackets as a sound-source mechanism. This represents a simplified source

description for the radiated sound, in particular for low polar angles θ, measured from the

downstream jet axis. Knowledge on sound generation by wavepackets may help to understand

the physical mechanisms in noise-reduction devices (see for instance the work of Kœnig [101]),

and, more importantly, to propose new methods to reduce the noise generated by turbulent

jets.

In what follows we describe the approach chosen for the present work, and the organisation

of the present document.

Organisation of the present work

We adopt a strategy using simulation, theory and experiment. The motivation for such can

be found in the following quote, taken from the conclusion of the review article of Jordan and

Gervais [91]:

“It seems clear that, despite some formidable obstacles, the future of aeroacoustics

is set to be an exciting one, where genuinely new analysis strategies can be made

possible by an efficient synergy between theoretical, experimental and numerical

disciplines, one which takes good advantage of the impressive recent progress in

numerical and experimental tools.”
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We present in chapter I a background on the advances of theoretical, numerical and exper-

imental approaches, as well as a historical perspective on the works forming the foundation of

the present effort.

We then use results of available numerical simulations as a starting point in our analysis.

The possibility of studying temporally resolved data for all flow variables, in a spatial volume

comprising the jet, is a considerable advantage that we have explored with a view to discerning

the salient flow features for sound generation.

For such, we have disposed in this thesis of a number of numerical simulations: the direct

numerical simulations (DNS) of optimally-controlled mixing layers of Wei and Freund [203],

the large-eddy simulation (LES) of a Mach 0.9 jet of Daviller [52], and the direct numerical

simulation of Freund [66]. This analysis is reported in chapters II, III and in a part of chapter

IV. It should be stressed that the author was not directly involved in the computation of such

simulations, but solely on the extraction of numerical results and subsequent analysis, including

the application of post-processing tools.

The analysis of these simulations led us to simplified models for the sound radiated by

jets at low polar angles, formulated theoretically using an acoustic analogy in chapter IV. The

parameters in the models are then studied to reveal which flow features lead to significant sound

radiation. A test of the pertinence of the models is performed using data from simulations:

sources constructed using the turbulence field taken from DNS or LES should lead to an acoustic

field consistent with the far-field pressure of the simulations.

Confidence on a simplified model allows proposition of experiments where the proposed

mechanism is assessed. The last part of the present work deals with measurements of the

acoustic and turbulent fields of subsonic jets, described, respectively, in chapters V and VI.

Measurements were taken by the author, with the support of the Institut Pprime personnel,

in the “Bruit et Vent” anechoic facility at the CEAT, Centre d’Etudes Aérodynamiques et

Thermiques in Poitiers.

The focus of the experimental work was on the investigation of a proposed mechanism of

sound generation, related to the coherent structures in jets forming wavepackets. The exper-

imental results were studied to discern whether such a mechanism can explain features of the

acoustic and turbulent fields. The experiments were studied in the light of theoretical mod-

els, either for the sound field resulting from a wavepacket, or for the intrinsic structure of a

wavepacket as a linear instability wave, modeled either assuming parallel flow in chapter V or

accounting for the jet divergence, using Parabolised Stability Equations (PSE), in chapter VI.

The author wrote the program for the parallel flow computations in chapter V, but was not

involved in the PSE calculations of chapter VI.
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Since most of the results of this thesis were published in the form of journal articles, we have

chosen to reproduce these in the present thesis. The journal articles were primarily written by

the present author, with inputs from the co-authors of each paper.

We conclude this work with a summary of the main results obtained in the thesis, and with

a discussion on some open questions. Finally, we present some perspectives for further work

on the subject in order to increase the knowledge on jet noise, but also to devise strategies for

reduction of the radiated sound, including active flow control.
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Chapter I

Literature review

1 Aerodynamics of subsonic jets

1.1 The mean and fluctuation profiles

The mean velocity profile of a subsonic jet with Reynolds number Re = ρUD/µ = 5 · 105 is

represented in figure I.1.

Potential core

Mixing layer

Mixing region Transition region Fully developed region

 0  5  10  15  20

x/D

-3

-2

-1

 0

 1

 2

 3

y/
D

Figure I.1 – Mean velocity contours of a Mach 0.5 jet. Contours are uniformly spaced
between 0.1U and 0.99U . Flow goes from left to right. Results from the
experiments described in chapter V.

The flow inside the nozzle is characterised by boundary layers whose thickness is small

compared to the jet diameter. The resulting mean velocity at the nozzle exit has a “top-hat”

profile: in the central zone, the streamwise velocity is constant and equal to the exit velocity

U . Close to the jet lipline, in the mixing layer, there is a sharp decay of the velocity, that goes

to zero at an outer position. This decay in the mixing layer leads to an inflexion point in the

mean velocity profile.
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Chapter I. Literature review

The initial mixing region, shown in figure I.1, is characterised by an axisymmetric mixing

layer that separates a central zone with uniform flow from the external region, with nearly zero

velocities. The central region is called potential core since the mean velocity is constant and

the fluctuation levels are low. The flow in the potential core can be assumed as irrotational,

and thus allows the definition of a velocity potential.

In the outer zone the low velocities can also be assumed as irrotational, but here the pre-

dominant phenomenon is the entrainment of ambient air by the jet, which is characterised by

small, inward radial flow velocities. This zone is referred to as the entrainment region.

If the boundary layer close to the nozzle exit is turbulent, the mixing layer will also be so;

otherwise, the mixing layer will be initially laminar, but transition to turbulence will occur

downstream. The transition process is initiated by the Kelvin-Helmholtz instability of the

inflexional velocity profile (this will be further discussed in section 1.3).

The turbulent mixing layer spreads radially as the flow moves downstream, mostly due

to turbulent diffusion of momentum. Between 4 to 6 jet diameters downstream (the precise

location changes with the Mach number [108]) the mixing layer reaches the jet centerline and

closes the potential core, whose average shape becomes a cone.

Downstream of the end of the potential core, the mean velocity profile takes the shape of

a bell, in contrast to the top-hat profile near the nozzle exit. The two shapes of the velocity

profile are illustrated in figure I.2(a). For stations downstream of the potential core, the flow is

turbulent for all radial positions, and continues to spread radially by turbulent diffusion. This

diffusion also causes a reduction of the centerline velocity for downstream positions. This is

shown in figures I.1 and I.2(a).
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Figure I.2 – Comparison of (a) mean and (b) rms profiles for the axial velocity at three
axial stations. Results from the experiments described in chapter V.
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I.1 Aerodynamics of subsonic jets

In the mixing region, the velocity fluctuations are maximal inside the turbulent mixing

layer, and are much smaller in the potential core and entrainment regions. This is seen in

figure I.2(b). Downstream of the end of the potential core, the fluctuation amplitude still has

a maximum close to the jet lipline, but the fluctuations on the centerline become significant.

The rms profiles tend to become flat for downstream positions as the turbulence evolves.

The mean velocity profiles of the mixing region have the momentum thickness δ2, given as

δ2 =
∫ ∞

0

ρ(r)ux(r)
ρ0U

(

1− ux(r)
U

)

dr (I.1)

as a similarity length scale representing the development of the mixing layer. The velocity

profiles collapse when plotted as a function of (y− y1/2)/δ2, where y1/2 is the position where

the jet velocity is U/2. An example of the mixing layer similarity is shown in figure I.3(a).

Downstream of the potential core there is not such similarity due to the transition of the flow

from an annular mixing layer to a developed jet. After x/D≈ 10 a new similarity of the velocity

profiles can be found, this time using y1/2 as a characteristic length of the development of the

full turbulent jet. This downstream similarity is illustrated in figure I.3(b), and in this region

the jet is considered as fully developed. The zone between the mixing and the fully developed

regions is labelled as the transition region. These three regions are shown schematically in

figure I.1.
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Figure I.3 – Similarity of mean velocity profiles in the (a) mixing layer and (b) developed
region. Results from the experiments described in chapter V.
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Figure I.4 – Smoke visualisation of a jet with Reynolds number of 6.52×104. Taken from
Crow and Champagne [51].

1.2 Coherent structures

Early studies on the turbulent fluctuations in free jets were based on a view of turbulent

fluctuations as entirely constituted of stochastic eddies, and much of the experimental work was

done in order to obtain the correlation lengths that characterise such eddies (see for instance

Laurence [110]). This view was to evolve due to the use of measurement techniques other than

the standard hot wire.

When pressure fluctuations are measured in the near field of jets, they reveal flow patterns

that are more organised. Mollo-Christensen [138] performed pressure measurements in this

region. The correlations between microphone signals were significant for microphone spacings

greater than a jet diameter, and presented a wave-like shape. The author concluded stating that

“it is suggested that turbulence, at least as far as some of the lower order statistical measures

are concerned, may be more regular than we think it is, if one only could find a new way of

looking at it.”

The experiments of Crow and Champagne [51] helped to shed light on the regularity of

turbulence conjectured by Mollo-Christensen. Part of the experiments consisted of flow visual-

isation, with a technique of smoke seeding carefully chosen so as to highlight coherent patterns

in jet turbulence, which were already visible in the Schlieren pictures of the first jet diameters

of Bradshaw et al. [23]. The flow visualisations done in this way revealed a train of coherent

‘puffs’ scaling with the jet diameter. In successive visualisations these structures were seen to

form intermittently, with an average Strouhal number of 0.3 based on the jet diameter D and

the exit velocity U . A sample picture from their work is shown in figure I.4.

In order to study in more detail the structures observed in the smoke visualisations, Crow

and Champagne added acoustic forcing inside the nozzle in order to impose periodicity in
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Figure I.5 – Vortex pattern in the mixing layer of jets. Taken from Lau et al. [107].

the formation of the puffs. This periodicity allowed measurements with several excitation

frequencies and amplitudes, and with a single hot wire it was possible to determine wavelengths

and convection speeds due to the phase locking of the flow. As some of the conclusions of the

study, we can cite that the excitation Strouhal number that led to the maximum fluctuation

amplitude was 0.3, i.e. the same value determined from flow visualisations of the unforced jets;

this suggests that the acoustically-forced structures may correspond to actual phenomena in the

natural jet. The initial growth of the fluctuation amplitudes behave linearly with the forcing

amplitude. For the lowest amplitudes, linear behaviour was observed up to x/D ≈ 7, which is

even dowstream of the axial location of saturation of the instability waves. However, the decay

measured downstream behaves nonlinearly with the forcing amplitudes. These points will be

further discussed in section 1.3.

The work of Lau et al. [107] provided a different perspective on the kinematics of coherent

structures in natural jets. Based on a hypothesis that axisymmetric ring vortices were present

inside the upstream annular mixing layers, following a pattern sketched in figure I.5, the authors

made simultaneous pressure-velocity measurements and performed two-point velocity correla-

tions for both sides of the mixing layer. The normalised correlations were significant, and all

measurements presented phase relationships corresponding to the proposed vortex pattern.

To determine the extent of the presence of such axisymmetric structures in jets, but also

of components with other azimuthal Fourier modes, Michalke and Fuchs [132] evaluated ex-

perimentally the azimuthal cross-correlations of both pressure and streamwise velocity in a

turbulent low-speed jet; these measurements allow the decomposition of these quantities in

azimuthal Fourier modes as a function of frequency. They found that while the energy con-

tent for the axisymmetric mode of the axial velocity is low (5% of the overall power spectral

5



Chapter I. Literature review

density for St = 0.45), for the pressure the axisymmetric mode dominates the fluctuations, and

provides 42% of the overall PSD. Hence the low-order azimuthal modes, or, in other words,

the azimuthally-coherent structures are more easily detected with pressure measurements. The

authors stated that “this may help to explain why large-scale coherent turbulence structures

were often overlooked in correlation analyses with hot-wire probes in the mixing region of a

jet”. For a range of Strouhal numbers between 0.225 and 1, the pressure field was seen to be

dominated by azimuthal modes 0, 1, 2 and 3.

Armstrong et al. [4] kept the same approach, and made further measurements of the az-

imuthal coherence for jet Mach numbers ranging from 0.1 to 0.7 in order to evaluate if such

azimuthally-coherent structures persist for higher Mach numbers. Results showed the same

dominance of low-order azimuthal modes for the whole range of Mach numbers; in fact, the

contribution of each azimuthal mode for the total pressure changed little with increasing veloc-

ity for Strouhal numbers between 0.175 and 1.8. The authors concluded that the distribution

of the overall turbulent pressure between azimuthal modes was only a weak function of the

Mach number, and thus coherent structures do persist at higher Mach. However, this overall

turbulent pressure does change with Mach number, with a decrease of the normalised energy

with increasing Mach.

Moore [142] did flow visualisations of subsonic jets with Mach numbers ranging from 0.3

to 0.9, with and without acoustic forcing. For the visualisations of the unforced jet, pictures

were taken with a Schlieren system triggered by peaks in the near-field pressure close to the

nozzle exit (about 1D). Several exposures triggered this way are added to the same image, and

the result can be seen as a conditional average of the flow visualisation, the near-field pressure

being used as the condition. An azimuthal ring of six microphones was used to discern the

azimuthal Fourier modes of coherent structures. Use of different time delays between the near-

field peaks and the exposures allows one to trace the axial evolution of coherent structures.

Sample visualisations, done for a Mach 0.83 jet, are shown in figure I.6.

Moore noted from the results exemplified in figure I.6 the clear presence of coherent struc-

tures for azimuthal modes 0 and 1. Such structures persist in the jet several diameters down-

stream (at least five jet diameters, according to the author). Moreover, in some visualisations

one or two other neighbouring structures are visible, which suggests that the educed coherent

structures form a hydrodynamic wave, whose phase speed is related to convection velocities of

0.6–0.7 times the jet exit velocity; this can explain the wave-like correlations obtained by Mollo-

Christensen [138]. Moore then included acoustic forcing to study the hydrodynamic wave with

phase averages. The measurements were compared to results of linear stability theory obtained

by Michalke [128], and good agreement was found in the upstream part of the jet. Further
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(a)

(b)

Figure I.6 – Flow visualisations with multiple flash exposures triggered by (a) the axisym-
metric mode and (b) azimuthal mode 1 of the near-field pressure close to the
nozzle exit of a Mach 0.83 jet. The time delay between trigger and exposures
grows from left to right. Taken from Moore [142].

discussion on stability theory is postponed to the next section.

For low forcing amplitudes, the jet response obtained by Moore behaved linearly up to x/D≈
7, in agreement with the results of Crow and Champagne [51]. The linearity of the response

of both works is shown in figure I.7. Since the plots have a log scale on the ordinate, a linear

response should produce curves with the same shape. We note in figures I.7(a) and (b) that

for both experiments linear behaviour is obtained up to 7 diameters downstream for the lowest

forcing amplitudes. Crow and Champagne’s measurements were done further downstream, and

show that even for the lowest forcing nonlinear effects are present for x/D > 7. This suggests

that linear models are appropriate to model the development of coherent structures, and the

linear stability studies, summarised in section VI, are an attempt to do so. However, the

evolution of the St = 0.3 curve of the natural jet in Crow and Champagne’s experiment (the

bottom curve in figure I.7(a) has a shape different from the other curves. Extrapolations of the

conclusions about linearity of the forced jets to the natural flow are thus difficult.

Zaman and Hussain [207] and Hussain and Zaman [88, 89] proceeded in the characterisation

of the coherent structures in forced jets. For such, phase averages of the flow velocity are
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(a) (b)

Figure I.7 – Linear and nonlinear behaviour of forced jets in (a) Crow and Cham-
pagne’s [51] and (b) Moore’s [142] experiment. Forcing Strouhal numbers
are 0.3 for Crow and Champagne and ≈ 0.48 for Moore. Lines from bottom
to top refer respectively to increasing forcing amplitudes at the nozzle exit.
The triangles in Crow and Champagne’s experiment refer to the unforced jet.

performed, allowing a triple decomposition of the fluctuations into a mean flow, an organised,

periodic motion and an incoherent part corresponding to background turbulence (Hussain and

Reynolds [87]). For high forcing Strouhal numbers, vortex pairing was observed in the first jet

diameters [88, 207], but was found to be absent when the jet was forced at St = 0.3 [89]. Due

to the dominance of this Strouhal number in both unforced and forced jets, structures formed

with this frequency were labelled as the ‘preferred mode’ of the jet. Such structures were seen

to remain coherent over an axial extent of several jet diameters, and an axial succession of

three coherent structures was obtained by phase averaging. As in Moore’s results [142], such

structures have the pattern of a hydrodynamic wave.

The artificial excitation imposed in the cited works allows an easier characterisation of co-

herent structures using phase averages, but the extent of their contribution in a natural flow

needs simultaneous measurements at several positions in a jet. A relatively easy way to obtain

information on such coherent structures without external forcing is based on pressure measure-

ments in the near field of jets with microphone arrays; the pressure also presents the advantage

of highlighting the lower azimuthal modes in the jet, as shown by Michalke and Fuchs [132]

and Armstrong et al. [4]. Picard and Delville [156] did near-field pressure measurements with

a 16-microphone array extending from 1D to 5.8D of the nozzle exit. The measurements re-

vealed a wave-like structure in the near-field, most of which was found to be represented by

the first two POD modes. Velocity measurements were also performed with a hot-wire rake,
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and pressure-velocity correlations allowed the authors to estimate the conditional average of

the whole velocity field, the near-field pressure being used as a condition. This was done using

Linear Stochastic Estimation, as proposed by Adrian [1]. Results showed the estimated ve-

locity fields to comprise large-scale vortical structures convecting downstream. The centers of

the vortices correspond to the position of minima of pressure, as in the vortex model of Lauet

al. [107].

Tinney and Jordan [193] did similar measurements of the near pressure field for coaxial jets.

The flow from the primary jet was heated, and the resulting configuration is close to a full-scale

jet engine. The azimuthal modes in the near field were obtained using a ring of 16 microphones,

and the axial structure was explored with a line array of 48 microphones extending up to 9

secondary jet diameters from the nozzle exit. Results showed that most of the near field can

be reconstructed from modes 0, 1 and 2 alone, and for 1.08 ≤ x/D ≤ 6.49 more than 40% of

the near-field energy is given by the axisymmetric mode alone. The near field was shown to

have the axial structure of a hydrodynamic wave undergoing spatial amplification, saturation

and decay. This supports the idea that coherent structures are not an artifact of low-Reynolds,

laboratory jets, and persist for jets with higher Mach and Reynolds numbers reminiscent of

flows from jet engines.

1.3 Instability waves

Fundamentals A natural consequence of the aforementioned studies was the modelling of

these coherent structures as linear instability waves, especially due to the linear behaviour

observed in the first jet diameters [51]. Stability analysis of steady solutions of the Navier-

Stokes equations dates back to Lord Rayleigh’s work [160], which in itself was motivated by

the experiments of Reynolds [164] of pipe flow. These experiments revealed the existence

of laminar, regular patterns for lower reference velocities, and of turbulent states for higher

velocities, with the appearance of eddies. Rayleigh investigated the instability of the flow in a

pipe, neglecting viscous effects in the disturbance equation. Later work included viscosity in an

attempt to determine the critical Reynolds number for laminar-turbulent transition, and the

field of hydrodynamic stability has greatly developed since. For a review, see for instance the

monograph of Criminale et al. [49].

The mean flow in the initial section of circular jets is an axisymmetric mixing layer, whose

inflexional profile is unstable to infinitesimal wave-like disturbances, a process called Kelvin-

Helmholtz instability. If we neglect the mixing layer thickness, the flow can be modelled as a

vortex sheet; in this case, it is unstable for all disturbance wavenumbers (a derivation of this
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result is given by Lord Rayleigh [161] or Lamb [106] for the two-dimensional mixing layer,

and by Batchelor and Gill [8] for the axisymmetric vortex sheet). For a finite mixing layer

momentum thickness, there is a most unstable wavenumber, as shown by Michalke [126].

If the base flow is laminar, it is possible to study its stability by assuming infinitesimal

disturbances, which in turn allows linearisation of the Navier-Stokes equations. Moreover, the

stability of a given jet velocity profile can be studied assuming, as a first approximation, a

parallel base flow, which means that the base flow variables are a function solely of the radius,

which greatly simplifies the problem at hand. Due to homogeneity in time, azimuth and axial

coordinates, and to the linearity of the equations, all flow variables are present in the solutions

as a factor exp[i(ωt−αx−mφ)] times a radial eigenfunction, where the azimuthal mode m is

real and frequencies ω and wavenumbers α are, in general, complex.

Two cases of interest are temporal instability, where the wavenumber is real, and the imagi-

nary part of the frequency is related to the temporal amplitude growth, and spatial instability,

with real frequency and imaginary wavenumber describing the spatial growth of fluctuations as

they are advected downstream.

To model experiments, the spatial instability seems more appropriate. An initially laminar

mixing layer leaving a splitter plate presents small fluctuations of real frequencies; such fluctua-

tions may be generated, for instance, by roughness on the wall, vibrations in the experiment, or

turbulence in the free stream. If the flow is unstable, some of the frequencies will be amplified

as the mixing layer evolves downstream. This will lead to patterns observed in experiments

(figure I.8).

If the mixing layer is initially laminar, the exponential spatial growth of the disturbances is

often thought of as the initial stage of transition to turbulence. For sufficiently high fluctuation

amplitudes, the linearisation of the Navier-Stokes equations using the laminar solution as a base

flow becomes invalid, since the disturbances can no longer be approximated as infinitesimal and

the quadratic term of the Navier-Stokes equations becomes significant. However, the qualitative

similitude between flows at high and low Reynolds number, such as the one in figure I.8, has

motivated the use of linearised equations using the mean turbulent field as the base flow, and the

same instability wave Ansatz. Unlike the laminar case, we can no longer think of an isolated

wave in a turbulent flow due to the presence of background turbulence. However, one can

make an argument, at least qualitatively, based on a scale separation between the instability

wave and the turbulent eddies: instability waves scale with a characteristic dimension related

to the mean flow, whereas the turbulent eddies will have much lower dimensions, going down

to the microscales of viscous dissipation. In this scenario, we can think of two roles for the

background turbulence: the first is in establishing the mean turbulent flow, which in turn

10
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(a)

(b)

Figure I.8 – Schlieren visualisations of two-dimensional mixing layers of helium (upper
stream) and nitrogen (lower stream). The Reynolds number of image (b) is
four times higher than that of image (a). Taken from Brown and Roshko [27].

dictates the instability-wave properties; secondly, turbulence can provide an eddy viscosity,

with a secondary effect which would tend to damp instability waves [51].

The validity of the linearisation of the Navier-Stokes equations for a turbulent flow can only

be shown a posteriori, based on the eventual agreement with an experiment. This has been the

case for a number of works in the literature; an example is the linear behaviour of the evolution

of coherent structures over a region extending several jet diameters, as observed by Crow and

Champagne [51] and Moore [142], and shown in figure I.7. In what follows, we review some of

the calculations of linear instability waves for jets and experiments that confirmed the validity

of such approach for turbulent flows. Extensions of the theory including nonlinear interactions

are nonetheless discussed.

Results for parallel base flows Batchelor and Gill [8] provided solutions of the tempo-

ral instability problem for incompressible jets, whose velocity profile at the nozzle exit was

considered as “plug flow”, i.e. an axisymmetric vortex sheet. This analysis was extended for

compressible jets by Lessen et al. [115], who found that increasing Mach number had a stabilis-

ing effect, a tendency that was later verified experimentally by Armstrong et al. [4]. Crow and

Champagne [51] considered that the spatial instability problem was better suited to describe

their experiments, since a real frequency is imposed in an upstream location by the acoustic

forcing. The solutions of both problems were compared to the measurements, and, surprisingly,
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Figure I.9 – (a) One-dimensional representation of a wavepacket with convection speed Uc,
and (b) linear stability results (PSE) for the axisymmetric mode of a M = 0.6
jet for the axial velocity fluctuations at St= 0.4 (full lines for positive contours,
dotted lines for negative ones).

the results of temporal instability were closer to the measured convection velocities and growth

rates.

The inclusion of a finite shear layer thickness in the analysis by Michalke [128] changed

this picture. With a velocity profile close to the one measured two diameters downstream of

the nozzle exit by Crow and Champagne, Michalke obtained good agreement of the convection

velocities of the spatial instability problem with the measurements of Crow and Champagne.

Further results of spatial instability confirmed its pertinence to model coherent structures in

forced flows [9, 38, 154]. Moreover, with the progress in measurement techniques it became

possible to isolate wave-like fluctuations in the near field of unforced jets, where the pressure

is dominated by hydrodynamic fluctuations. These fluctuations were compared with predic-

tions of linear instabity by Suzuki and Colonius [181], and good agreement was found for the

axisymmetric and the first two helical modes for Strouhal numbers lower than unity.

Non-parallel and nonlinear effects All the cited works were based on the parallel flow

hypothesis. An improvement on the approximations of spatial stability can be done with the

assumption of a base flow evolving slowly in the streamwise direction. Solutions involve the

method of multiple scales (see Crighton et al. [46], chapter 6, for an introduction), as applied

by Bouthier [22] for boundary layers. Crighton and Gaster [47] have applied this method for

the axisymmetric mode of incompressible jets, and this was followed by an extension for helical

modes by Plaschko [157]. Instead of the exponential growth that parallel-flow models predict

to extend indefinitely downstream, consideration of the slow divergence of the mean flow causes

the amplitude to saturate and decay at downstream positions. The instability wave becomes a

wavepacket, as sketched in figure I.9(a); a sample result for an instability wave, obtained with

linear PSE, is shown in figure I.9(b).

The inclusion of the mean-flow divergence allows a formal determination of the axial enve-
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lope of the instability wave in a linear scenario. Two other possibilities to explain the decay

of the instability waves were already postulated by Crow an Champagne [51]. The first is that

turbulence acts in the coherent structures creating an eddy viscosity that would damp the insta-

bilities, as discussed previously. The second is that for high wave amplitudes nonlinear effects

can no longer be neglected. In Crow and Champagne’s experiment significant amplitudes were

measured at downstream positions for the harmonics (St = 0.6) of the fundamental excitation

at Strouhal number of 0.3, which is an indication of nonlinear effects. Another possibility is

that two instability waves may interact nonlinearly to form a third wave with a frequency given

by the sum or the difference of the first two. This phenomenon was observed in the experiments

of Ronneberger and Ackermann [167], which are described in more detail in section 2.2.2.

For aeroacoustic applications, though, instability calculations do not directly provide the

radiated sound, since the wavepacket Ansatz is not appropriate to describe the acoustic field.

To extend the instability-wave solution to the far acoustic field, Tam and Morris [187] and

Tam and Burton [184] applied the method of matched asymptotic expansions to obtain the

radiated sound by two-dimensional mixing layers. For axisymmetric jets, the same technique

was applied by Tam and Burton [185], with good agreement with the pressure field of forced

supersonic jets.

The ideas of the method of multiple scales were incorporated in the formulation of the

Parabolised Stability Equations (PSE). A review of the method is presented by Herbert [84].

As in previous methods assuming slowly-changing base-flow [22, 47, 157], PSE is based on

two length scales: a slow evolution of the mean flow and a fast oscillation related to the

wavenumber of the instability wave. This allows the use of a wave-packet Ansatz for the solution

in a numerical computation. The calculation is simplified numerically by a parabolisation of

the equations: the second spatial derivative of the wave-packet amplitude is neglected. This

excludes upstream-propagating waves, and a solution can be obtained by marching downstram.

An additional advantage of PSE is that it can be extended to the nonlinear range, including

thus interactions between instability waves with different frequencies and azimuthal modes.

Linear and nonlinear PSE has been applied for a supersonic jet by Malik and Chang [123],

and the results of nonlinear PSE were in good agreement with the evolution of the fluctuations of

a low Reynolds number, supersonic jet of Morrison and McLaughlin [145]. A linear PSE model

was applied by Gudmundsson and Colonius [80] to the same near-field pressure measurements

used by Suzuki and Colonius [181]. In comparison to this last work, where instability waves

are modelled using a locally-parallel flow, the authors found significant improvement of the

agreement between predictions and experiments of unforced jets. Finally, linear PSE was used

to develop a simplified model problem for sound generation of low Reynolds number jets by
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Sandham and Salgado [173]. In this work, the authors determined the evolution of a number of

linear instability waves, with different values of frequency and azimuthal mode. Subsequently,

these waves were used in Lilley’s acoustic analogy [118], in the formulation of Goldstein [75].

Pairs of linear instability waves of frequencies ω1 and ω2 combine to form a nonlinear source,

whose frequency is given by the difference between ω1 and ω2. Instability waves have peak

Strouhal number of 0.45, whereas sound radiation peaks at St = 0.19, in agreement with the

experiment of Stromberg et al. [179].

Convective and absolute instability For an unstable flow, a distinction can be made be-

tween convective and absolute instability. This characterisation for parallel base flows can be

made based on the impulse response of the flow, as reviewed by Huerre and Monkewitz [86].

Unstable flows will present disturbances that grow in time and space, at least for one direction

x/t = constant. The distinction between absolute and convective instability is related to the

temporal growth or decay of disturbances for fixed x: if there is amplification, then the insta-

bility is absolute; if disturbances decay for fixed x, but grow for some directions x/t= constant,

the instability is convective.

Unlike the convective instability, where growing disturbances tend to be “carried away” by

the flow, in an absolutely unstable flow impulsive disturbances may grow temporally in the

upstream direction, providing a resonance to the system that may lead to the domination of

the fluctuations by a preferred frequency. While convectively unstable flows are labelled as

amplifiers, since the evolution of fluctuations is dictated by upstream disturbances, flows with

absolute instability are labelled as oscillators with a characteristic frequency that does not

depend on externally imposed disturbances.

Cold (unheated) jets, such as the ones studied in the present work, are convectively unstable,

but sufficiently heated jets may present absolute instabilities. This was shown theoretically by

Monkewitz and Sohn [141], and subsequent experiments by Monkewitz et al. [140] confirmed

the theoretical predictions.

For flows with absolute instabilities, it is appropriate to perform global stability calculations.

For a jet, this amounts to considering only time and azimuth as homogeneous directions; the

flow variables are expanded as two-dimensional eigenfunctions in (x,r) with a exp[i(ωt−mφ)]
dependence, with real m and complex ω. Unstable global modes have negative imaginary parts

of ω, and, inversely, for stable modes Im(ω) > 0. Such calculations are nowadays feasible,

but much more numerically intensive than the application of methods based on parallel or

slowly-diverging base flows.

A review of applications of global instability is made by Theofilis [190]. Since cold jets
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are convectively unstable, they present only globally stable modes, but combinations of such

decaying modes, which are not orthogonal, may lead to amplitude growth during transients (see

discussion by Schmid [176]). An example was recently shown by Nichols and Lele [147], who

determined, for a supersonic jet, optimal combinations of global modes for transient growth of

the fluctuation energy. Such transient growth causes emission of bursts of acoustic energy to

the far field.

2 Aeroacoustics of subsonic jets

2.1 Aeroacoustic theory

2.1.1 Lighthill’s acoustic analogy

Mathematical formulation Lighthill’s acoustic analogy [116] formulates an aeroacoustic

problem by a rearrangement of the continuity

∂ρ

∂t
+
∂ρui
∂xi

= 0 (I.2)

and the Navier-Stokes equations

∂ρui
∂t

+
∂ρuiuj
∂xj

=−∂pij
∂xj
, (I.3)

where pij stands for the stress tensor of a compressible fluid, in the form of a wave equation.

Substitution of the time derivative of eq. (I.2) in the divergence of eq. (I.3) leads to

∂2ρ

∂t2
=
∂2ρuiuj
∂xi∂xj

+
∂pij
∂xi∂xj

, (I.4)

and substraction of c20∆ρ leads to an inhomogeneous wave equation

∂2ρ

∂t2
− c20∆ρ=

∂2ρuiuj
∂xi∂xj

+
∂pij
∂xi∂xj

− c20∆ρ, (I.5)
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which is known as Lighthill’s equation. A usual simplification for high-Reynolds number flows

is the neglect of the viscous stresses in pij1, leading to

∂2ρ

∂t2
− c20∆ρ=

∂2Tij
∂xi∂xj

, (I.6)

where

Tij = ρuiuj+ δij(p− c20ρ) (I.7)

is Lighthill’s stress tensor neglecting viscous terms.

Note that the c0 constant in this derivation is, up to this point, arbitrary. If we take it to

be the speed of sound in the undisturbed fluid surrounding a turbulent flow, the left-hand side

of eq. (I.6) is the appropriate wave equation for a fluid at rest, neglecting viscosity and heat

conduction in sound propagation. The right-hand side is non-zero in a turbulent flow. In the

acoustic field, where the acoustic disturbances are of order ǫ, we can assume Tij to be zero by

noting that ρuiuj is O(ǫ2) and that the isentropic assumption leads to p= c20ρ.

We than take c0 to be the sound speed outside the turbulent flow and state the problem of

eq. (I.6) as an acoustic analogy: we consider the problem of sound radiation by sources with

intensity ∂2Tij/∂xi∂xj in a medium at rest to be analogous to sound generation by a turbulent

flow.

The presence of the double divergence of Tij in the source allows one to identify it with a

volume distribution of acoustic quadrupoles with axes xi and xj , as discussed by Lighthill [116],

Crighton [45] or Ffowcs Williams [61]. Just as dipoles are constructed with two monopoles of

opposing sign brought together, in a limiting process with constant values of distance times

intensity, quadrupoles are formed by a similar process applied to two dipoles of opposite direc-

tion. In this sense, a point quadrupole can be seen as the result of a double cancellation effect,

with resulting low acoustic efficiency.

If no solid boundaries are present, the boundary conditions of the acoustic analogy are given

by the Sommerfeld radiation condition. Using the Green’s function for this problem,

G(x,y, t, τ) =
δ(t− τ − |x−y|

c0
)

4πc20|x−y| , (I.8)

solution of
∂2G

∂t2
− c20∆G= δ(x−y)δ(t− τ) (I.9)

1Beside the 1/Re factor in the viscous stresses, they can be shown to give rise to octupole sources, which, for
compact sources, are less acoustically-efficient than the remaining quadrupole sources in Lighthill’s tensor [45].
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subject to the same boundary conditions, the solution for the density can be obtained by

convolution of the source terms in the right-hand side of (I.6) with the Green’s function, leading

to

ρ(x,t)−ρ0 =
1

4πc20

∫

V

1
|x−y|

[

∂2Tij
∂xi∂xj

]

τ=t−|x−y|/c0

dy. (I.10)

Thus, the fluctuations of density can be obtained by a volume integral involving turbulent

quantities taken at the retarded time τ = t−|x−y|/c0.

To calculate the sound radiation, though, application of eq. (I.10) without further assump-

tions would require full knowledge of the turbulent field. This approach is currently possible

in computational aeroacoustics (see Wang et al. [201] for a review). Another possibility is to

develop approximations for the source to obtain, at least qualitatively, some information on the

radiated sound. Such approximate models are discussed next.

Source models For most applications, calculation of the radiated sound in the far acoustic

field is sufficient. In this region, eq. (I.10) can be rewritten using a relation between spatial

and temporal derivatives (see Lighthill [116], or Goldstein [74] for a more detailed derivation),

leading to

ρ(x,t)−ρ0 =
1

4πc40

∫

V

(xi−yi)(xj−yj)
|x−y|3

[

∂2Tij
∂τ2

]

τ=t−|x−y|/c0

dy. (I.11)

To obtain the velocity dependence of the radiated sound, Lighthill proceeded considering

that the stress tensor Tij could be approximated by ρ0uiuj for low Mach number flows, and

in this case should be proportional to ρ0U2, where ρ0 and U are reference values for the

density and the velocity in the turbulent flow2. The influence of the time derivative of Tij is

estimated considering that the characteristic time for turbulence is proportional L/U , where L

is a reference length. A characteristic frequency is thus proportional to U/L, as in a Strouhal

number scaling, and the double time derivative in eq. (I.11) can be roughly estimated as

∂2Tij
∂τ2
∼ ρ0U

4

L2
. (I.12)

We can now assume that the volume distribution of Tij is given by a set of uncorrelated

turbulent eddies. We consider that each eddy is acoustically compact, i.e. its characteristic

2This proportionality amounts to assume that changes in Mach number have no effect in the turbulent
source, as in an incompressible flow. This was however contradicted by the results of Armstronget al. [4] and
Suzuki and Colonius [181]. Lighthill [117] already conjectured that compressibility effects were the reason for
the values lower than 8 found for the velocity exponent of acoustic intensity and power. Further discussion on
this matter is presented in chapter V.
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dimension L is much smaller than the acoustic wavelength λ. This allows the neglect of retarded

time differences within a single eddy when applying eq. (I.11), which will amount to the

multiplication of the integrand by an eddy volume proportional to L3. Individual eddies behave

thus as point quadrupoles. The density in the farfield due to its sound radiation will thus be

proportional to ρ0U4L/(c40x).

The far-field pressure is given by c20(ρ−ρ0), and the acoustic intensity by p2/(ρ0c0). There-

fore, the acoustic intensity was estimated by Lighthill to be of order

I ∼ U
8L2

c30x
2
. (I.13)

The radiated power is obtained by a surface integration of the acoustic intensity over a

sphere with radius x. The power is thus proportional to U8L2/c30. This result became well

known as Lighthill’s U8 law. Later experiments (Mollo-Christensen et al. [139]) have shown

velocity dependences of acoustic intensity close to Lighthill’s prediction, albeit slightly higher

for small polar angles, and lower for the sideline direction.

The view of turbulence as a group of incoherent eddies was dominant at the time of the

formulation of Lighthill’s analogy, and one of the first applications of Lighthill’s analogy was

done by Proudman [159], who considered isotropic turbulence to model the source. Ribner [165]

followed a similar approach, but instead of a model of isotropic turbulence he assumed specific

forms for the spatial correlations for turbulence and considered the axial symmetry of jets and

acoustic compactness to obtain the directivity shape of sound radiation.

Derivations based on compact eddies will not account for coherent structures present in a

turbulent jet. If the source is an axially-extended wavepacket, different parts of the fluctuating

velocity field will cause interference in sound radiation, and it is important to consider the flow

field in Lighthill’s analogy as a volume distribution of quadrupoles, and not as a superposition

of point quadupoles with random phase which are representative of each eddy. In Lighthill’s

integral the changes in retarded time for different positions become crucial if a source resembles

the ones depicted in figure I.9. A first modelling effort of a wave-packet source was done by

Mollo-Christensen [138], who proposed a model of a semi-infinite line emitter for jet noise

given by a hydrodynamic wave modulated by an envelope function related to the Laguerre

polynomials. Such a model reproduced the wave-like correlations measured in the near pressure

field of subsonic jets. A sample source proposed by Mollo-Christensen is shown in figure I.10.

Further theoretical work was done by Michalke [127], who considered an expansion of the

source in cylindrical coordinates. In this case a Fourier series in the azimuthal angle is a

natural expansion, and the linearity of Lighthill’s analogy ensures that each azimuthal mode
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Mollo-Christensen (Q1)
Michalke (IV)

Crow

Figure I.10 – Some wave-packet source models for coherent structures in jets

in the source will radiate the same azimuthal mode in the acoustic field. This showed that

for sufficiently low frequencies and polar angles3 the acoustic radiation is dominated by the

axisymmetric mode, since the integral solution of Lighthill’s equation for the far-field pressure

for an azimuthal mode m for the source involves a Jm(kr′ sinθ) factor, as in eq. (2.25) of the

cited work,

Pmω(r,θ) =
i−meikr

2r

∫ L

0

∫ R

0
dx′dr′Q̃mω(x′, r′)r′Jm(kr′ sinθ)e−ikx′ cosθ, (I.14)

where P is the pressure, Q is the source in Lighthill’s equation, k is the acoustic wavenumber

ω/c and Jm is the Bessel function of first kind with order m. The subscripts m and ω refer

respectively to the azimuthal mode and the frequency.

The Jm(kr′ sinθ) factor is due to azimuthal interference in a ring source of radius r′. Recall-

ing the kr′ = 2πr′/λ, where λ is the acoustic wavelength, the argument of Jm is proportional to

the ratio between the projection of r in the radiation direction and the acoustic wavelength. If

this ratio is small, retarded time differences between points in the ring is negligible, and sound

radiation from an axisymmetric mode will be much higher than that of the other azimuthal

modes, for the exp(imφ) dependence will lead in this case to destructive interference for m≥ 1,

3More precisely, if the projection of the jet diameter in the radiation direction, D sinθ, is much smaller than
the acoustic wavelength.
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and constructive interference for m= 0. For kr′ sinθ = 0, only the axisymmetric mode radiates,

since Jm(0) is equal to 1 for m= 0 and is zero for all other m.

This is further illustrated in figure I.11, where we plot in dB the ratio between Jm(kr′ sinθ)

and J0(kr′ sinθ) for r =D/2 (the jet lipline), assuming the Mach to be 0.9 and the radiation

angle to be 30 degrees. For a given Strouhal number, this ratio represents the difference in SPL

between the axisymmetric mode and azimuthal mode m, considering that the sources for both

modes have the same intensity; it may be thus interpreted as the radiation efficiency for a given

mode m if compared to the axisymmetric mode. We see that for low Strouhal numbers there

is a sharp decay of this efficiency with increasing m. For instance, for St = 0.2 mode 1 has an

SPL 17dB lower than the axisymmetric mode if both modes have the same source intensity.

For higher m the efficiency is even lower.

-50

-40

-30

-20

-10

 0

 10

 0  1  2  3  4  5

St=0.2
St=0.5
St=0.8
St=1.1

2
0

lo
g
1
0
(J

m
(k

R
si
n

θ
)/

J
0
(k

R
si
n

θ
))

,
d
B

m

Figure I.11 – Relative efficiencies of azimuthal mode m compared to the axisymmetric
case, considering θ = 30◦, M = 0.9 and r =D/2.

This result suggests that for low-frequency radiation at low angles, high azimuthal modes are

“cut-off” due to azimuthal interference in the source, and the lower azimuthal modes dominate

far-field sound radiation. If there are azimuthally-coherent structures in a jet, with low m, they

should in theory be responsible for most of the sound radiation at low frequencies.

Michalke also considered sources in the form of hydrodynamic waves, with amplitude mod-

ulation. One such wave-packet source is shown in figure I.10. In this case, eq. (I.14) can be

further developed, leading to

Pmω(r,θ) =
i−meikr

2r

∫ L

0

∫ R

0
dx′dr′Q̃mω(x′, r′)r′Jm(kr′ sinθ)eiα(1−Mc cosθ)x′ , (I.15)
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where α is the wavenumber of the hydrodynamic wave and Mc is the convection Mach number.

Crow [50] (see also Crighton [45]) has also modelled a source in Lighthill’s analogy as an ax-

isymmetric wavepacket, with an envelope function given by a Gaussian function exp(−x2/L2).

Such a source is sketched in figure I.10. The resulting sound radiation is axisymmetric, and

can be calculated analytically. The derivation is shown in Chapter V, leading to a radiated

pressure of

p(R,θ,m= 0, t) =−ρ0UũM
2
c (kD)2L

√
π cos2 θ

8R
e−
L

2
k

2(1−Mc cosθ)2

4 eiω(t−Rc ), (I.16)

where k is the convection wavenumber, Mc is the convection Mach number, R is the distance

from the origin, taken to be in the source region, and θ is the polar angle measured from the

downstream jet axis.

A significant feature of this result is the exponential dependence of the sound radiation

with polar angle, or, more precisely, with −L2k2(1−Mc cosθ)2/4. This dependence was later

labelled as superdirectivity by Crighton and Huerre [48]. For subsonic convection, the maximum

acoustic intensity is for θ = 0, and there is an exponential decay for higher polar angles. This

decay is significant for high values of kL andMc and is related to the sound radiation by a non-

compact, wave-like source: the superdirective radiation results from the acoustic interference

between positive and negative parts of the source which present phase coherence.

If the convection is supersonic, the maximum radiation is for the Mach angle θ= cos−1(1/Mc).

Examples of the radiated pressure for subsonic and supersonic wavepackets are shown in figure

I.12.

The predictions of Crow’s model suggest that to investigate the presence of wave-packet

radiation in subsonic jets, the axisymmetric radiation should be measured at low polar angles.

Some experiments have addressed this, and are discussed in section 2.2.2.

Ffowcs Williams and Kempton [63] have extended Crow’s model in order to include random-

ness in the convection speed of a wavepacket of frequency ω. This randomness is an attempt

to account for the “jitter” observed in the behaviour of coherent structures (see discussion in

section 1.2). For low source jitter, the sound radiation is mostly monochromatic at ω. If the

randomness is significant, however, there is sound radiation for a wider range of frequencies.

Mankbadi and Liu [125] developed a wave-packet model for the sources in Lighthill’s anal-

ogy, but, unlike the models proposed by Mollo-Christensen [138], Crow [50] or Ffowcs Williams

and Kempton [63], Mankbadi and Liu tried to derive the wave-packet shape from first princi-

ples. Based on their previous work [124], the evolution of large-scale structures is determined

by conservation in the streamwise direction of the radially-integrated energy. This is done
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(a) (b)

Figure I.12 – Wave-packet radiation from Crow’s source model for (a) M = 0.9 and
(b) M = 2.5. The convection Mach number is supposed as 0.6M .

after assumptions on the shape of the mean velocity profile, the fine-scale turbulence and the

large-scale structures; the latter are obtained by a linear stability calculation. The acoustic

radiation from the large-scale structures, which form a wave-packet source, is then calculated

individually for each frequency and azimuthal mode using Lighthill’s analogy, such as proposed

by Michalke [127] or Michalke and Fuchs [132]. Results are presented for azimuthal modes 0

and 1, and reproduce, at least qualitatively, some trends of the experimental far-field pressure

of subsonic jets: the sound radiation beams towards low angles, and the peak frequencies for

sound radiation were close to the experimental results of Lush [120]. However, the authors

made only limited quantitative comparisons, in part due to the lack of measurements of the

individual azimuthal modes in the acoustic field.

2.1.2 Inclusion of flow-acoustic effects in acoustic analogies

Phillips [155] proposed a different formulation to deal with sound generation by supersonic flows.

He reworked the continuity, Navier-Stokes and energy equations in the form of a convected wave

equation, which, in its simplified form (eq. 3.1 in Phillips’ paper), is given by

{

D2

Dt2
− ∂
∂xi
c2
∂

∂xi

}

log

(

p

p0

)

= γ
∂ui
∂xj

∂uj
∂xi
, (I.17)

where D/Dt is the material derivative, c is the local speed of sound, p0 is the pressure of the

undisturbed fluid and γ is the ratio of specific heats. Phillips realised that for high Mach number
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flows, convection effects in acoustic waves in the moving fluid (inside the jet for the present

problem) can no longer be neglected, as well as refraction of sound waves due to the spatial

variations of the sound speed. Since the equations of Phillips and Lighthill are both exact, the

two formulations include these effects, but whereas convection and refraction are included in

the source term of Lighthill’s analogy, they are explicitely modelled by the operator in Phillips’

formulation. Therefore, we can think of Phillips’ equation as another acoustic analogy, but

with an analogous problem of sound propagation in a fluid moving with the average velocity of

the real turbulent flow.

Phillips included refraction of sound waves by inhomogeneities of the local speed of sound,

but did not account for refraction caused by a mean shear. This effect was previously accounted

for by Pridmore-Brown [158], who derived a propagation equation to model sound propagation

in ducts with boundary layers; the mean shear is included in a modified wave equation, know

as Pridmore-Brown equation, and was seen to redirect acoustic waves towards the duct walls

for waves propagating in the flow direction. The neglect of refraction by shear in Phillips’

equation was noted by Doak [55] and Lilley [118]; this last author proposed a reformulation of

the acoustic analogy in order to obtain the correct Pridmore-Brown operator in the left-hand

side, assuming constant mean shear in the streamwise direction (as in parallel-flow assumption

in stability theory, discussed in section 1.3). Lilley’s equation, neglecting viscous effects and

entropy fluctuations, is given by
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where r = (1/γ) logp (see also Goldstein [74] or Colonius et al. [41]). The effect of shear in

the acoustic waves is apparent in the last term of the left-hand side, which is absent from the

operator in Phillips’ equation, where it is, in fact, inside the source term.

Phillips’ and Lilley’s work can be seen as steps to remove flow-acoustic effects from the source

in Lighthill’s equation and include them in the propagation operator. A further refinement was

proposed by Goldstein [76] as a generalised acoustic analogy. This generalisation permits the

selection of an arbitrary base flow. The continuity, Navier-Stokes and energy equations are

rewritten in an inhomogeneous form, linearised in the disturbance variables. Other acoustic

analogies, such as Lilley’s, can be obtained as particular cases of the generalised one.

Goldstein’s analogy allows the selection of the time-averaged quantities as the base flow,

which, compared to the parallel sheared flow assumed in Lilley’s equation, is a significant

improvement. Hence the flow-acoustic effects caused by the mean flow are modelled by the

operator in the generalised acoustic analogy. Moreover, the possibility of choosing an unsteady
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field as a base flow is appealing, since if we could isolate an unsteady part of the flow that did

not radiate sound, the formulation of the generalised acoustic analogy using this “silent” base

flow would make the analog acoustic problem closest to the actual flow. The question is how

to produce such an unsteady, silent flow. Goldstein [76] proposed solutions of incompressible

problems as base flows. Later, he proposed a filtering of the flow variables based on the radiating

criterion given by the dispersion relation in a medium at rest [77, 78]: the unsteady, silent flow

is identified with all the energy in the frequency-wavenumber spectrum that does not lie on the

circles given by ω = kc. These ideas were recently pursued by Sinayoko et al. [177], who showed

that, at least in simplified problems, such separation is possible. Sinayoko et al. presented a

different formulation of the generalised acoustic analogy, with all radiating variables moved to

the operator. This formulation led to calculation of the far-field sound in good agreement with

direct numerical simulation. Some questions remain, however, when the ω = kc filter is applied

to isolate an unsteady flow, supposedly silent, to be used in a generalised acoustic analogy, since

the said criterion is obtained by an analysis of the source in Lighthill’s analogy. Another issue

is that isolation of a single wavenumber leads to a filtered field which is unlimited in space,

going far beyond the usual assumed boundaries for a turbulent jet.

Increasing sophistication in the formulation of acoustic analogies has the advantage of the

inclusion of flow-acoustic interactions in the operator, so that phenomena as refraction are

not contained in the equivalent sources. The price paid is a more complex solution. Unlike

Lighthill’s analogy, for which Green’s functions are available in both time and frequency do-

mains (see, for instance, Crighton [45]), allowing a number of properties to be established

analytically, in general Green’s functions for Lilley or Goldstein’s analogies need to be deter-

mined numerically. This is done, for instance, by Karabasov et al. [96] for Goldstein’s analogy.

Approximate Green’s functions for Lilley’s analogy in the high- and low-frequency limits have

been derived by Tester and Morfey [189], but in the general case numerical computations of

the Green’s functions are needed.

One should however keep in mind that the flow-acoustic effects included in the operator

are derived assuming low-amplitude acoustic disturbances. In a sheared turbulent flow this

assumption is questionable, and in general there is no clear distinction between acoustic, vortical

and thermal modes, which are nonlinearly coupled (see discussion by Goldstein [74], chapter 6,

or by Kovásznay [105] and Chu and Kovásznay [37]). The analog problem defined by Lilley’s or

Goldstein’s analogies describes convection and refraction of infinitesimal acoustic disturbances

by steady, sheared flows. Compared to Lighthill’s analog problem of sound propagation in a

medium at rest, this is clearly closer to the physical phenomena in a turbulent jet; however, this

remains an analog acoustic problem which will be different from the actual nonlinear phenomena

24



I.2 Aeroacoustics of subsonic jets

in a turbulent flow, where, for instance, velocity fluctuation amplitudes are of 10–20% of the

reference mean fluid velocity and cannot be considered as purely acoustic.

2.2 Experimental jet-noise studies

2.2.1 General observations of the acoustic field of subsonic jets

One of the first published studies including measurements of the noise of subsonic jets was the

work of Mollo-Christensen et al. [139]. In this set of experiments significant care was taken in

order to reduce parasite sources of sound unrelated to the jet. The authors showed that the

overall sound has a single directivity lobe directed downstream. Frequency decomposition of

the sound radiation showed that this lobe is composed mostly of low-frequency sound. The

high-frequency radiation was seen to have a different directivity pattern; when only Strouhal

numbers higher than 2 are considered, the far-field directivity has a peak for a polar angle θ

around 45◦. As the frequency is lowered, the directivity peak moves progressively to lower polar

angles. This leads to different spectral shapes for low and high polar angles.

Lush [120] performed measurements of the noise of subsonic jets, and compared the directiv-

ities to predictions of Lighthill’s acoustic analogy, assuming that the sources are compact con-

vected quadrupoles, whose basic directivity is modified by a Doppler factor of (1−Mc cosθ)−5,

as shown by Ffowcs Williams [60]. Frequency-dependent directivity plots were obtained from

1/3-octave spectra, and the comparison between the theoretical directivity shapes and the ex-

perimental ones was favorable, especially near θ = 90◦; however, discrepancies were present

for low polar angles for all frequencies considered. Lush also noted that the peak frequency

of sound radiation at 90 degrees from the jet axis scales with Strouhal number; however, in

his experiments the peak frequency for sound radiation at low polar angles did not change

with jet velocity, and was inversely proportional to the jet diameter. A Helmholtz number

(He = fD/c) scaling thus applies to the peak frequency at low polar angles. This was also

noted by Tanna [188].

The different spectral shapes at low and high polar angles, observed by the cited authors, are

illustrated in figure I.13, generated from data from the experiments described in chapter V. We

see in the figure the contrast between the sharper spectral peak characteristic of low angles (20

or 30 degrees in figure I.13) with the broader spectra of high polar angles. These shapes, taken

from supersonic jet noise data, were fitted with empirical functions by Tam et al. [186]; spectra of

subsonic jets were also seen to be fitted by these functions by Viswanathan [198]. The empirical

shapes were labelled as “large-scale turbulence spectrum” (for low polar angles) and “fine-scale

turbulence spectrum” (for high polar angles), implying that two different mechanisms of sound
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Figure I.13 – Comparison of spectra at 35D from the nozzle exit of a Mach 0.6 jet.

radiation are present in jet noise, one dominating each radiation direction. This conjecture,

though, is questioned by Kleinman and Freund [100], who note that “such a decomposition

is particularly curious since both spectra have a similar spectral peak frequency, which seems

inconsistent with the expectation that finer scales should emit higher frequencies”. Indeed, the

observation of the spectra in figure I.13 shows that there is not a clear separation between the

spectral peaks of, say, 20 and 90 degrees.

The downstream directivity of subsonic jets, especially for low Strouhal numbers, as seen in

figure I.13, suggests that the low-frequency sound may be related to coherent structures forming

a non-compact wavepacket, as discussed in section 2.1.1. We discuss next some experimental

investigations on the role of coherent structures in aerodynamic sound generation.

2.2.2 Sound generation by coherent structures

Linear and nonlinear mechanisms of sound radiation by coherent structures The

acoustic excitation used to provide a phase locking of the coherent structures in a number

of experimental studies (for instance, the works of Crow and Champagne [51] and Hussain

and Zaman [89]) leads to some ambiguity when the sound radiation of such flows is studied,

since spectra of the radiated sound presents peaks at the excitation frequency, and one usually

cannot tell whether such peaks are related to the time-periodic coherent structures or to the

propagation and refraction of the acoustic waves used to force the flow.
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This ambiguity is illustrated by the work of Moore [142], who tried to discern whether

coherent structures, seen to correspond to instability waves, radiate sound in forced jets. The

approach consisted of a comparison of the acoustic powers in the far-field and inside the nozzle

for the excitation frequency. The result was a lower acoustic power in the far field, from which

Moore concluded that there was no significant sound radiation by the instability wave. The

conclusion was nonetheless disputed by Laufer and Yen [109] and Michalke [130]; this last

author affirmed that “this conclusion is, however, questionable, since the sound measured in

his experiments consists of contributions from the sound radiated by the excited flow as well as

from the exciting sound itself. Hence it can only be concluded that the sound power radiated

by the coherent structure is very small compared to that of the exciting sound field.”

However, when nonlinear effects are present in the development of instability waves, sound

radiation is obtained for frequencies other than the ones involved in the excitation, and can thus

be more clearly related to phase-locked coherent structures. Ronneberger and Ackerman [167]

forced subsonic jets with pairs of frequencies whose difference was ∆St = 0.2. This difference

frequency was detected in both the near and far pressure fields. The near-field pressure was seen

to have a wave-like behaviour, and was identified with an instability wave resulting from the

nonlinear interaction of the two primary instability waves forced by the excitation. The radiated

sound at the difference frequency was seen to beam at low polar angles, a difference of more

than 20dB being found between polar angles θ = 30◦ and 70◦. Ronneberger and Ackermann

recognised the ambiguity in the analysis of far-field noise for the direct excitation of instability

waves, and tried also to excite directly the instability wave at St = 0.2 by forcing mechanisms

supposed to generate little far-field noise. Their conclusion was that this linear mechanism

radiates sound with a directivity shape nearly identical to the nonlinear, difference frequency

case; however, the radiated sound by the nonlinear instability wave was more than 20dB higher

than the directly forced instability wave. However, care should be taken in the interpretation

of this result, since the experimental setup is different from most experimental works with jets,

for the nozzle was mounted on a wall of the anechoic chamber.

Laufer and Yen [109] performed measurements of natural and forced jets, but this time the

excitation was at a single frequency. The boundary layers at the nozzle exit were also laminar.

The peak frequency in the near-field pressure spectra close to the nozzle exit (i.e. in the re-

gion of laminar-turbulent transition of the mixing layer) had a Strouhal number based on the

momentum thickness of 0.017, which was close to the predicted St for the maximum spatial

growth of axisymmetric disturbances according to linear stability theory [128]. At downstream

stations, this primary instability wave decayed, and another wave was detected for the subhar-

monic; this was identified with the pairing of axisymmetric vortex rings. Other subharmonics
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appear further downstream. For forced jets using the same fundamental instability frequency,

the same process takes place, but the peaks in the near-field spectra for the fundamental and

subharmonics are better defined. For all forced jets, a hydrodynamic wave was detected for the

first subharmonic, with amplification, saturation and decay in the axial direction. This enve-

lope was well fitted by a Gaussian function; hence, the measured wave-packet agrees with the

source model postulated by Crow [50] (see section 2.1.1). Even more significantly, the radiated

sound field at the subharmonic frequency had an exponential dependence of (1−Mc cosθ)2;

this superdirective radiation (Crighton and Huerre [48]) was predicted by Crow’s model.

The results of Laufer and Yen point to a significant role of wavepackets in jet noise; in

this case, the wavepackets resulted from a pairing process. However, since the experiments

were performed with low-Reynolds, low-Mach jets with laminar boundary layers, questions

remained regarding the applicability of these conclusions for jets with high Reynolds and Mach

numbers, with turbulent boundary layers. The work of Bridges and Hussain [25] shed some light

on the subject. Low Mach number, natural jets with laminar boundary layers at the nozzle

exit showed clear peaks in the far-field pressure for both the fundamental and subharmonic

frequencies. These peaks were nonetheless absent in far-field spectra of jets with turbulent

boundary layers. The authors concluded that the difference between these two cases is that the

initially laminar shear layers led to the occurence of clean, phase-locked vortex pairings, while

turbulence tends to diffuse the coherent vorticity and prevents such harmonic pairings.

Azimuthal decomposition of the sound field For unforced jets, decomposition of the

acoustic field into azimuthal Fourier modes is another way to assess the sound radiation by

coherent structures, if one considers a linear scenario where each azimuthal mode in the source

corresponds to the same mode in the acoustic field. This is the case for Lighthill’s analogy,

as observed by Michalke [127] and discussed in section 2.1.1; however, it should be noted that

the radiated sound is linear as a function of Tij , but is a nonlinear function of the velocity

disturbances, which appear quadratically inside Lighthill’s stress tensor. In a linear framework

low azimuthal modes in the sound field are an indication of sound radiation by azimuthally-

coherent structures in the flow.

Maestrello [121] measured two-point correlations of the far-field over a sphere centered on

the nozzle exit. The azimuthal correlations revealed low-angle radiation to be highly coherent.

As the polar angle is increased, the azimuthal coherence of the far-field sound decreases. This

led Maestrello to postulate that “sound radiated at small angles from the jet axis is probably

generated by coherent sources while at large angles (...) the noise sources are most likely

incoherent”. However, Fuchs and Michel [72] used the correlation data from Maestrello [121, 122]

28



I.2 Aeroacoustics of subsonic jets

to decompose the far-field pressure at 90 degrees from the jet axis as a function of frequency and

azimuthal mode. For lower frequencies (St< 0.4) the far-field sound was seen to be dominated

by modes 0, 1 and 2, showing that the coherence of the radiated sound was still significant for

large radiation angles.

A more complete evaluation was made by Juvé et al. [94], who decomposed the far-field

sound into azimuthal modes for polar angles of 30, 60 and 90 degrees to the jet axis. This was

done for the overall sound, but also for filtered correlations at Strouhal numbers of 0.15, 0.3 and

0.6. In all cases the radiated sound was dominated by azimuthal modes 0, 1 and 2. For θ = 30◦

the axisymmetric mode is dominant, accounting for more than half the energy of the radiated

sound. For higher angles, modes 1 and 2 become more important. Mode 2 dominates sound

radiation for θ = 90◦, and for θ = 60◦ modes 1 and 2 have comparable amplitudes in the far

field. Filtering for low frequencies did not change significantly this picture. These results are

in agreement with the theoretical prediction of Michalke [127] that low-order azimuthal modes

are more efficient sound generators, particularly for radiation at low values of the frequency

and of the polar angle (see section 2.1.1).

2.2.3 Flow-acoustic correlations

The possibility to simultaneously measure the jet velocity and the far-field pressure is attractive,

since correlations between the two quantities can be calculated in a straightforward way, and

provide a measure of the contribution of a given position in the flow to the radiated sound,

in what was called a causality method. This was noted by Lee and Ribner [111], who rewrote

Lighthill’s analogy to obtain the autocorrelation function of the far-field pressure as a volume

integral of the cross-correlation between the stress tensor Tij and the far-field pressure. The

far-field pressure autocorrelation is closely related to the spectra of the radiated sound, since the

power spectral density can be obtained by a Fourier transform of the autocorrelation function.

Lee and Ribner performed velocity measurements using a hot film to obtain Tij in the radiation

direction (which was shown by Proudman [159] to be the only component of Lighthill’s stress

tensor to radiate to the far-field), and the far-field pressure was measured at θ = 40◦. The

authors filtered their cross-correlations in narrow frequency bands; as a result, upstream parts

of the jet were related to high frequency radiation, and downstream parts were related to lower

frequencies.

Later, Juvé et al. [95] used a similar approach, but the investigation aimed the evaluation

of the instantaneous contribution of a given region to the radiated sound. The time series of

the product between the far-field pressure and the second time derivative of the velocity were
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analysed; such time traces are related to the mentioned instantaneous contribution, and when

averaged in time lead to the cross-correlations typical of the causality method. Results showed

the contribution of points close to the end of the potential core to be intermittent, with periods

of intense activity when peaks are observed in the second time derivative of the velocity.

The use of optical measurement techniques prevented contamination in the acoustic field

caused by the probe used for velocity measurements. Schaffar [174] applied the causality method

using fluctuation measurements taken with a laser Doppler velocimeter. Application of the

causality integral led to quantitative agreement with the overall sound and with spectra at low

frequencies for sound radiation at low polar angles (20 and 30 degrees to the jet axis). The

transition region, downstream of the end of the potential core, was identified as dominant for

sound radiation at the cited low angles.

Panda et al. [151] used molecular Rayleigh scattering to measure flow velocity and density

simultaneously, so that linear, quadratic and cubic terms of ρuiuj could be determined. Cor-

relations of fluctuations downstream the end of the potential core with the far-field sound at

30◦ to the jet axis were significant for supersonic jets (more than 20% for Mach 1.8), but much

lower for subsonic jets, a value around 2% being found for a Mach 0.8 jet.

Hileman [85] did high-speed flow visualisations of a Mach 1.28, perfectly expanded jet, and

the resulting images were separated in two groups according to the far-field sound at low polar

angles, one related to “noise generation” periods, when intermittent bursts of acoustic energy

are detected by a microphone array, and other for periods of “relative quiet”; this is consistent

with the observations of Juvé et al. [95]. The “noisy” periods were associated with the sudden

decay of large scale structures close to the end of the potential core.

2.2.4 Effect of nozzle-exit conditions

The sensitivity of jet noise to the conditions of the nozzle exit is an essential issue. From

a practical perspective, if there is such sensitivity, comparisons between noise measurements

from different facilities becomes a difficult task, since the precise nozzle conditions need to be

reproduced in each experiment. On the other hand, knowledge of the sensitivity of jet noise to

the upstream conditions is required in the search for silent nozzles, and would greatly help in

the design of noise-reduction controllers, passive or active.

A basic difference regarding sound generation is present if the boundary layer at the nozzle

exit is laminar or turbulent; this was studied by Bridges and Hussain [25], who showed that

significant differences in spectra are observed for jets with laminar or turbulent boundary layers.

However, it is not clear if significant sensitivity to the upstream conditions should be observed
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among jets with turbulent boundary layers. This topic currently motivates research and debate

in the aeroacoustics community.

Viswanathan [198] compared his jet-noise measurements to those of Ahuja [2] and Tanna [188],

and found out there was in general agreement between the datasets for low frequencies. How-

ever, discrepancies are present for higher frequencies, Ahuja’s results being around 5dB higher,

and Tanna’s measurements 2–3dB higher than Viswanathan’s results. This last author con-

cluded that the found differences were due to contamination in the preceding experiments in

the form of “rig noise”. However, Viswanathan and Clark [200]’s measurements showed 3dB

differences between spectra at medium and high frequencies for two studied nozzles, which con-

tradicts the rig noise hypothesis to explain the differences between facilities: this 3dB difference

was measured in the same facility, the only difference being the internal contour of the nozzle.

Zaman [206] confirmed this trend in another facility by reproducing the two nozzles leading

to noise differences in the work of Viswanathan and Clark. Consistently, the “ASME” nozzle,

which has an abrupt contraction followed by a small straight section, produced 2–3dB more

high-frequency noise than a conical nozzle. Other factors, such as thickness of the nozzle lip

and free-stream turbulence, did not seem to change the radiated sound.

Harper-Bourne [82] recently made a compilation of results for facilities with low contraction

ratio upstream of the nozzle exit (QinetiQ, Boeing, NASA SHJAR) and others with higher

contraction ration (measurements of Lush [120] at ISVR, Tanna [188] at Lockheed, and Olsen

et al. [150] at NASA Lewis). When scaled to the same distance from the nozzle, the first three

low-contraction experiments yielded quite close spectra at 90◦ from the jet axis. However,

the three high-contraction facilities led to more high-frequency noise if compared to the first

three. Harper-Bourne attributed this to the differences in the contraction ratio between the

experiments.

Recent numerical studies have also addressed this issue [19], and significant effect of the

upstream conditions in the radiated sound was found for jets with laminar and transitional

boundary layers. Further discussion is postponed to section 2.3

2.3 Contributions of computational aeroacoustics

Direct numerical simulation (hereafter DNS) of turbulent flows has increased the possibilities

of study of aeroacoustic phenomena. A numerical solution of a compressible flow includes

also the radiated sound, which is therefore directly computed without the application of an

acoustic analogy. For this reason, compressible DNS can be seen as a predictive tool for

aeroacoustics; however, its computational cost is high. In addition, DNS solutions allow one

31



Chapter I. Literature review

to probe the simulated flow in ways not possible in experiments, since all flow variables are

available simultaneously on a volume. This has motivated the use of DNS of compressible flows

as a useful research tool for aeroacoustics. An extensive review of such applications, as well

as of the challenges involved on the numerical simulation of sound generation by compressible

flows, was made by Colonius and Lele [40].

An early example of direct computation of a compressible shear flow and its radiated sound

is the work of Colonius et al. [41], who simulated a two-dimensional mixing layer. The sound

generation in this case was seen to be related to periodic vortex pairings. The axisymmetric form

of the Navier-Stokes equations was used by Mitchell et al. [134] to simulate an axisymmetric

jet, which, as in Colonius et al.’s mixing layer, presented vortex pairings responsible for most

of the sound generation.

Finally, with increasing computer power, it became possible to simulate three-dimensional,

compressible flows. Freund et al. [70] did a calculation of a Mach 1.92 jet, and subsequently

a subsonic jet at Mach 0.9 and Reynolds number 3600 [66]. This last DNS could be validated

using the experimental results of Stromberg et al. [179], and good agreement was found for the

mean velocity field and for the radiated sound.

Direct numerical simulations should have sufficiently fine meshes so as to model the small-

est scales in a flow, which are related to viscous dissipation. This requirement makes DNS

prohibitively expensive at high Reynolds numbers, and limits possible validation of DNS of

high-Mach flows, whose experimental counterpart would have a quite high Reynolds number if

air in standard conditions were employed; for instance, the experiment of Stromberg et al. [179]

was done in a low-pressure anechoic chamber (the pressure in the test chamber was kept at

0.018atm), with a jet diameter of 7.9mm, to obtain a Reynolds number of 3600 for a Mach

0.9 jet. An alternative developed to circumvent this difficulty is large eddy simulation (here-

after LES). In an LES, the mesh is chosen so as to discretise the energy-containing part of the

wavenumber spectrum (i.e. the larger eddies). The smaller eddies are accounted for by subgrid

models. Early examples of LES of compressible subsonic jets and their radiated sound are the

work of Bogey et al. [20] and of Bodony and Lele [13]; in these works, the Reynolds number is

around 6−8 ·104, which is significantly higher than what was possible with DNS [66]. A review

of LES with aeroacoustic applications for jets is presented by Bodony and Lele [14].

DNS and LES solutions have provided material for original investigations of the physical

phenomena in aeroacoustics. Some examples are listed below.

Application of acoustic analogies The availability of all flow variables as functions of

space and time provides an ideal situation to test and study acoustic analogies, and most of the
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first studies with numerical solutions of the Navier-Stokes equations presented an application of

a given analogy. Colonius et al. [41] used Lilley’s analogy applied to a two-dimensional mixing

layer and Mitchell et al. [134] applied Lighthill’s analogy for an axisymmetric jet. For three

dimensional jets, Lighthill’s analogy was applied by Colonius and Freund [39] to a supersonic

jet, and by Freund [66, 67]to a Mach 0.9 jet. In all these cases, the result of the acoustic analogy

was in close agreement to the radiated sound calculated directly from the simulations, which

was expected in view of the exact rearrangements of the flow equations done in the formulation

of acoustic analogies.

In the work of Colonius et al. [41] a simplified wave-packet shape was fitted using the

full source. The sound radiation of this model agreed with the acoustic field of the DNS,

which presented a superdirective behaviour. This shows the importance of including source

non-compactness in a model of sound radiation by coherent structures, in agreement with the

experimental findings of Laufer and Yen [109].

The works of Freund [67] and of Bodony and Lele [15] decomposed Lighthill’s stress tensor

prior to the solution of the acoustic analogy; their results using the full tensor were nearly

identical to the sound obtained by propagation using Kirchhoff surfaces, but when individual

terms of the stress tensor are taken, their contribution can be higher than the overall sound.

The authors attributed this effect to non-negligible negative correlations between the source

consituents (especially between the ρuiuj and the (p− c2ρ)δij terms), which, albeit appearing

separately in Lighthill’s analogy, may be related to a single physical phenomenon. This trend

was also found by Cabana et al. [29], who proposed a new decomposition of the Lighthill’s

stress tensor into 10 terms; in most of the cases, individual contributions of the terms were

much higher than the overall sound, but cancellations between terms led to an overall result

that corresponded to the DNS.

Another issue investigated with the help of numerical simulations is the relative robustness

of different acoustic analogies, which was studied by Samanta et al. [170]. Using a DNS of

a two-dimensional mixing layer, the authors calculated the sound radiation using acoustic

analogies with a base flow with uniform velocity, which is equivalent to Lighthill’s formulation

in a convected medium; with a parallel sheared flow, consistent with Lilley’s analogy; and with

a diverging mean flow in Goldstein’s analogy. The sources were decomposed using POD modes.

When the full sources are used in the computations, all analogies lead to good agreement with

the far-field sound from the DNS. Artificial errors in the sources are then introduced by neglect

of some POD modes. Some disturbances lead to the same errors in the far-field results, but a

particular change in the source (division of the first POD coefficient by two) caused significant
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error in Lighthill’s formulation, while errors were less severe in the other formulations.4

Simplified model problems Instead of setting up a problem to represent a laboratory

flow, in numerical simulations one has the freedom to stipulate idealised problems that do

not correpond to a practical experiment. The problems so idealised may then be designed so

as to expose in a numerical simulation the effects of some flow parameters, hard to change

experimentally.

An example of such idealised problems is the temporal mixing layer, which is formed by two

streams of same velocity but with opposing sense. Such mixing layers will present vortex roll-

up and pairing, but the average convection velocity of the structures is zero, which simplifies

considerably the computations (for instance, periodic boundary conditions can be applied in

the streamwise direction). DNS of temporal mixing layers was used by Fortuné et al. [65] to

explore the effects of temperature in both two- and three-dimensional flows. Kleinman and

Freund [100] used three-dimensional temporal mixing layers to study the Reynolds number

effect on sound radiation. Four mixing layers with different Reynolds numbers and otherwise

equal parameters are simulated; in this case, a higher Reynolds number indicates that smaller-

scale turbulent structures are present in the flow. Far-field spectra peak for low wavenumbers

(low frequencies when temporal spectra are calculated), and the far-field radiation was seen to

be independent of Re for these low wavenumbers. This suggests that the large scale turbulent

structures are mainly responsible for sound radiation in these flows. The smaller eddies present

in high Re mostly alter the far-field spectral shape for higher wavenumbers or frequencies.

Investigation of the effect of flow conditions at nozzle exit In an experimental setting,

there are limited possibilities for changing the boundary layer state close to the nozzle exit to

investigate the effect of nozzle conditions on the radiated sound, discussed in section 2.2.4. A

simple case is when a laminar boundary layer is made transitional or turbulent by the presence

of a trip upstream. However, modification of other parameters, such as the boundary layer

thickness or the turbulence level, would require changes of the upstream geometry. Although

these approaches are feasible, in a numerical simulation one has much more freedom to specify

the conditions at the nozzle exit. This has been exploited by Bogey and Bailly [16], who studied

the effect of inflow conditions on the jet development and on the acoustic field by changing the

upstream forcing in large eddy simulations. Results showed significant effects of the upstream

conditions for both the mean flow, the fluctuating velocities and the acoustic field; a particularly

significant case involved suppression of the low-order azimuthal modes in the forcing, which

4Further discussion on this result is presented on chapter IV.
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led to a lengthening of the potential core and a reduction of approximately 2dB of the acoustic

radiation.

Greater numerical capabilities today allow the simulation of the flow inside the nozzle, with

more accurate resolution, at least for laminar and transitional boundary layers. Bogey and

Bailly [19] carried out LES of jets with varying thickness of initially laminar boundary layers,

and showed that the initial thickness had a significant impact on vortex roll-up and pairing in

the upstream part of the mixing layer, on the velocity fluctuations on the jet centerline and on

the radiated sound field.

Optimal control Using numerical simulations it is possible to define an optimal control

problem, the typical one for aeroacoustics aiming a reduction of the radiated sound. In such

formulations, an objective functional is defined, and a control is specified. A standard numer-

ical simulation without control will provide the initial value of the functional; then, adjoint

simulations are usually employed so as to determine the sensitivity of the functional to changes

of the control, and an iterative process is set up to determine the optimal control. Applica-

tion of this method to aeroacoustics is summarised by Freund [68]. As the optimal control

is obtained, one has two numerical solutions: an uncontrolled, noisy flow and its controlled,

quiet counterpart. This allows comparison of the numerical solutions to evaluate what in the

controlled case reduced the radiated sound.

Wei and Freund [203] applied optimal control for a DNS of a two-dimensional, compressible

mixing layer. Controls consisted of mass sources, streamwise and transverse body forces and

internal energy sources, and were applied at the upstream part of the mixing layer. Although

changes of the mixing layer dynamics were slight, reductions of far-field sound of up to 6dB

were obtained after application of optimal control. This database was further analysed in the

present work, in chapter II.

Since each iteration to obtain the optimal control demands both a direct and an adjoint

simulation, the procedure is numerically expensive. For three-dimensional flows, use of large

eddy simulations is currently mandatory. The adjoint optimisation was recently applied to

supersonic, perfectly expanded jets by Kim et al. [99].

Study of linearity and nonlinearity of instability waves In a numerical calculation, the

nonlinear effects in turbulence and in sound generation can be easily studied by comparison of

a Navier-Stokes solution with an equivalent solution, obtained from the linearised equations.

An example is the work of Mohseni et al. [136], who compared linear and nonlinear simulations

of a Mach 1.92 jet with Reynolds number 2000. The linear computation is performed using
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the mean flow of the (nonlinear) DNS. There was qualitative agreement between linear and

nonlinear simulations: the peak frequency and the directivity shape for the first helical mode

were close, but the SPL values differed significantly. The near-field pressure, representative

of the large-scale structures, was also compared. The authors found good agreement between

linear and nonlinear computations for the peak frequency of the instability for the first helical

mode. Two frequencies close to the peak also presented good agreement, but for other values

there are significant differences between the evolution of instability waves in the linear and

nonlinear computations, which indicates that nonlinear effects were significant.

DNS was used together with PSE by Cheung and Lele [36] to study linear and nonlinear

effects on the development of two-dimensional mixing layers and on the radiated sound. The

base flow used for linear and nonlinear PSE was the laminar solution. Subsonic mixing layers

show the roll-up of vortices that subsequently undergo pairing. The exponential growth of the

beginning of the roll-up phase in the DNS was well predicted by both linear and nonlinear PSE,

showing, as expected, that nonlinear effects can be neglected in the first stage of transition,

when the disturbance amplitudes are small. However, only nonlinear PSE was able to model

vortex pairing. Nonetheless, when a mean-flow correction is included in the linear PSE (which

amounts to linearising the equations using the mean flow instead of the laminar solution), a

better approximation of the pairing dynamics is found. The acoustic field is obtained using

the PSE solution in Lilley’s analogy [118] in Goldstein’s [75] formulation, and sources from

nonlinear PSE. Good agreement is found between the acoustic analogy results and the far-field

pressure from the DNS.

More recently, Suponitsky et al. [180] have proposed a somewhat different framework to

study linear and nonlinear mechanisms of sound radiation in subsonic jets, motivated by previ-

ous evidence of sound radiation from nonlinear interaction of instability waves in the numerical

computation of Sandham et al. [171]. Suponitsky et al.’s work perform direct numerical sim-

ulations of jets with different forcing amplitudes at the inflow boundary. The mean velocity

field is kept constant by application of appropriately chosen steady body forces, which allows

comparisons of low- and high-amplitude forcings with the same base flow. When the forcing

amplitude is low, linear mechanisms prevail, while high amplitudes lead to significant nonlinear

effects. Results show a higher acoustic efficiency of the nonlinear mechanism, which leads to a

quadratic increase of the radiated sound with increasing forcing amplitude. This is in agree-

ment with the experimental work of Ronneberger and Ackermann [167], described in section

2.2.2.
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3 Overview of the research on subsonic jet noise

We list here some general observations from the literature review presented in the preceding

sections.

• While the initial picture of turbulence was of eddies without any particular organisa-

tion, several subsequent experimental observations of coherent structures, and wave-like

sources, were made in the flow field;

• For natural jets, these coherent structures present an intermittent behaviour, which leads

to difficulties in experimental assessment of their presence and of their effect on the ra-

diated sound. Flow visualisation and conditional averages confirm nonetheless that jets

with high Reynolds and Mach numbers, with practical interest for aeronautical applica-

tions, comprise hydrodynamic waves with significant axial extent. This is confirmed by

measurements of the near-field pressure, which tends to highlight azimuthally-coherent

structures;

• Theoretically, the presence of hydrodynamic waves with significant axial and azimuthal

coherence significantly modifies the sound radiation. The axial coherence leads to an

interference pattern between neighbouring structures, and to highly directive sound radi-

ation towars low polar angles; and when low-order azimuthal modes are present in a flow,

their acoustic efficiency is much higher than that of incoherent turbulence, particularly

for low frequencies and polar angles, when analysis is done using an acoustic analogy;

• Despite the experimental evidence of azimuthally-coherent structures in jets, relatively

few measurements of the azimuthal modes of velocity and of far-field pressure of jets are

available in the literature;

• Coherent strucutures are modelled as instability waves, with success. There is nonetheless

an ongoing debate on the importance of nonlinear effects on the development of instability

waves, and on the radiated sound field.

We will address these isssues in the studies presented in the next chapters. In Chapter II we

study direct numerical simulations of two-dimensional mixing layers, and find that intermittent

behaviour of vortical structures and changes in an interference pattern are significant for sound

radiation.
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A similar study was performed using a large eddy simulation of a jet in Chapter III, with

similar conclusions. This led us to model intermittent effects on wavepackets. Such models are

described in Chapter IV.

All these studies using numerical simulations indicate that sound radiation at low polar

angles can be modelled using axially-extended wavepackets. Chapter V is an evaluation of wave-

packet radiation in subsonic jet experiments for azimuthal modes 0, 1 and 2. The agreement of

the radiated sound with models of wave-packet radiation confirms the conclusions of Chapters

III and IV.

Finally, in Chapter VI we study wavepackets in the velocity field of the jets studied in

Chapter V by time-resolved measurements of the azimuthal modes in the velocity field. Mea-

surements are compared to models of instability waves, and we present a discussion on the

extent of linear and nonlinear effects in the development of wavepackets.
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Chapter II

A study of noise-controlled mixing layers

As a starting point for the present work, we study the numerical computations of two-dimensional,

subsonic mixing layers by Wei and Freund [203]. In the computations, optimal control is ap-

plied in the upstream part of the mixing layer with a view to reducing the radiated sound. The

comparison of the uncontrolled flow with the controlled, silent mixing layers provides a good

oportunity to study noise generation mechanisms in shear flows.

In what follows we present a reproduction of the journal article “Intermittent sound gener-

ation and its control in a free-shear flow” [35], published in Physics of Fluids, 22(11):115113,

2010.
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Chapter II. A study of noise-controlled mixing layers

Intermittent sound generation and its control in a free-shear flow

André V. G. Cavalieri,1,a� Peter Jordan,1,b� Yves Gervais,1,c� Mingjun Wei,2,d� and
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Comparisons are made between direct numerical simulations �DNS� of uncontrolled and optimally

noise-controlled two-dimensional mixing layers in order to identify the physical mechanism

responsible for the noise reduction. The analysis is carried out in the time domain to identify events

that are significant in sound generation and which are acted upon by the control. Results show that

a triple vortex interaction in the uncontrolled mixing layer radiates high-amplitude pressure waves

to the far acoustic field; the elimination of this triple merging accounts for 70% of the noise

reduction accomplished by a body force control applied normal to the shear layer. The effect of this

control is shown to comprise vertical acceleration of vortical structures; the acceleration, whose

action on the structures is convected across the control volume, leads to changes in their relative

convection velocities and a consequent regularization of their evolution, which prevents the triple

merger. Analysis of a longer time series for the DNS of the uncontrolled mixing layer using a

wavelet transform identifies several similar intermittent, noisy events. The sound production

mechanism associated with such noisy events can be understood in terms of cancellation disruption

in a noncompact source region, such as described by a retarded-potential formalism. This shows that

acoustic analogies formulated from the perspective of quadrupole acoustic sources are, in principle,

useful for the modeling of such events. However, this study also illustrates the extent to which

time-averaged statistical analysis of sound producing flows can mask the most important source

activity, suggesting that intermittency should be explicitly modeled in sound prediction

methodologies. © 2010 American Institute of Physics. �doi:10.1063/1.3517297�

I. INTRODUCTION

Although research in aeroacoustics has made consider-

able progress since the pioneering work of Lighthill,
1

a clear

mechanistic description of how free-shear flow turbulence

generates sound remains elusive, and it is thus difficult to

propose technical solutions that might reduce the sound

power radiated by propulsive jets. In this context, direct nu-

merical simulation �hereafter DNS� constitutes a valuable

tool for studying the physics of the noise production. Al-

though this kind of simulation is currently limited to flows

with low Reynolds numbers, it facilitates a study of the fun-

damental vortex dynamics observed in turbulent flows; for a

review of these and other applications, see Colonius et al.
2

and Wang et al.
3

The work of Wei and Freund
4

provides a valuable op-

portunity for studying sound production mechanisms, and, in

particular, for understanding what can be done to an un-

steady vortical flow in order to make it significantly quieter.

A two-dimensional, spatially evolving mixing layer was

simulated, and by means of an adjoint-based formulation a

series of optimally controlled flows were produced and com-

pared with the uncontrolled baseline flow. Reductions in

sound intensity of up to 6 dB in the far acoustic field were

achieved; however, the differences between the controlled

and uncontrolled flows were found to be subtle, with slight

differences between the statistics of the various flows despite

the one-order-of-magnitude reduction in radiated acoustic

power. An analysis based on a proper orthogonal decompo-

sition �POD�, where these modes served a surrogates for

Fourier modes in this streamwise inhomogeneous flow,

showed that there was an underlying organization of the

large structures due to the control, which was consistent with

increased uniformity of their streamwise advection.

It is clear that such low Reynolds number, two-

dimensional flow does not represent fully the turbulence dy-

namics of, for example, a three-dimensional high speed jet;

hence, the extrapolation of the conclusions to other flows

should be done with care. Nonetheless, in this simplified case

important progress can be made with the understanding of

the slight differences between a noisy, uncontrolled flow

with quiet, controlled counterparts.

Some subsequent work addressed the differences be-

a�
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tween the noisy and quiet mixing layers from other perspec-

tives: Eschricht et al.
5

showed that there are differences in

the wavenumber-frequency spectra of the hydrodynamic

pressure fields of the uncontrolled and controlled flows, with

less energy being found in the radiating sector of the con-

trolled flow spectrum. In that same effort it was shown that

two-point, two-time causality correlations between acoustic

pressure and the Lighthill source term were affected by the

control: the controlled flow showed more effective source

cancellation and was thus a less efficient source of sound.

While these analyses provide a statistical perspective on

the differences between the noisy and quiet mixing layers,

the precise changes in the flow remained unclear. These ap-

proaches, being based on time-averaged statistics, masked

the importance of local space-time events. They preclude the

evaluation of intermittent events in the flow and the extent to

which these may be important in the production of sound.

Such intermittency has been found to be important in previ-

ous experimental and numerical jet noise studies. High levels

of intermittency are also observed in the turbulence toward

the end of the potential core in jets. Juvé et al.
6

used causal-

ity correlations in a Mach 0.9 jet to evaluate the instanta-

neous contribution of the source at the end of the potential

core to the sound intensity at an angle of 30° to the down-

stream jet axis. The time traces of this contribution consisted

of intermittent bursts interspersed by periods with near-zero

values.

Hileman et al.
7

performed a similar study on an ideally

expanded Mach 1.28 jet. The acoustic pressure at 30° had

periods of relative quiet interspersed with large amplitude

events. A continuous wavelet transform was used to estimate

the frequency of the large amplitude peaks and the footprint

of the relative quiet periods and of the high-pressure peaks

could be detected in the resulting scalograms. The intense

events in the acoustic field were used to select corresponding

images from flow visualizations, and a subsequent POD

analysis of these noise-producing events defined a character-

istic loud flow signature, which corresponded to the intermit-

tent intrusion of turbulent structures into the potential core.

The same techniques of Hileman et al.
7

were applied by

Kastner et al.
8

to the Mach 0.9 jet DNS of Freund;
9

similar

intermittent bursts were detected in the acoustic field, and the

loud turbulent field was shown to have a truncated wave-

packet structure, consistent with the conclusions of the ex-

perimental Mach 1.28 jet. Similar results have been reported

by Bogey and Bailly
10

using a large eddy simulation of a

Mach 0.9 jet. At the end of the potential core, intermittent

vorticity bursts were observed, and these were correlated

with positive pressure peaks in the far field at 40° from the

downstream axis.

In this paper, we analyze data from the uncontrolled and

controlled mixing layers of Wei and Freund
4

to identify loud

intermittent events, particularly those that are suppressed by

the control. In Sec. II we briefly describe the numerical simu-

lations. Analysis of the acoustic field in Sec. III A shows that

most of the acoustic energy for the uncontrolled flow is as-

sociated with a single event. In Secs. III B and III C we

examine the vortex dynamics of both the controlled and un-

controlled flows and identify the essential difference between

these. This specifically identified the loud flow event. A triple

vortex merger leaves behind it an extended region of nearly

irrotational flow; this local event momentarily disrupts the

axial source cancellation mechanism and a strong pressure

wave is emitted. In the controlled flow, the triple merger is

prevented, and the source interference persists with much the

same efficiency for the entire duration of the simulation.

We cannot of course claim that the triple vortex merger

is the dominant mechanism of sound production in practical

high-Reynolds-number free-shear flows; indeed it appears

unlikely that even vortex pairing occurs or is important for

noise generation in such flows, as discussed by Hussain and

Zaman
11

and Bridges and Hussain.
12

On the other hand, the

observation that the event constitutes an intermittent change

in a basic vortex pattern, leading to a rupture of the space-

time homogeneity of the hydrodynamic pressure signature

and an associated high energy acoustic pressure burst, is a

feature shared with the cited jet noise studies.
6–8,10

Further-

more, recent models �see Cavalieri et al.�13,14
reproduce the

intermittent behavior of coherent structures in a jet, and,

based on an acoustic analogy with retarded-potential solu-

tions, can lead to good predictions of the radiated sound by a

turbulent jet.

In Sec. III D, the dynamics of the actuation is studied;

we show that the action of the control involves a vertical

displacement of vortical structures in the controlled flow,

with which there is an associated change in their respective

convection velocities and, consequently, their mutual inter-

actions; the triple vortex merger is thus prevented. This in-

dicates how actuation with a transverse force can regularize a

given vortex pattern in order to suppress intermittency and

thus reduce the radiated noise.

Finally, in Sec. IV, we use a continuous wavelet trans-

form to analyze the acoustic pressure data taken from a

longer time simulation of the uncontrolled mixing layer to

objectively identify noisy events. Events of the same charac-

ter as those identified by comparing the controlled and un-

controlled flows are found. These events share a noise signa-

ture, with time-scales in the wavelet domain between

60�� /�U and 200�� /�U, and their behavior is intermittent,

since four such events are identified in a time series of

6500�� /�U without observable periodicity.

II. THE TWO-DIMENSIONAL MIXING LAYER

The flow in this work is the same presented by Wei and

Freund;
4

we will therefore only briefly describe it. A two-

dimensional mixing layer was computed by direct numerical

solution of the compressible, viscous flow equations. The

Reynolds number was ���U�� /�=500, with �� as the am-

bient density of both uniform streams, �U as the velocity

difference between the streams, �� as the inflow vorticity

thickness, and � as the constant viscosity. The Mach num-

bers for the free streams were 0.9 and 0.2, and the Prandtl

number was 0.7. The physical domain extended from x=0 to

x=100�� and between y= �80��.

The mixing layer was excited with eight frequencies f i,

115113-2 Cavalieri et al. Phys. Fluids 22, 115113 �2010�
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f i =
f0

4
�i + 	�i�� , �1�

where f0 is the estimated frequency for the most unstable

mode according to linear stability theory, and 	�i� are random

numbers between 
0.5 and 0.5. To reduce the direct effect of

the excitation in the radiated sound, the frequencies in Eq.

�1� were excited with a solenoidal body force, which is rela-

tively ineffective. This body force is applied upstream of the

physical calculation domain. On account of this excitation,

the mixing layer presents complex dynamics, without any

observable periodicity. Although the Reynolds number is

low, some aspects of noise generation by turbulence are ex-

pected to be represented.

The control, which was applied in a small square region

covering ���x�7�� and −3���y�3�� near the inflow,

was modeled by a source term in the flow equations. Four

different controls were applied: a mass source, x- and

y-direction body forces, and an internal-energy source. These

controls were chosen to be as general as possible: each

space-time point of the discrete representation of the control

forcing was treated as an independent control variable. We

focused our analysis on the flow controlled by application of

body forces in the y-direction, but the other controlled flows

were also studied.

An optimal control algorithm was implemented. This in-

volved an iterative process in which the adjoint of the per-

turbed and linearized flow equations was solved numerically

to provide the sensitivity of the sound to changes in the

control function ��x , t�. The objective functional to be mini-

mized was

J��� = �
t0

t1 �
x0

x1

�p���x,t�,x,t� − p̄o�x��2dxdt , �2�

where p is the local pressure and p̄o is the time-averaged

local pressure for the uncontrolled flow. The spatial integra-

tion was performed in the region of uniform Mach 0.2 flow,

along y=−70��, between x0=0 and x1=100��, and the tem-

poral integration had as limits the start and end times of the

control period.

Wei and Freund
4

showed that the controlled flows had

noise reductions in the far field for all radiation angles; these

reductions were up to 6 dB. The controlled mixing layers

presented sound pressure spectra with reductions for the

lower frequencies, which contained most of the sound en-

ergy; however, the controlled flows radiate more noise for

the higher frequencies.

For a harmonically excited mixing layer, with excitation

at frequencies f0, 2f0, and six subharmonics of f0, Wei and

Freund
4

obtained results similar to those obtained by Colo-

nius et al.,
15

with periodic vortex pairings at fixed locations.

For this flow, Wei and Freund showed that their optimal con-

trol methodology does not produce any significant sound re-

duction. This suggests that the harmonically excited mixing

layer, with its orderly structure, is near a lower limit for noise

generation in a free-shear flow.

The control spectra were also analyzed in that paper and

it was seen that the control was broadbanded, with signifi-

cant energy content at frequencies other than the f i excita-

tion. The control spectrum also did not match the far field

sound spectrum, indicating that the control worked via a

nonlinear mechanism in the flow. Further details can be

found in Wei
16

and Wei and Freund.
4

III. FLOW CHANGES BETWEEN THE UNCONTROLLED
AND CONTROLLED FLOWS

A. Pressure data at the target line

Wei and Freund
4

found that despite the significant dif-

ferences in the radiated noise between the uncontrolled and

controlled flows, the changes in the flow are slight. In order

to identify and understand the differences between the mix-

ing layers, we first evaluate how the radiated pressure field is

changed by control. Since the control objective is the noise

reduction on a horizontal target line located at y=−70�� on

the M =0.2 side of the mixing layer, we use this line to iden-

tify the space-time intervals where the sound reduction is

most effective. We define

F�x� = �
t0

t1

�p���x,t�,x,t� − p̄o�x��2dt �3�

for both the uncontrolled and controlled flows. This allows a

spatially localized assessment of the noise reduction; integra-

tion of F�x� along the target line for a given control, �, leads

to the objective functional J. Figure 1 shows F�x� for the

uncontrolled and y-direction body force controlled mixing

layers. We see that although there is a noise reduction all

along the target line, the control application is especially

effective toward the downstream end of the flow domain.

Figure 2 shows pressure signals for three points on the

target line: one upstream point, one centered, and one down-

stream. By means of these figures the temporal locality of the

sound reduction can be assessed: a significant portion of the

sound reduction at the downstream point occurs over a lim-

ited time interval.

Considering the point �80�� ,−70���, we note that there

is no noise reduction for the beginning of the simulation

�ta� /���100�. As explained by Wei and Freund,
4

the noise

at the target line is not controllable before a finite propaga-

tion period of the control effects. The most remarkable re-

duction in Fig. 2 happens between ta� /��=300 and ta� /��

=420. In this interval the uncontrolled flow presents a large
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FIG. 1. Sound intensity at the target line for the �——� uncontrolled and

�- - -� controlled mixing layers.
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positive pressure peak, followed by a negative peak of simi-

lar level; the controlled flow presents much smaller ampli-

tude pressure waves during the same period. We thus see that

most of the sound reduction is achieved by eliminating this

one large peak. In fact, 70% of the reduction of the function

F at this point happens during the period 300� ta� /��

�420. This suggests that the noise reduction is due to the

elimination of a single event in the flow.

B. Flow dynamics for the uncontrolled and controlled
flows

Figure 3 shows visualizations of the pressure and vortic-

ity fields for the uncontrolled mixing layer at six different

times, and in Fig. 4 visualizations for the controlled case are

shown at the same times. The time ta� /��=367.9 �Figs. 3�d�
and 4�d�� corresponds to the arrival of the large positive pres-

sure peak at the point �80�� ,−70��� for the uncontrolled

mixing layer, as shown in Fig. 2. In Fig. 3�d� this can be seen

as a group of positive contours. For the controlled mixing

layer, we also see positive contours in Fig. 4�d� around the

point �80�� ,−70���, but with a much smaller amplitude.

The time ta� /��=312.5 �Figs. 3�a� and 4�a�� was chosen

by calculating the propagation time of a wave in a uniform

flow at M =0.2 between the points �80�� ,−20��� and

�80�� ,−70���. For the uncontrolled mixing layer, we can see

in Fig. 3�a� that there is high-pressure around the point

�80�� ,−20���, close to the zero-vorticity region lying be-

tween the pair of vortices at x=60�� and a zone of vorticity

that has just crossed the downstream boundary of the com-

putational domain. By following in succession Figs. 3�b� and

3�c� we see how this high-pressure propagates to the

�80�� ,−70��� point on the target line. We see also that there

is propagation of a similar high-pressure wave to the

M =0.9 side of the mixing layer. A similar propagation oc-

curs in the controlled mixing layer, but with a much smaller

amplitude, as seen in Figs. 4�a�–4�d�. The clearest difference

in the vortex dynamics between this flow and the uncon-

trolled mixing layer is the presence of a vortical region near

x=90�� for the controlled mixing layer at ta� /��=312.5.

This last vortex is not visible in Fig. 3�a�.
The negative pressure peak for the uncontrolled mixing

layer at the point �80�� ,−70���, shown in Fig. 2, corre-

sponds to the time ta� /��=396.5 shown in Fig. 3�f�. As was

done for the positive pressure wave, we calculate the propa-

gation time of this wave to estimate its origin, and the result-

ing time is ta� /��=341.0, shown in Fig. 3�b�. We can see in

the uncontrolled mixing layer that a vortical structure enters

the long quasi-irrotational, high-pressure region of flow. As
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Chapter II. A study of noise-controlled mixing layers

this vortex is convected to the end of the computational do-

main �Figs. 3�c�–3�f��, we see the formation of a low-

pressure wave, which propagates to the far field and arrives

at �80�� ,−70��� with a high amplitude. The same times for

the controlled mixing layer �Figs. 4�c�–4�f�� show the propa-

gation of a negative pressure wave to �80�� ,−70���, but

with reduced amplitude.

Although the vorticity contours of the mixing layers at

ta� /��=341.0 �the time where the low pressure wave origi-

nates� are similar, for the uncontrolled flow we see a pocket

of vorticity enter an extended region of nearly irrotational

flow; for the controlled mixing layer, the passage of a similar

concentration of vorticity occurs, but the distances between

successive vortical regions are more uniform. If we consider

the generation of sound-waves from a free-shear flow to be

the result of incomplete interference between regions of posi-

tive and negative stress, or pressure, as retarded-potential

type solutions for the radiated pressure would have us be-

lieve, then we see that the occurrence of an intermittent event

can significantly disrupt the interference. During this period,

the mutual cancellations, which occur between neighboring

vortices, are unbalanced, making possible the generation of a

large amplitude sound wave. This assertion is consistent with

the conclusions drawn by Wei and Freund
4

and Eschricht et

al.,
5

but we have here identified the actual flow event driving

it and so we are in a position to propose a local explanation

for the sound production mechanism and its control, free

from the cloudiness of averaging.

C. Intermittency in the uncontrolled mixing layer

The difference in the evolution of the vorticity of the

uncontrolled and controlled mixing layers is due to a triple

vortex interaction that occurs in the uncontrolled flow. Figure

5�a� shows the temporal evolution of this event up to

ta� /��=312.5, which is shown in Fig. 3�a�. We see that this

triple merger, which happens only once in the simulation of

the uncontrolled mixing layer, leads to the extended irrota-

tional region in Fig. 3�a�. A large vortical structure is created

by this interaction. The two smaller vortices rotate at high

speed around the larger structure, causing the agglomeration

to enter the downstream absorbing buffer zone earlier than

their controlled counterparts, shown in Fig. 5�b�. The con-

troller modifies the flow dynamics such that the triple merger

is eliminated. This reduces the extent and level of the high-

pressure irrotational region and, as we have seen, the ampli-

tude of the propagated sound wave.

In order to verify that the occurrence of this extended

high-pressure region is indeed an intermittent event, we

show, in Fig. 6, visualizations of the vorticity field for all

other times where a vortex is observed at x=60��. We see

-80

-60

-40

-20

0

20

40

60

80

0 20 40 60 80 100

-80

-60

-40

-20

0

20

40

60

80

0 20 40 60 80 100

-80

-60

-40

-20

0

20

40

60

80

0 20 40 60 80 100

-80

-60

-40

-20

0

20

40

60

80

0 20 40 60 80 100

-80

-60

-40

-20

0

20

40

60

80

0 20 40 60 80 100

-80

-60

-40

-20

0

20

40

60

80

0 20 40 60 80 100

(a) (b) (c)

(d) (e) (f )

x/δωx/δωx/δω

x/δωx/δωx/δω

y
/
δ ω

y
/
δ ω

FIG. 4. Controlled mixing layer. Center: vorticity

modulus. Outer regions: pressure. Same contours and

times of Fig. 3.

0 20 40 60 80 1000 20 40 60 80 1000 20 40 60 80 1000 20 40 60 80 1000 20 40 60 80 100 0 20 40 60 80 1000 20 40 60 80 1000 20 40 60 80 1000 20 40 60 80 1000 20 40 60 80 100

(a) (b)

x/δωx/δωx/δωx/δωx/δωx/δωx/δωx/δωx/δωx/δω

FIG. 5. Instantaneous vorticity modulus for the �a� uncontrolled and �b�
controlled mixing layers at times ta� /��=245.3, 262.1, 278.9, 295.7, and

312.5, from top to bottom. Contours range from 0.014�U /�� to 0.7�U /��.

115113-5 Intermittent sound generation and its control Phys. Fluids 22, 115113 �2010�

44



that for each image there is at least one other vortex in the

domain between x=60�� and x=100��; there is never an

irrotational region as long as that shown in Fig. 3�a�. Again,

these mechanistic interpretations are consistent with the con-

clusions drawn by Wei and Freund,
4

who showed, by means

of a POD analysis, that the controlled flow approaches a pure

advective behavior. The first POD eigenfunctions of the con-

trolled flows are coupled in pairs of similar energy and their

representation in the phase plane has circular traces. These

are characteristics of flows with pure convection of struc-

tures, with a form such as cos��t−kx�, whose POD repre-

sentation is cos �t cos kx+sin �t sin kx, with consequent

circles in the phase plane. This is not the case for the uncon-

trolled flow. We see here that the elimination of the vortex

merger constitutes a change that is synonymous with a har-

monization of the mixing layer, which approaches, for the

controlled flow, the intrinsically quiet pattern of pure sub-

sonic advection. In the controlled mixing layer, the vortex

pattern becomes more uniform as the triple merging is

changed into vortex dynamics that are closer to what hap-

pens in the other times of the simulation. We see that the

downstream part of the controlled mixing layer shown in

Fig. 4�a� is much closer to the vortex configurations of Fig. 6

than the uncontrolled mixing layer at the same time, shown

in Fig. 3�a�.
This change in the vortex pattern at the end of the mix-

ing layer can also be seen by evaluation of

�x,t� = �
−�

�

��x,y,t�dy , �4�

which is the radially integrated instantaneous vorticity at x.

This integrated vorticity is shown in Fig. 7 for two positions

of the mixing layer.

In Fig. 7�b� we see that the temporal pattern of inte-

grated vorticity at x /��=80, representing the downstream

end of the mixing layer, becomes more regular for the con-

trolled flow. The strengths of the vortices are more homoge-

neous, as is the temporal spacing between the vorticity

peaks. This is particularly the case between ta� /��=200 and

ta� /��=350, which corresponds to the interval over which

the triple interaction takes place. On the other hand Fig. 7�a�
shows that only slight changes are observed at x /��=20. The

control is thus effected via small changes in the flow in the

upstream region, becoming more noticeable as the vortices

are convected and interact. The pairing processes are modi-

fied by the action of control and these approach the behavior

observed for a mixing layer with harmonic excitation, which

is an intrinsically quiet flow.

So far we have only shown results for the y-direction

body force actuation. But similar results are observed for the

other types of control implemented by Wei and Freund.
4

In

all cases the triple vortex interaction is eliminated, and with

it the extended region of high-pressure. Figure 8 shows, for
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Chapter II. A study of noise-controlled mixing layers

each of the control cases, the vorticity field at ta� /��

=312.5, which corresponds to the long high-pressure region

for the uncontrolled mixing layer �Fig. 8�a��. Although there

are slight differences between the vortex patterns, all of them

present a smaller zero-vorticity region than the one shown

for the uncontrolled flow in Fig. 3�a�. The extent of this

region is much closer to that shown in Fig. 6. Thus, all of the

control formulations prevent the formation of the extended

high-pressure zone, which is the essential difference between

the controlled and uncontrolled flows.

D. Optimal control dynamics for the y-direction body
force

Having identified the change in the mixing layer respon-

sible for the noise reduction, we now want to understand the

control mechanism, by which the suppression of the triple

vortex pairing was achieved. This is of practical interest, as it

can suggest how a physical actuator might be conceived for,

say, the initial mixing layer of a jet.

We can readily see that the y-direction body force con-

trol “follows” the vortical structures in so far as the forces

are correlated according to the convection speed, as seen in

Fig. 9�a�. This characteristic, which was also identified by

Wei,
16

is an indication that the control acts on the vortices in

a coherent manner as they advect through the control region

C.

To estimate the net effect of the control � with distrib-

uted y-direction body forces per unit volume, which in the

y-momentum equation corresponds to

D��v�

Dt
= −

�p

�y
+ � −

1

Re
�4

3

�2
v

�y2
+

�2
v

�x2
+

1

3

�2u

�x � y
� , �5�

we integrate it over the control region C,

fy�t� =� �
C

��x,t�dx . �6�

Figure 9�b� shows the net y-direction force during the simu-

lation of the controlled mixing layer. We label the distinct

peaks of the total force toward the beginning of simulations

A, B, and C for later reference.

We see in Fig. 10 the vortical structures that pass

through the C region at times corresponding to the peaks

indicated in Fig. 9�b�, as well as a representation of the ap-

plied control. The vortices are labeled according to the cor-

responding peaks in Fig. 9�b�; since there are two C peaks,

two C vortical structures are shown. Each peak in the net

force corresponds to a relatively uniform distribution of �
over the control region, either in the positive �A and first C

peak� or in the negative �B� y-direction. On the other hand,

for the second C vortex in Fig. 10�d� we see that the force

field is less uniform than those applied to the other structures

�Figs. 10�a�–10�c��; however, even in that case most of the

distributed force acts in the same direction, and, as will be

shown later, the observed global control effect for the second

C vortex is similar to that identified for the other structures.

We can therefore interpret the y-direction body force

control for the marked peaks as an approximately uniform
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force distribution that follows the convection of the vortices

through the control region. The effect is a predominantly

vertical acceleration of the structures, without any significant

changes in the vorticity.

We confirm this conclusion with the observation of Fig.

11, where we follow the convection of the A vortex in the

uncontrolled and controlled mixing layers. The effect of the

positive forces applied to the A vortex �Fig. 10�a�� can be

seen in its downstream evolution. For the controlled flow,

there is a positive vertical displacement of the vortex in the

controlled flow �Figs. 11�f�–11�h�� compared to the uncon-

trolled mixing layer �Figs. 11�b�–11�d��; this is especially

visible in Fig. 11�h�. Although the body force is only applied

upstream, the continued displacement of the vortex is pre-
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FIG. 11. Vorticity contours for: �a� and �e�, ta� /��

=16.8; �b� and �f�, ta� /��=67.2; �c� and �g�, ta� /��
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Chapter II. A study of noise-controlled mixing layers

sumably due to the intrinsic instability of the mixing layer: a

small disturbance in the position of an upstream structure can

be amplified downstream by its interaction with the neigh-

boring vortices.

Furthermore, since the Mach numbers of the upper and

lower streams are, respectively, 0.9 and 0.2, an upward dis-

placement of a structure leads to a higher convection veloc-

ity. This effect is also observed in Fig. 11, where the dis-

placed vortex in the controlled mixing layer arrives earlier at

the downstream end of the physical domain.

Having understood how a vertical force changes the dy-

namics of the A vortex, we can proceed to evaluate how the

control suppresses the triple vortex merger. This is done by

the B and C peaks in the y-direction body force, shown in

Fig. 9�b�.
Figure 12 shows the evolution of the B vortex. Since the

B feature in Fig. 9�b� is negative, we see for the controlled

mixing layer �Figs. 12�e�–12�h�� a negative vertical displace-

ment of the B vortex, compared to the uncontrolled flow

�Figs. 12�a�–12�d��. As the B vortex comes into the lower

stream, its convection speed decreases.

The action of the C peaks in the body force can be fol-

lowed in Fig. 13. The C peaks in Fig. 9�b� are applied when

two close vortices pass in the control region C. These two

vortices are marked with full arrows in Figs. 13�a� and 13�d�
for the uncontrolled and controlled flows, respectively. The B

vortex is also marked in Fig. 13 with dashed arrows. The two

C vortices pair just after leaving the C region. This C struc-

ture is directed upward, as a consequence of the positive

forces applied in the controlled mixing layer; so, its convec-

tion speed is increased.

A clear distinction can then be made between the uncon-

trolled and controlled flows: in the controlled mixing layer,

the faster C vortex approaches the slower B vortex, initiating

a pairing process �Fig. 13�g��; on the other hand, the C vor-

tex in the uncontrolled mixing layer interacts with the up-

stream vortical structures, leading to the triple vortex inter-

action analyzed in Sec. III C �Figs. 13�c� and 13�d��; note

that the last time in Fig. 13, ta� /��=258.7, shows the begin-

ning of the triple pairing process seen in Fig. 5�a�. We thus

have two vortex pairings for the controlled mixing layer,

instead of the acoustically efficient vortex-tripling.

To summarize, the main effect of the y-direction body

force control can be understood as a series of displacements

of the vortical structures, with subsequent changes in their

convection velocities that lead to a more regular pattern. This

conclusion is of practical interest for aeroacoustic noise con-

trol: bursts of acoustic energy may be suppressed by an ac-

tuation capable of eliminating the intermittent dynamics of

flows, and for a sheared flow, such as the initial mixing layer

of a jet, this can be accomplished with an appropriate trans-

verse force.

Similar studies of the other controlled mixing layers re-

veal that the vortex dynamics in all the controlled cases are

similar to what is observed for the y-direction body force

control. Indeed, we see in Fig. 14 that for all the cases the A
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FIG. 12. Vorticity contours for: �a� and �e�, ta� /��

=47.0; �b� and �f�, ta� /��=97.4; �c� and �g�, ta� /��

=147.8; and �d� and �h�, ta� /��=198.2. Contours �a�–
�d� refer to the uncontrolled mixing layer and �e�–�h� to

the y-direction body force control. Arrows follow the

convection of the B vortex. Same contours of Fig. 6.
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vortex is displaced upward, the B vortex downward, and the

C vortices upward. These vertical displacements likewise

lead to higher or lower convection speeds depending on the

side of the mixing layer into which the structures are dis-

placed. However, the y-momentum control is the most intui-

tive; the dynamics of the other controls defies such a simple

mechanistic explanation.

IV. DETECTION OF INTERMITTENT RADIATION

To make the analysis more quantitative, we analyzed the

pressure signal at the same point �80�� ,−70��� by means of

a continuous wavelet transform. The pseudospectra com-

puted this way are localized in both time and time-scale.

Farge
17

provides a complete review of these methods.

The continuous wavelet transform is

p̃�s,t� = �
−�

�

p�����s,t − ��d� , �7�

where s is the time-scale of the wavelet function. We used

Paul’s wavelet, defined for s=1 with an order m as

��1,t� =
2mimm!

	��2m�!
�1 − i�t��−�m+1�. �8�

This is a complex-valued wavelet function; for m=4 its real

and imaginary parts are shown in Fig. 15. The choice of this

wavelet function with m=4 is due in particular to its imagi-

nary part, which approximates the shape of the noisy signa-

ture of the uncontrolled mixing layer seen in Fig. 2�c�, but

with a negative sign. We thus expect that similar signatures

will have a continuous wavelet transform with high energy

content in a small scale range and in a reduced interval of the

simulation. The other scales are obtained by dilatation of the

so-called mother wavelet, with a normalization by 	s in or-

der to maintain unit energy,

��s,t − �� =
1

	s
��1,

t − �

s
� . �9�

A longer DNS simulation of the uncontrolled flow was

used �ten times that of Wei and Freund�.4 The same code was

used for the simulation, with an identical grid and the same

simulation parameters. The results are obviously identical

over the time interval considered in that paper.

The continuous wavelet transform was applied to the

pressure signal at the point �80�� ,−70��� of this long simu-

lation, the same point used in the analysis in Sec. III A �see

Fig. 2�c��. The resulting scalogram is shown in Fig. 16. In

Fig. 16�a�, which corresponds to the original simulation up to

ta� /��=626.6, there is a clear peak identified at ta� /��


380, which corresponds to that analyzed in Sec. III A. The

data are continued to longer times in Fig. 16�b�. Here, we see
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FIG. 14. Vorticity contours for: �a� ta� /��=168.0, with the A vortex highlighted, �b� ta� /��=198.2, with the B vortex highlighted, and �c� ta� /��=258.7,

with the C vortex highlighted. Contours from the top downward refer, respectively, to the uncontrolled mixing layer, the mass source control, the x- and the

y-direction body force controls, and the internal-energy control. Same contours of Fig. 6.
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Chapter II. A study of noise-controlled mixing layers

that in the continued longer simulation there are similar

peaks concentrated around ta� /��
4000, ta� /��
4400,

and ta� /��
6100. We note that the results of Fig. 16 are

similar to the experimental wavelet spectrum shown by Hile-

man et al.,
7

which showed periods of relative quiet inter-

spersed with noise generation events.

To isolate the events that correspond to the peaks in the

scalogram, we performed a filtering operation based on a

threshold 	,

p̃ f�s,t� = � p̃�s,t� if �p̃�s,t��2 � 	

0 if �p̃�s,t��2 � 	 .
 �10�

The filtered pressure in the wavelet basis is then transformed

back to the time domain by means of an inverse continuous

wavelet transform. For the inverse transform we used the

expression presented by Farge,
17

which gives

p f�t� =
1

C�
�

0+

�
p̃ f�s,t�

s3/2
ds , �11�

where C� is obtained by the Fourier transform of the mother

wavelet �̂�1,��,

C� =
1

	2�
�

0+

� �̂�1,��

�
d� . �12�

The numerical application of the continuous wavelet

transform was performed for a total of 120 time-scales, de-

fined as

s j = 2��j−1��s�s0, �13�

where s0 is the first scale. We chose s0 to be twice the data-

writing period in the simulation and �s as s0 /100. The scale

distribution of Eq. �13� allowed us to use the numerical for-

mulation of Torrence and Compo.
18

Application with 	=0

recovered the original time series with a relative error of

2.2% with the chosen set of scales.

We chose as a filter 	=0.009�p��� /a��2, since above

this value only the high energy concentrations shown in Fig.

16, analogous to that found at the beginning of the simula-

tion, are thus retained. The results of this filtering operation

applied to the beginning of the simulation are presented in

Fig. 17. We see that the filtered pressure is zero in all but a

reduced interval, where the vortex merger signature analyzed

in Sec. III A is captured. For the remainder of the simulation,

the reconstructed pressure signal is mostly zero, but at the

intervals where there are energy concentrations in both time

and time-scale we see clear peaks for the pressure. We see in

Fig. 18�a� that the filtered pressure around ta� /��=4000 has

a pattern similar to that observed in Fig. 17, and which was

related to the triple vortex interaction in Sec. III C. In Figs.

18�b�–18�e� we see vorticity contours at the center of the

mixing layer at times prior to the arrival of the mentioned
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FIG. 16. Wavelet spectrum for the �a� first and �b� second parts of the simulation. Levels are uniformly distributed between 0 and 0.03�p��� /a��2 in steps of
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pressure peaks. There is a triple vortex merger similar to that

shown in Fig. 5�a�.
Figures 19 and 20 show results for the other intervals of

the simulation, when there are nonzero values for the filtered

pressure. We see again in Figs. 19�a� and 20�a� a similar

pressure signature as that of Figs. 17 and 18�a�; and the

corresponding vorticity contours, shown in Figs. 19�b�–19�e�
and 20�b�–20�e�, show triple vortex mergers to occur in each

case, just prior to the arrival of the high-amplitude pressure

wave at the considered point.

Although the reconstructed pressure signal is equal to

zero for all the simulation time but the four events shown in

Figs. 17, 18�a�, 19�a�, and 20�a�, the filtered pressure has a

rms value equal to 23.6% of the value for the original pres-

sure time series. Thus, although the analyzed events are rare

in the dynamics of the mixing layer, they are responsible for

a significant portion of the sound power radiated by the flow,

and they seem to have been the most easily suppressed by

the optimal control.

We can conjecture that an optimal control applied to the

extended simulation would again tend to eliminate these

noisy events. In order to get a sense of the acoustic benefit

which might be obtained, we compare in Fig. 21 pressure

spectra for the original time series with spectra computed

after the subtraction of the bursts of Figs. 17, 18�a�, 19�a�,
and 20�a�. We see that the suppressed events correspond to

energy in a frequency band around f =0.16f0. As shown by

Wei and Freund, this corresponds to the loud peak in the

acoustic field that is reduced by the optimal control.
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Chapter II. A study of noise-controlled mixing layers

V. CONCLUSION

An analysis was carried out to identify and understand

the differences between the uncontrolled and controlled mix-

ing layers of Wei and Freund.
4

The analysis of the pressure

in the acoustic field showed that the noise reductions are

especially significant in the downstream points of the target

line, and 70% of the sound reduction in this region is

achieved by the suppression of a high-amplitude pressure

wave, comprising a compression followed by an expansion.

A triple vortex interaction, which occurs only once in the

simulation, is shown to lead to these peaks in sound pressure.

Control was seen to comprise transverse vortex displace-

ments, which, together with the consequent changes in con-

vection velocity, modify the mutual interactions between

neighboring structures in a way that prevents the triple vor-

tex merger in the controlled mixing layer.

Wavelet transform analysis of a longer DNS calculation

confirmed that loud events were associated with triple vortex

mergers. These are intermittent events in the vortex dynam-

ics of the mixing layer, but their contribution to the overall

sound is considerable.

This study demonstrates �confirming the results of pre-

vious findings� that such intermittency constitutes a major

element in the production of sound by free-shear flows. It

should thus be explicitly included in modeling strategies. In

many statistical noise prediction schemes such intermittent

events are not explicitly included, and indeed they are often

explicitly excluded by certain modeling assumptions. It is

possible that this may explain the poor robustness of nearly

all current sound prediction schemes. These are mostly based

on second-order turbulence statistics, which, as we have

seen, can entirely miss the most important sound producing

events: the uncontrolled and controlled mixing layers present

almost identical second-order statistics.

In interpreting our results, it should be clear that the

plane mixing layer is a model flow that has been studied to

determine the fundamental mechanisms of noise

production.
15

However, the model problems of Cavalieri et

al.,
13

with the incorporation of intermittency effects for the

large scale structures of a free three-dimensional jet, have

shown quantitatively how intermittent changes in a basic

flow structure can generate bursts of noise in the far acoustic

field of a turbulent jet. This intermittency does not need to be

via a triple vortex merger as in the model flow studied in the

present paper. Any significant disruption of the cancellation

between the successive structures might lead to peaks in the

acoustic field.

In terms of the details of the mechanism by which the

propagative wave is set up, our study shows that this can be

explained in terms of the kind of multipole interference that

retarded-potential type solutions imply. This supports the

idea that the acoustic analogy models are conceptually cor-

rect, though predictive modeling in a manner that incorpo-

rates intermittency effects is challenging. These points are

the subject of ongoing modeling work.
13
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FIG. 20. �a� Wavelet filtering, �—–� original and �- - -� filtered pressures. ��b�–�e�� Vorticity contours at ta� /��=5980.8, ta� /��=5997.6, ta� /��=6014.4, and

ta� /��=6031.2. Same contours as Fig. 18.

0

1e-07

2e-07

3e-07

4e-07

5e-07

6e-07

0 0.2 0.4 0.6 0.8 1

f/f0

p̂
p̂
∗
/
(ρ

2
a
2
δ2 ω

)

FIG. 21. Pressure spectra at �80�� ,−70���: �——� original and �- - - -�
suppression of bursts.

115113-13 Intermittent sound generation and its control Phys. Fluids 22, 115113 �2010�

52



ACKNOWLEDGMENTS

The present work was supported by CNPq, National

Council of Scientific and Technological Development-Brazil.

J.B.F. and M.W. acknowledge support from AFOSR for the

original mixing layer control simulations. J.B.F. acknowl-

edges support from NASA for this work.

1
M. J. Lighthill, “On sound generated aerodynamically. I. General theory,”

Proc. R. Soc. London, Ser. A 211, 564 �1952�.
2
T. Colonius and S. K. Lele, “Computational aeroacoustics: Progress on

nonlinear problems of sound generation,” Prog. Aerosp. Sci. 40, 345

�2004�.
3
M. Wang, J. B. Freund, and S. K. Lele, “Computational prediction of

flow-generated sound,” Annu. Rev. Fluid Mech. 38, 483 �2006�.
4
M. Wei and J. B. Freund, “A noise-controlled free shear flow,” J. Fluid

Mech. 546, 123 �2006�.
5
D. Eschricht, P. Jordan, M. Wei, J. B. Freund, and F. Thiele, “Analysis of

noise-controlled shear-layers,” in Proceedings of the 13th AIAA/CEAS

Aeroacoustics Conference �28th AIAA Aeroacoustics Conference�, Ameri-

can Institute of Aeronautics and Astronautics, 1801 Alexander Bell Drive,

Suite 500, Reston, VA 20191-4344, 2007, Vol. 211, pp. 564–587.
6
D. Juvé, M. Sunyach, and G. Comte-Bellot, “Intermittency of the noise

emission in subsonic cold jets,” J. Sound Vib. 71, 319 �1980�.
7
J. I. Hileman, B. S. Thurow, E. J. Caraballo, and M. Samimy, “Large-scale

structure evolution and sound emission in high-speed jets: Real-time vi-

sualization with simultaneous acoustic measurements,” J. Fluid Mech.

544, 277 �2005�.

8
J. Kastner, M. Samimy, J. Hileman, and J. B. Freund, “Comparison of

noise mechanisms in high and low Reynolds number high-speed jets,”

AIAA J. 44, 2251 �2006�.
9
J. B. Freund, “Noise sources in a low-Reynolds-number turbulent jet at

Mach 0.9,” J. Fluid Mech. 438, 277 �2001�.
10

C. Bogey and C. Bailly, “An analysis of the correlations between the

turbulent flow and the sound pressure fields of subsonic jets,” J. Fluid

Mech. 583, 71 �2007�.
11

A. K. M. F. Hussain and K. B. M. Q. Zaman, “The ‘preferred mode’ of the

axisymmetric jet,” J. Fluid Mech. 110, 39 �1981�.
12

J. E. Bridges and A. K. M. F. Hussain, “Roles of initial condition and

vortex pairing in jet noise,” J. Sound Vib. 117, 289 �1987�.
13

A. V. G. Cavalieri, P. Jordan, A. Agarwal, and Y. Gervais, “Jittering wave-

packet models for subsonic jet noise,” Proceedings of the 16th AIAA/

CEAS Aeroacoustic Conference and Exhibit, Stockholm, Sweden, 2010,

AIAA Paper No. 2010-3957.
14

A. V. G. Cavalieri, G. Daviller, P. Comte, P. Jordan, G. Tadmor, and Y.

Gervais, “Using LES to explore sound-source mechanisms in jets,” Pro-

cedia Engineering 6, 104 �2010�.
15

T. Colonius, S. K. Lele, and P. Moin, “Sound generation in a mixing

layer,” J. Fluid Mech. 330, 375 �1997�.
16

M. Wei, “Jet noise control by adjoint-based optimization,” Ph.D. thesis,

Department of Theoretical and Applied Mechanics, University of Illinois

at Urbana-Champaign, Urbana, Illinois, 2004.
17

M. Farge, “Wavelet transforms and their applications to turbulence,”

Annu. Rev. Fluid Mech. 24, 395 �1992�.
18

C. Torrence and G. P. Compo, “A practical guide to wavelet analysis,”

Bull. Am. Meteorol. Soc. 79, 61 �1998�.

115113-14 Cavalieri et al. Phys. Fluids 22, 115113 �2010�

53



Chapter II. A study of noise-controlled mixing layers

54



Chapter III

Intermittent sound generation in a subsonic jet

The study of two-dimensional mixing layers, presented in the previous chapter, showed that

optimal control acts via an intermittent change in the structure of the mixing layer, suppressing

the interaction of three vortices which led to a pressure burst in the acoustic field of the

uncontrolled flow. We also detected similar bursts in a longer simulation of the uncontrolled

mixing layer using a continuous wavelet transform.

In this chapter, we study a large eddy simulation of a Mach 0.9 jet in order to ascertain

if a similar mechanism is present in such a flow. The three-dimensional behaviour of the flow

is treated by a decomposition of both velocity and pressure into azimuthal Fourier modes. As

for the mixing layer, we apply the continous wavelet transform to identify acoustic bursts,

and observation of the flow field at times corresponding to the generation of bursts allows the

identification of noisy events. Both the decomposition of the field in azimuthal modes and the

identification of intermittent acoustic radiation are related to previous works in the literature,

described in detail in section 2.2.2.

We present in this chapter a reproduction of the journal article “Using large eddy simulation

to explore sound-source mechanisms in jets” [31], published in Journal of Sound and Vibration,

330(17):4098-4113, 2011.
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a b s t r a c t

This paper presents an analysis of data generated by means of large eddy simulation for

a single-stream, isothermal Mach 0.9 jet. The acoustic field is decomposed into Fourier

modes in the azimuthal direction, and filtered by means of a continuous wavelet

transform in the temporal direction. This allows the identification of temporally

localised, high-amplitude events in the radiated sound field for each of the azimuthal

modes. Once these events have been localised, the flow field is analysed so as to

determine their cause. Results show high-amplitude, intermittent sound radiation for

azimuthal modes 0 and 1. The mode-0 radiation, which dominates low-angle emission,

is found to result from the temporal modulation of a basic axisymmetric wave-packet

structure within the flow. Similar intermittent activity, observed, again within the flow,

for azimuthal mode 1 suggests a link between the modes 0 and 1 dynamics. Both the

amplitude and spatial extent of the axisymmetric wave-packet are modulated, and the

strongest axisymmetric propagative disturbances are found to radiate from the down-

stream end of the wave-packet at moments when the wave envelope becomes

truncated. The observed behaviour is modelled using a line-source wave-packet ansatz

which includes parameters that account for the said modulation. Inclusion of these

parameters, which allow the wave-packet to ‘‘jitter’’ in a manner similar to that

observed, leads to good quantitative agreement (accurate to within 1.5 dB), at low

emission angles, with the acoustic field of the LES. This result is in contrast with results

obtained using a time-averaged wave-packet (one which does not jitter), for which a

12 dB error is observed. This result shows that the said modulations are the salient

source feature for the low-angle sound emission of the jet considered. Analysis of a

longer time series shows the occurrence of several similar high-amplitude bursts in the

axisymmetric mode of the acoustic pressure, and a calculation of the radiated sound for

this longer time-series, again using the wave-packet ansatz, once again leads to good

agreement with the LES (now accurate to within 1 dB).
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1. Introduction

A number of experimental studies [1–3] have shown that jet noise, especially for low emission angles, is composed of

intermittent high-energy bursts. More recently, analysis [4] of the optimally controlled mixing layers of Wei and Freund

[5] has revealed that the main change in the controlled flow amounted to the removal of a spatiotemporally localised

event, comprising a triple vortex merger, which was particularly efficient in the production of a propagative disturbance.

The sound production mechanism associated with this event can be understood in the context of the retarded-potential

integrals by which classical acoustic problems can be understood, and which underpin all acoustic analogies. However, on

account of the localised nature of the ‘‘loud’’ event, it could not be identified through a consideration of the second- or

fourth-order statistics, which have a tendency to ‘‘smear’’ the local information, thus producing a misleading picture

regarding the structure of the source and sound fields. This shows how such statistics may be ill-suited for an efficient

description of this kind of intermittent source activity. From this, one can infer that modelling based on such statistics will

also be poorly adapted; and this may explain why acoustic analogy modelling approaches struggle to provide reliable

sound prediction when they are based on such statistics.

An interesting question which one can ask is: If the essential local flow characteristics associated with sound

production are clearly identified, can simplified prediction methodologies be made more robust? Analysis of the Wei and

Freund databases by three of the authors led to the development of some simple source models [6], by means of which we

have begun to address this question; these models are equipped with the parameters, the study of which the numerical

data suggests is most important for sound production.

The present paper constitutes our next step in this work. We here study a subsonic jet, which we compute by means of

large eddy simulation (hereafter LES). This kind of simulation allows the calculation of flows with Reynolds numbers that

would be prohibitively costly for a direct numerical simulation. Although the jet is initially laminar and the computation

did not include the nozzle geometry, the present LES is able to reproduce experimental data of turbulent jets, and some

validation results are presented in the Appendix. However, our model jet does not reproduce all features of the turbulence

and acoustic fields of experimental jets, comprising, as do other calculations of the same kind, a low-pass filtered solution.

We expect nonetheless that the present computation correctly reproduces the behaviour of the locally largest structures in

the sound producing region of the flow; the fact that good agreement with experimental data is obtained in the peak

regions of the spectrum attests to this.

In the present work we endeavour to use this numerical data to identify the salient features of the flow structure where

sound production is concerned, and we do so by means of an analysis methodology similar to that applied to the optimally

controlled two-dimensional mixing-layer data [4]. We decompose the radiated pressure field into azimuthal Fourier modes,

and then analyse the temporal structure associated with each of the modes by means of the wavelet transform (this proved

particularly useful in the study of both the low Reynolds number two-dimensional numerical data [4] and high Reynolds

number experimental data [7]). In this way we filter the pressure field so as to isolate the temporally localised high-amplitude

events. Having identified these we then study the flow data, again aided by Fourier azimuthal decomposition and wavelet

transforms, in order to discern the flow organisation which led to the high-amplitude emission.

Results show how strong axisymmetric radiation can be explained by the time-varying modulation of the amplitude

and axial extent of an axisymmetric wave-packet in the region upstream of the end of the potential core. The said

modulation appears to be associated with the transition from dominance by axisymmetric structure to dominance by

higher order azimuthal structure, and the time-scale of the axisymmetric modulation is found to be close to that of the

first helical mode. We construct a simple wave-packet line-source model which mimics this behaviour, and we show how

the inclusion of space–time ‘‘jitter’’ in the model leads to a quantitative estimate which is within 1.5 dB of the LES

computation at low angles.

2. Flow simulation

The numerical algorithm used for the large eddy simulation is the same as that described in [8]. The conservative

Navier–Stokes equations are solved by a density-weighted standard Favre-filtered compressible LES formalism, with the

macro-temperature closure described in [9], and the filtered structure-function subgrid-scale turbulence model proposed

by [10]. Spatial derivatives are computed with a fourth-order-accurate finite scheme [11] for both the inviscid and viscous

portion of the flux [12]. A second-order predictor–corrector scheme is used to advance the solution in time. In addition,

block decomposition and MPI parallelisation are implemented. The three-dimensional Navier–Stokes characteristic non-

reflective boundary conditions (3D-NSCBC), developed by Lodato et al. [13] are applied at the boundaries of the

computational domain to account for convective fluxes and pressure gradients across the boundary plane. In order to

simulate anechoic boundary conditions, the mesh was stretched and a dissipative term is added to the equations, in the

sponge zone, following [14].

2.1. Numerical details

The computations were performed on an IBM power6 machine at ‘‘IDRIS’’ using 64 processors. The computational

domain comprises 19 million grid points: 400 points in the streamwise direction, and 218 points in both the y and z

A.V.G. Cavalieri et al. / Journal of Sound and Vibration 330 (2011) 4098–4113 4099
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directions. The extension of the computational domain is 40D�30D�30D (where D is the jet diameter). The sponge

region is from x¼20D to 40D in the streamwise direction, and from 710D to 715D in the transverse y and z directions.

The minimum grid spacing in the y and z directions is D0 ¼ r0=25 and Dxmin ¼ 3D0 in the streamwise direction. The axial

mesh spacing is constant up to x¼20D, and then stretched at a rate of 2 percent to match Dxmax ¼Dymax ¼Dzmax ¼ 0:8D at

the end of the computational domain.

The computations spanned 360 000 time steps (Dt¼ 2:2� 10�7 s) which corresponds to a total run time of 180 h.

2.2. Flow parameters

The simulation parameters correspond to those of Bogey and Bailly [15]: M¼0.9 and Reynolds number Re¼4�105,

with Tj=T1 ¼ 1. The inflow axial velocity profile is given by a hyperbolic tangent profile as [16]

uðrÞ ¼U1þ ðU�U1Þ
2

1�tanh b
r

r0
� r0

r

� �� �� �

, (1)

where b¼ r0=ð4dyÞ and the momentum thickness of the shear layer is dy ¼ 0:05r0. The initial mean temperature is

calculated with the Crocco–Busemann relation and the mean initial pressure is constant. Transition to turbulence is caused

by means of solenoidal disturbances, introduced near the inflow boundary, which take the form of a vortex ring, as per

Bogey and Bailly [17]. The forcing parameters correspond to those of the ‘‘LESmode’’ simulation of Bogey and Bailly [18].

Fig. 1 shows instantaneous isosurfaces of the Q-criterion, coloured by the streamwise vorticity, in addition to the

radiated pressure field. Mean and turbulent flow quantities, integral length scales, radiated OASPL and acoustic spectra

have been validated against numerical and experimental data; some validation results are presented in the Appendix.

3. Analysis of sound-source mechanisms

Motivated by the results of Cavalieri et al. [4] we choose in this work to study the LES data using azimuthal Fourier

decomposition and temporal wavelet transforms. The latter proved to be well suited to the identification of the aforesaid

space–time localised source activity.

3.1. Azimuthal structure of sound field

Throughout the present paper, the jet data is analysed by means of a Fourier series for the azimuthal angle f, measured

with respect to the x3-axis; the x2-axis corresponds to f¼ p=2. For the pressure, for instance, we have

pðx,r,f,tÞ ¼ pA0ðx,r,tÞþ
X

1

m ¼ 1

½pAmðx,r,tÞcosðmfÞþpBmðx,r,tÞsinðmfÞ�, (2)

Fig. 1. Snapshot of the M¼0.9 jet: centre, isosurfaces of positive Q ¼ 0:05ðU=DÞ2; outer regions, radiated pressure field.
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where the coefficients in the series are given by

pA0ðx,r,tÞ ¼
1

2p

Z p

�p
pðx,r,f,tÞ df, (3)

pAmðx,r,tÞ ¼
1

p

Z p

�p
pðx,r,f,tÞcosðmyÞ df, (4)

pBmðx,r,tÞ ¼
1

p

Z p

�p
pðx,r,f,tÞsinðmyÞ df: (5)

The Fourier series is expressed in terms of real coefficients; this is preferred as it gives the component of each azimuthal

mode m aligned with x3 (Am coefficients) and x2 (Bm coefficients). The coefficients of an equivalent complex-valued Fourier

series can nonetheless be obtained as

C0 ¼ A0, (6)

Cm ¼ Amþ iBm

2
, (7)

C�m ¼ Am�iBm

2
: (8)

Pressure data on a cylindrical surface at r¼9D from the jet axis is decomposed in a Fourier series in f. Fig. 2(a) shows

that modes 0, 1 and 2 are sufficient to represent the acoustic field with less than 2 dB difference for all points.

The directivity of the various modes are shown in Fig. 2(b): downstream radiation is dominated by the axisymmetric

mode, whereas in sideline directions modes 1 and 2 dominate.

3.2. Wavelet analysis of the sound field: intermittency

The continuous wavelet transform

~pðx,s,tÞ ¼
Z 1

�1
pðx,tÞcðs,t�tÞ dt (9)

is used to analyse the temporal structure of the sound field at each point on the line-array and for each of the azimuthal

modes. cðs,t�tÞ is a family of wavelet functions, obtained by translation and dilatation of a mother wavelet function cð1,tÞ.
We use the Paul wavelet with m¼4:

cð1,t�tÞ ¼ 2mimm!
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

pð2mÞ!
p ½1�iðt�tÞ��ðmþ1Þ: (10)

The motivation for using this complex valued wavelet is that it does a better job of producing a coherent signature in

the scalogram over an integral scale which can be associated with single ‘‘events’’. This capability is due to the fact that

both zero crossings and cusp-like peaks associated with high-amplitude events in the pressure signal are captured and

lumped together such that they sign as a single event in the scalogram (see Kœnig et al. [7] for a comprehensive evaluation

of the behaviour of different kinds of wavelet).
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Chapter III. Intermittent sound generation in a subsonic jet

3.2.1. Axisymmetric mode

Two scalograms of the pressure signature of the axisymmetric mode are shown in Fig. 3. The x positions correspond to

emission angles of 301 and 701. Some temporally localised energy concentrations can be seen, and these are especially

strong for the pressure at 301. We will be interested in studying the flow behaviour which is responsible for these high-

amplitude events.

In order to isolate these bursts, we apply a filter in wavelet space so as to retain only the high-energy peaks. We define a

threshold a and decimate the wavelet coefficient ensemble so as to produce a filtered pressure field:

~pf ðx,s,tÞ ¼
~pðx,s,tÞ if j ~pðx,s,tÞj24as2

,

0 if j ~pðx,s,tÞj2oas2
,

(

(11)

where s2 is the mean square value of the pressure in the time domain. The accuracy of the wavelet transform has been

checked with the application of a direct wavelet transform to the LES signals followed by an inverse transform without

filtering, which results in the reconstruction of the original time series with a typical relative error of 0.5 percent using 80

scales spanning the frequency content of the jet.

The wavelet transform is here being used simply as an event identifier. Inspection of Fig. 3(a) clearly shows how the

transform identifies a high-amplitude event at tc0=D� 28. A threshold value of a¼ 0:00015 is used to filter and thereby

enhance such signatures (the same value is used throughout the paper), and as such it constitutes a means by which a

space–time labelling of such events can be effected; this labelling procedure is relatively insensitive to the precise value of

awhich is chosen. For a more quantitative analysis of filtered signals this threshold would of course be required to become

a parameter of the study; such a parametric study has been performed by Kœnig et al. [7].

A peak in the scalogram may be due to two things: if a signal has intermittent bursts, there will be an energy

concentration in the time direction of the scalogram; if a signal comprises a pure tone, there will be a concentration in the

scale direction. If both conditions are verified, we have high concentrations in a limited region in both s and t. In this case,

this is due to a high correlation of the original signal with a particular scale during a limited time interval. Physically, this

corresponds to the presence in the temporal time series of a high-amplitude acoustic wave-packet, whose shape is well

described by the wavelet function; such a signature can be interpreted as either an isolated energy burst or as a

modulation, comprising an amplitude increase, of a given wave. Both possibilities will give an energy concentration both

in time and in frequency, leading to a burst in the scalogram. Based on this we loosely refer to as ‘‘bursts’’ or ‘‘events’’ the

energy concentrations in the scalograms which are retained in the filtered signals. Whether these signatures correspond to

bursting events or modulated waves is, to a certain degree, peripheral with regard to our objective, which is to analyse and

understand the events in the flow which underpin these modulations or ‘‘bursts’’.
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The filtered pressure in the time domain is obtained by application of the inverse wavelet transform:

pf ðx,tÞ ¼
1

Cd

Z 1

0þ

~pf ðx,s,tÞ
s3=2

ds: (12)

This operation is performed independently for each position x. The original and filtered pressures with a¼ 0:00015 are

shown in Fig. 4. This threshold value was used for all of the filtering operations reported in this paper.

Both the unfiltered and filtered pressure signatures show similar phase velocity, indicating that the main sound radiation

originates somewhere between 5 and 7 diameters downstream of the exit plane, i.e. just downstream of the end of the

potential core; however, it is worth noting that refraction of sound waves by the mean-flow will deform wavefronts such that

this ‘‘origin’’ appears further downstream than it actually is. As both filtered and unfiltered fields manifest the same phase

speed, we can infer that the turbulent structures in the vicinity of the end of the potential core have a somewhat regular

character interspersed with localised high-energy events. These results are consistent with the literature [1–3].

3.2.2. Azimuthal mode 1

The same filtering procedure was carried out for the other azimuthal modes. Fig. 5 shows the original and the filtered

pressures for mode 1. The results are similar to those obtained for mode 0, but the intermittent bursts are present at higher

emission angles; this is coherent with the directivity of this mode, presented in Fig. 2(b). Analysis of the phase velocity

again situates the source in the vicinity of the end of the potential core.

3.2.3. Azimuthal mode 2

Fig. 6 shows similar results for azimuthal mode 2. The bursts are still present, however with lower intensity and a lower

degree of spatial correlation.

3.3. Wavelet analysis of the flow field

The same filtering operation is now applied within the confines of the turbulent field. On the jet centreline, the

transverse velocity components, v and w, show intermittent peaks downstream of the potential core which are similar to

those detected in the acoustic field. Fig. 7 shows the results for the wavelet filter applied to the v velocity component; to

examine the relationship between the intermittency on the centreline and the bursts in the acoustic field, we show, in

Figs. 7(a) and (b), the filtered v velocity in a retarded-time reference frame (Fig. 8).
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Fig. 4. Pressure at the acoustic field (azimuthal mode 0): (a) original and (b) filtered.
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Chapter III. Intermittent sound generation in a subsonic jet

Two filtered events in the acoustic field can be observed for mode 0 (19otc0=Do35;70otc0=Do80), shown in

Fig. 7(c). One of these (19otc0=Do35) correlates well with the flow events identified around x¼6D, shown in Fig. 7(b)

(marked with an � ). A second strong signature in the flow field at ðtþR=c0Þc0=D¼ 85 does not correlate with the filtered

structure of the axisymmetric mode; however, as shown in Fig. 5(a), we see that it corresponds to an intermittent event in

the filtered mode 1 signature.

We performed the same filtering with an azimuthal decomposition of the velocity field at r¼D/2. Comparison of the

filtered v velocity component on the jet centreline with the filtered mode 1 (A1 coefficient) of the azimuthal velocity

component on the lipline shows that the first intermittent burst retained by the filtering is similar for the two variables. As

the A1 component of mode 1 is related to cosf, the direction of the mode 1 fluctuation of the azimuthal velocity

corresponds to the v Cartesian velocity component of our coordinate system, as shown schematically in Fig. 9(b). We infer

that the intermittent event near the end of the potential core, which correlates with the bursts in the acoustic field, are

high-amplitude transverse oscillations of the jet at that axial station: a transverse motion associated with azimuthal

mode 1.
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3.4. A model for the axisymmetric pressure burst

Further evidence of the high-amplitude, temporally localised, mode 1 activity in the jet is manifest when we apply the

azimuthal decomposition to the near pressure field (which comprises the hydrodynamic footprint of coherent turbulent

structures [19]); this is shown in Figs. 10(a) and (b) for a cylindrical surface with r/D¼1.

The space–time signature of the first two azimuthal modes of the near-field pressure are plotted. The axisymmetric

mode shows a clear wave-packet structure, with oscillations whose time-scale is nearly constant, and whose amplitude

undergoes modulation in both space and time. This kind of modulation is similar to that modelled by Lele [20] and

Cavalieri et al. [6]. For azimuthal mode 1 such an organised wave-packet structure is not so clear. Focusing on the first 10

non-dimensional time units we see how the spatial amplitude modulation of the axisymmetric mode undergoes a sudden

reduction in axial extent (this occurs at tc0=D¼ 7). At approximately the same time there is a high-amplitude event seen in

azimuthal mode 1, in the vicinity of x/D¼6; this event corresponds to the peak detected in the transverse velocity (Fig. 7).

The axial variations of azimuthal mode 0 at three times leading up to the abrupt attenuation are shown in Fig. 11. We

see how the signatures can be divided into a smooth wave-packet zone (envelopes indicated by the thick lines), and a more

disturbed downstream zone. At tc0=D¼ 2 the smooth wave-packet zone extends to x/D¼6, whereas at tc0=D¼ 8 the wave-

packet form has been truncated to x/D¼5, and the instantaneous amplitude envelope has a steep slope.

In Fig. 12 we get a better sense of the global fluid motion over the duration of this sound-producing event. The cross-

section is taken in a plane which is aligned with the direction (identified from the real and imaginary parts of the mode 1)

of the helicoidal motion of the flow. Prior to the times shown in Fig. 12 the flow organisation does not present such marked

axisymmetry. This implies low levels in the axisymmetric component of the hydrodynamic pressure field. Fig. 12(a) shows

the flow organisation (as discerned by its hydrodynamic pressure footprint) when there is a strong increase in the

axisymmetric component, but the inclination of the structures just downstream of the axisymmetric wave-packet means

that it is abruptly truncated. It is at approximately this moment that the first axisymmetric, negative pressure pulse,

identified in Fig. 4 and shown in Fig. 12(a) with a red arc, begins to propagate. A snapshot of the pressure field of the

simulation in a plane transverse to the jet at x/D¼7 is shown in Fig. 13, showing that the generated negative pressure burst

is indeed predominantly axisymmetric.

At tc0=D¼ 9:514 the organised axisymmetric wave-packet observed at tc0=D¼ 8:576 has convected downstream, and

has maintained its axisymmetry: we now have a strong axisymmetric pressure wave-packet, but with an extended

envelope. The evolution to tc0=D¼ 12:596 comprises a second, abrupt, truncation of the axisymmetric wave-packet, again

associated with the tilting of these structures in the vicinity of the end of the potential core. The second axisymmetric,

Fig. 9. Direction of velocity vectors of the azimuthal component of velocity for (a) axisymmetric and (b) first helical mode.
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Chapter III. Intermittent sound generation in a subsonic jet

Fig. 12. Pressure at the x1–x2 plane of the jet for (a) tc0=D¼ 8:576, (b) tc0=D¼ 9:514, (c) tc0=D¼ 12:596 and (d) tc0=D¼ 16:482. (For interpretation of the

references to color in this figure legend, the reader is referred to the web version of this article.)
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negative pressure pulse is released at approximately this time. Following this a new extension of the wave-packet

envelope is observed for tc0=D¼ 16:482.

These observations indicate that the flow drifts in and out of axially coherent axisymmetry. The axisymmetric

component of the flow thus experiences spatiotemporal fluctuations in both the amplitude and the axial extension of its

envelope. This temporal modulation has a time-scale which is lower than the period of the axisymmetric mode, which

corresponds to St� 0:4. The temporal modulation of the axisymmetric mode occurs at times when high amplitudes are

detected for azimuthal mode 1; this suggests that these events may be related. The possibility that these different

azimuthal modes of the flowmay be dynamically coupled is currently being explored in a separate study and is beyond the

scope of the present paper. Where present investigation is concerned, the salient flow feature with regard to temporally

localised high-amplitude sound radiation is the modulation of the axisymmetric wave-packet, and we will focus on this

aspect of the flow in what follows.

It is worth mentioning that such behaviour has been both observed and modelled in a number of studies. The

truncation [21,22] and temporal modulation [23,20,6] of wave-packets have been studied and shown to lead to an

increased sound radiation efficiency. The latter papers both show that at high Mach number the effect of temporal

modulation can be important.

Such observations are in agreement with a number of other experimental and numerical studies. Kastner et al. [24], for

example, show, for a lower Reynolds number jet computed by DNS, that intermittent bursts radiated to low polar angles

are associated with the breakdown of an instability wave near the end of the potential core of a Mach 0.9 jet. Hileman et al.

[3] show, in an experimental study of a perfectly expanded Mach 1.28 jet, that intermittent noise generating events at 301

to the jet axis are related to the large-scale entrainment of ambient fluid by coherent structures toward the centre of the

jet, and to a consequent shortening of the potential core. Such behaviour may arise on account of the radial displacement

of vortex rings which will draw ambient fluid inwards toward the potential core region of the flow, and lead to the

truncation of the axisymmetric wave-packet. Our observations are similar to those of Kastner et al.; however, we would

like to obtain a more quantitative verification, and we do so in what follows by means of a simplified source model, fitted

with the LES velocity data, and whose sound field we then compare with the LES.

4. Quantitative evaluation of the wave-packet radiation

The analysis of the previous section is based on a wave-packet model for the source. In order to determine if this

hypothesis is consistent with both the turbulent and the acoustic fields of the present jet, we have fitted an averaged

axisymmetric wave-packet to the jet data to check if with this very simplified model we are able to get radiation levels

close to those of the LES.

We use a modified version of Crow’s model [21,22], which is based on a convected wave for the axial velocity, with

spatial modulation given by a Gaussian function. This model, proposed by Cavalieri et al. [6], adds temporal changes of

modulation: the frequency and wavenumber of the convected wave remain constant, but the parameters of the Gaussian

envelope change in time. The source term is concentrated on a line, and has only the T11 component of Lighthill’s stress

tensor:

T11ðy,tÞ ¼ 2r0U ~uðtÞpD
2

4
dðy2Þdðy3Þeiðot�ky1Þe�ðy1�yc Þ2=L2ðtÞ

, (13)

where the wavenumber k for the convected wave is given by o=ðMcc0Þ, Mc being the Mach number of the convected wave.

Fig. 13. Pressure field at x/D¼7 and tc0=D¼ 10:5.
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Chapter III. Intermittent sound generation in a subsonic jet

While the Lighthill source term is known to contain flow–acoustic interaction effects [25], the source ansatzwe propose

is characterised by a convection velocity of Mc � 0:5 and is concentrated on a line; we thus consider that the model

problem we pose essentially describes sound production by subsonically convected hydrodynamic disturbances, rather

than sound refraction effects by the radial gradients of the mean flow.

Solving Lighthill’s equation for the pressure,

pðx,tÞ ¼ 1

4p

ZZZZ

q
2Tij

qyiqyj
ðy,tÞ

d t�t�jx�yj
c0

� �

jx�yj dt dy (14)

with a far-field assumption, and considering that the amplitude ~u and the width L change slowly if evaluated at retarded-

time differences along the wave-packet, leads to an analytical expression for the radiation of the wave-packet [6]:

pðx,tÞ ¼ �
r0U ~u t�jxj

c0

� �

M2
c ðkDÞ2L t�jxj

c0

� �

ffiffiffiffi

p
p

cos2y

8jxj e�L2ðt�jxj=c0Þk2ð1�MccosyÞ2=4eioðt�jxj=c0Þ: (15)

By replacing ~u and L with their time-averaged values the above expression gives the sound pressure radiated by a

wave-packet with no such modulation. We will compare the two in order to assess the impact of the wave-packet ‘‘jitter’’.

Eq. (15) shows that the temporally localised truncation of the wave-packet structure, observed in Section 3.4, can lead

to high-amplitude radiation to the far field: a reduction in L will result in a significant increase of the first

exponential term.

We use data taken from a cylindrical surface with r¼D/2 to furnish our model. Streamwise velocity data for the

axisymmetric mode is used to obtain the parameters of the wave-packet. We proceed as follows:

� The frequency o is chosen as the peak frequency for the axial velocity at x1¼3.5D, i.e. the position of saturation of the

wave-packet, as seen in Fig. 10(a). For the present jet, this corresponds to a Strouhal number of 0.4.1

� The convection Mach number Mc is taken as the lipline value (0.543M); to determine it we use the peak in a frequency-

wavenumber spectrum for the axisymmetric component of the streamwise velocity.

� The envelope length LðtÞ and the amplitude ~uðtÞ are obtained by Gaussian fits to the axisymmetric component of the

axial velocity on the jet lipline at each time. In order to do this, we first filter the velocity field, retaining only a range of

frequencies from St¼0.3 to 0.5. We then use two approaches to determine an instantaneous wave-packet envelope: we

do either a Hilbert transform in time, which is known to give the modulation of a harmonic oscillation if this

modulation is bandwidth limited [26], or we use a short-time Fourier series, similar to that described by Tadmor et al.

[27]: the temporal dependence of velocity at a position x is considered a harmonic oscillation of frequency o, but with

an amplitude that changes slowly in time:

uðx1,tÞ ¼ Aðx1,tÞcosðotÞþBðx1,tÞsinðotÞ: (16)

The coefficients A and B are obtained with a short-time Fourier series:

Aðx1,tÞ ¼
2

T

Z tþT=2

t�T=2
uðx1,tÞcosðotÞ dt, (17)

Bðx1,tÞ ¼
2

T

Z tþT=2

t�T=2
uðx1,tÞsinðotÞ dt (18)

and the instantaneous amplitude of the oscillations is given as
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

Aðx1,tÞ2þBðx1,tÞ2
q

. The moving window width T is taken

as the period of oscillation in o. We then calculate instantaneous lengths and amplitudes using the Gaussian fits for

each instantaneous envelope. Some sample fits for the Hilbert transform envelope are shown in Fig. 14.

We compare, in Fig. 15, the results of this model with the SPL of the azimuthal mode 0 of the LES, taking a frequency

range from St¼0.3 to 0.5. Two calculations are performed, one for an ‘‘average wave-packet’’, whose amplitude ~u and

width L are constant and equal to the ensemble-average values of the fitted Gaussians, and another for the ‘‘instantaneous

wave-packet’’, where ~u and L change in time according to the instantaneous fits of both the Hilbert transform of the data

and of Eq. (16). We show, for the instantaneous wave-packet, two different calculations: an analytical one, which is the

direct application of Eq. (15), and a numerical calculation of the integral of Eq. (14), without the far-field assumption, since

the domain boundary for the LES is not in the geometrical far acoustic field. The differences between the analytical and

numerical calculations are small.

Although highly simplified, the proposed model of a ‘‘jittering’’ wave-packet leads to results which are within 1.5 dB of

the LES for low axial angles. This agreement indicates that the proposed ansatz for the source comprises the salient

1 This Strouhal number, together with the jet Mach number 0.9, justify the use of a source concentrated on a line: since D=l is equal to St M, for the

present numerical values the jet diameter is approximately one-third of the wavelength, and we can consider a compact source in the transversal

direction; more details can be found in Cavalieri et al. [6]. The non-compactness in the axial direction is nonetheless retained in the calculations.
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features for low-angle sound production. Note that the SPL values of Fig. 15 are close to the OASPL values for mode 0 for

low axial angles (Fig. 2), since the analysed frequency range of 0:3rStr0:5 contains the peak levels at low axial angles for

this jet, and thus dominates the overall level.

The ‘‘average wave-packet’’ results are not so good, and this reflects the sensitivity of the sound radiation to temporal

changes in the wave-packet envelope, again showing these to comprise important source parameters. This can be seen in

the dependence of acoustic pressure on the envelope width LðtÞ, which is inside an exponential function in Eq. (15). The

radiation is thus nonlinear with respect to the envelope width, and the average value of LðtÞ does not give an average

amplitude in the acoustic field.

5. Evaluation of intermittent bursts in a longer time series

The analysis in Section 3.2 was performed using a short time series of the simulation, corresponding to the flow events

analysed earlier. In order to both confirm that similar events occur repeatedly, and to then further test the ability of the

wave-packet ansatz to quantitatively capture the sound radiation, we consider a longer time series of 450D=c0. This time

series is comparable with those frequently reported in the archival literature for LES [28–30].

We again apply the wavelet transform, as described in Section 3.2, to the azimuthal mode 0 of the acoustic pressure at

y¼ 303 to the jet axis. The results are shown in Fig. 16, where we identify eight energy bursts, labelled A–H, in the

acoustic field.

The application of the filter described in Section 3.2 to the axisymmetric mode of the acoustic pressure leads once more to a

decimation of the sound field, as only the said energy concentrations of the scalogram are retained. The results are presented in

Fig. 17. We notice that the A–H bursts of Fig. 16, which are also marked in Fig. 17(b), appear at low axial angles.

We have applied the same fitting procedure of Section 4 for the axisymmetric mode of the streamwise velocity

component, and used the wave-packet parameters so obtained to calculate the radiated sound. The result (not shown) is

very similar to that obtained for the shorter time-series, but with an improved agreement (1 dB discrepancy with the LES)

at low axial angles. We thus confirm the pertinence of the analysis performed using the short time-series.

6. Conclusion

An analysis of data from a large eddy simulation is presented where temporal wavelet transforms are used, following

a Fourier azimuthal decomposition, to filter each of the azimuthal modes of the sound field radiated by a subsonic jet.
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The filtered fields are then studied with respect to the flow, which is also filtered using a wavelet decomposition. The

results show the wavelet decomposition to be a useful tool for post-processing of data from such simulations, in so far as

they can successfully isolate spatiotemporally localised events which are important for the production of sound, and which

tend to be missed by more standard second-order analysis techniques.

The analysis reported in this paper shows how high-amplitude axisymmetric signatures observed in the acoustic field

at low emission angles can be associated with the spatiotemporal modulation of the amplitude and axial extent of

axisymmetric wave-packets in the flow. This modulation appears to be related to higher order modal activity at the end of

the potential core. Quantitative agreement between the sound radiation computed by the LES and that computed using a

wave-packet model which comprises space–time ‘‘jitter’’ such as observed in the data reinforces the proposed arguments.

Wave-packet jitter is thus shown to comprise a salient source features where low-angle sound radiation is concerned.
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Appendix A. Validation of the large eddy simulation

We present in this appendix some results of the validation of the LES used in the analysis of this paper. Fig. A1 presents

the mean streamwise velocity, taken at the jet axis, compared to the experimental results of Jordan et al. [31] and Bridges

[32]. The cited experiments present differences regarding the potential core length: Jordan et al. [31] present a potential

core extending up to x¼7D, and for Bridges [32] it extends up to x¼8D. Both values are higher than the ones predicted by

the empiric law derived for isothermal jets by Lau et al. [33] (5.1D and 5.26D, respectively), possibly due to differences in
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the nozzle geometry and in the boundary layer conditions at the nozzle exit. To compare the different jets, we corrected all

results hereafter in order to match Lau et al.’s law; this was done with an upstream or downstream shift of the origin of the

coordinate system. As this correction is done, the profiles of mean streamwise velocity at the jet centreline present good

agreement, as seen in Fig. A1.

In Fig. A2 we see comparisons of the rms values of the velocity with the results of Jordan et al. [31] and Bridges [32]. We

note that for both components the initial conditions are not matched; thus the inflow excitation does not reproduce

exactly the boundary layers in the nozzle of the experiments, which is expected since the present LES does not include the

nozzle geometry. However, for the downstream points, and especially for the peak values, the rms values of the present

calculation are close to the experimental ones.

Fig. A3 presents comparisons of the convection velocity, which is compared to both the experiment of Bridges [32] and to

the LES of Bodony [29] at the jet axis (Fig. A3(a)) and the lipline (Fig. A3(b)). Close agreement is verified for both positions.

In Fig. A4 we see spectra in the far acoustic field for a point at 72D from the jet exit and at y¼ 453 from the jet

downstream axis, compared to the experimental results of Tanna [34] and to the LES of Bodony [29] (Bodony and Lele

[35]). We note that the present calculation agrees with the experimental results for Strouhal numbers ranging from 0.07 to

1. On the other hand, for lower frequencies the present calculation overestimates the sound. Since the experimental

spectrum peak is well calculated by the present method, the present large eddy simulation is a model that represents

sufficiently well the large-scale structures and its radiated sound for the Mach 0.9 jet. This spectrum peak is the focus of all

the analysis in the present paper.

The spectra for both LES decrease in an abrupt manner for high frequencies if compared to the experimental data. This

is due to the limitations in spatial discretisation of the domain of the LES, requiring the use of subgrid modelling.
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Chapter IV

Intermittent wave-packet source models and

radiated sound

The observations made using the simulations in chapters II and III, as well those of previous

works in the literature, showed that bursts of acoustic radiation may be caused by intermittent

changes in the pattern of convecting coherent structures.

This motivated the inclusion of jitter in a wave-packet source model in order to assess the

effect of intermittent changes in the interference pattern created by neighbouring structures,

and to verify if such changes can explain the bursts observed in the flow simulations presented

in the previous chapters.

In what follows we present a reproduction of the journal article “Jittering wave-packet

models for subsonic jet noise” [33], published in Journal of Sound and Vibration, 330(18-

19):4474-4492, 2011.
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a b s t r a c t

Three simplified wave-packet models of the coherent structures in subsonic jets are

presented. The models comprise convected wave-packets with time-dependent ampli-

tudes and spatial extents. The dependence of the radiated sound on the temporal

variations of the amplitude and spatial extent of the modulations are studied separately

in the first two model problems, being considered together in the third. Analytical

expressions for the radiated sound pressure are obtained for the first and third models.

Results show that temporally localised changes in the wave-packet can lead to

radiation patterns which are directional and which comprise high-amplitude bursts;

such intermittency is observed in subsonic jets at the end of the potential core, and so

the models may help explain the higher noise levels and intermittent character of the

sound radiated to low emission angles for subsonic jets. By means of an efficiency

metric, relating the radiated acoustic power to the fluctuation energy of the source, we

show that the source becomes more powerful as its temporal localisation is increased.

This result extends that of Sandham et al. ( Journal of Sound and Vibration 294(1)

(2006) 355–361) who found similar behaviour for an infinitely extended wavy-wall.

The pertinence of the model is assessed using two sets of data for a Mach 0.9 jet. One

corresponds to a direct numerical simulation (DNS) of a Reynolds number 3600

turbulent jet and the other to a large eddy simulation (LES) of a Reynolds number

4�105 jet. Both time-averaged and time-dependent amplitudes and spatial extents are

extracted from the velocity field of the numerical data. Computing the sound field

generated by the wave-packet models we find for both simulations that while the

wave-packet with a time-averaged envelope shows discrepancies of more than an order

of magnitude with the sound field, when the wave-packet ‘jitters’ in a way similar to

the intermittency displayed by the simulations, we obtain agreement to within 1.5 dB

at low axial angles. This shows that the ‘jitter’ of the wave-packet is a salient source

feature, and one which should be modelled explicitly.

& 2011 Elsevier Ltd. All rights reserved.

1. Introduction

Estimation of the sound radiation from a turbulent flow, using an acoustic analogy, requires the solution of a

propagation equation, assuming some given form for a corresponding source term. This form must be such that the sound
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]

producing kinematic structure of the turbulence is approximated in a physically pertinent manner. When Lighthill first

provided us with a theoretical foundation from which to model, study and understand jet noise, turbulence, both generally

and in the specific case of the round jet, was considered to comprise a space–time chaos, devoid of any underlying order.

The standard at that time for the kinematic description of turbulence structure could be found in turbulence theories such

as that of Batchelor [1]: Attempts to understand and model turbulence were based on the Reynolds averaged Navier–

Stokes equations, where the only conceptual constructs invoked, aside from those expressed in the conservation equations,

are those required for closure (Boussinesq’s notion of eddy viscosity, for instance) on one hand, and, on the other, the flow

entities supposed to participate in the physical process associated with the various terms that appear in the RANS

equations: fluctuation energy is ‘produced’, ‘transported’, ‘dissipated’ by virtue of interactions between stochastic flow

‘scales’ or ‘eddies’. Source terms in acoustic analogies were constructed in accordance with this conceptual picture of

turbulence. Lighthill assumed a statistical distribution of uncorrelated eddies throughout the source region; and this led to

the well known U8 power law for an isothermal turbulent jet [2].

However, predictions based on Lighthill’s analogy, using such kinematical models for the turbulence, do not explain all

of the features of subsonic jet noise: at low emission angles (with respect to the downstream jet axis) the U8 power law

does not hold for example, and the narrower spectral shape is generally not well predicted. This of course does not

necessarily imply that there is anything wrong with the acoustic analogy as a theoretical framework for jet noise, as is

sometimes suggested in the literature. It simply means that the models used for the source and propagator have not been

adequately appropriated to the physical mechanisms which are at work in a turbulent jet.

An acoustic analogy constitutes an exact rearrangement of the fluid mechanics equations. If a flow solution is known

exactly, an accurate calculation of the sound field can be obtained, regardless of the source–propagator split. This has been

demonstrated by means of direct numerical simulation (hereafter DNS). Colonius et al. [3], for instance, calculated sound

generation by a mixing layer using Lilley’s analogy, Freund [4] used Lighthill’s analogy to determine the acoustic field of a

Mach 0.9 jet. More recently both Samanta et al. [5] and Sinayoko et al. [6] have used Goldstein’s [7] generalisation of the

acoustic analogy to explore other source–propagator splits. In all cases the correct sound field can be retrieved.

However, despite the possibility of accurate calculation of the acoustic fields, the source terms obtained from DNS have

not, to date, clearly revealed which features of a turbulent jet underpin the production of sound. It is therefore not clear

how the turbulence of a jet should be manipulated and modified in order to reduce noise. Some broad guidelines can of

course be provided. The solution of an acoustic analogy will place the far-field sound energy in relation to certain

turbulence quantities, such as the mean velocity field, the integral space- and time-scales, convection velocities, etc. And

we thereby have an indication of how changes in these turbulence quantities will impact the radiated sound power. But

we do not currently have tools capable of clarifying what kind of actuation, or design modification, will lead to a desired

change in such time-averaged quantities; the space- and time-local physical processes which underpin these statistical

measures are not clearly understood, and so we are generally obliged to operate on a trial and error basis. The evolution of

fluid mechanics, and aeroacoustics, will see the implementation of real-time, closed-loop control; and the aforesaid time-

averaged quantities will be of little use in this context. It will be necessary to directly model, both kinematically and

dynamically, the space- and time-local characteristics of flow events which generate sound. This paper, and others by the

first two authors, are motivated by this necessity.

Efforts to understand and model the space- and time-local behaviour of turbulence would be in vain were it not for the

underlying order which is now known to exist in most turbulent flows: soon after the first attempts by Lighthill and his

successors to predict the sound radiated by turbulent jets a change occurred in the way turbulence is perceived. Turbulent

flows were observed to be more ordered than had previously been believed, and a new conceptual flow entity was born,

sometimes referred to as a ‘coherent structure’, or, alternatively, a ‘wave-packet’. Mollo-Christensen was one of the first to

report such order in the case of the round jet: ‘yalthough the velocity signal is random, one should expect to see

intermittently a rather regular spatial structure in the shear layer’ [8]. A series of papers followed, confirming these

observations and postulating on the nature of this order ([9–11] to cite just a few). Stability theory was evoked as a

possible theoretical framework for the modelling of such flow behaviour, and kinematical and/or dynamical models for

coherent structures, based on ideas derived from stability theory, can be found, for instance, in the works of Michalke

[12,13], Crow [14], Crigthon and Gaster [15], Tam and Morris [16], Mankbadi and Liu [17] and Crighton and Huerre [18]:

coherent turbulent structures are modelled by means of a hydrodynamic stability analysis of the mean flow; for slowly

spreading mean flows solutions comprise waves which amplify spatially and then decay. From the point of view of sound

production, the salient features of such flow organisation, as identified by the said modelling efforts, are the process of

amplification and decay, and the high level of axial coherence, which makes of these structures a non-compact, ‘semi-

infinite antenna for sound’ [8]. This spatial modulation can help to explain, for instance, the results of Laufer and Yen [19],

whose excited low Mach number jet showed superdirective radiation.

A further feature of the unsteadiness associated with the orderly part of a turbulent jet is its intermittency. The above

citation from Mollo-Christensen recognises this. Crow and Champagne observed, by means of flow visualisation, the

appearance of a train of coherent ‘puffs’ of turbulence. These were characterised by an average Strouhal number of 0.3, but

the authors noted how ‘three or four puffs form and induct themselves downstream, an interval of confused flow ensues,

several more puffs form, and so on’. Further experimental evidence of this kind of intermittency can be found in the work

of Broze and Hussain [20], who observed that even when a forcing at St¼0.4 is applied at the nozzle exit, significant jitter

remains in the flow velocity signature.
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An illustration of the space–time flow structure that we here loosely qualify as a jittering wave-packet is provided in

Figs. 1(a) and (b). We see in Fig. 1(a) a space–time plot of the azimuthal mean of the streamwise component of the velocity,

taken from the Mach 0.9 jet DNS of Freund [21]. A pattern of convected waves is observed from x�D to x� 6D. These are

characterised by some average frequency, but they undergo a modulation which is both spatial and temporal: the

maximum amplitude of the wave changes in time, as does the position where it breaks down.

It is more difficult to access such information experimentally, as PIV systems do not currently provide sufficient

temporal resolution. However, the near-field pressure contains the footprint of evanescent waves generated by convected

hydrodynamic coherent structures, and nearfield microphone arrays (such as used by Picard and Delville [23], Suzuki and

Colonius [24], Tinney and Jordan [22], Reba et al. [25]) can be used to measure this footprint. Fig. 1(b) shows the near

pressure field of a coaxial jet measured by Tinney and Jordan [22]. A similar space–time structure to that observed in

Fig. 1(a) DNS is observed.2

The analysis and/or calculation of sound radiation by such spatio-temporal structure can be performed in the frequency

domain. The flow quantities are Fourier transformed in time, and the calculations are performed separately for each

frequency component, which is periodic by definition and therefore cannot represent temporal jitter; the signature of

jittering events is in this case spread across a range of frequencies. This approach is chosen, for instance, by Morris [26] and

Reba et al. [25] and is perfectly adequate for the evaluation of source models and for sound prediction.

If, on the other hand, we are interested in determining the instantaneous features of a jet that generate sound (which

closed-loop controllers will be required to manipulate in order to reduce noise), with a view to understanding flow

mechanisms and thence constructing more sophisticated models, an analysis in the time domain can be advantageous, for

it is no longer necessary to project the flow data onto infinitely extended basis functions. Such an approach proved useful

in the analysis by Cavalieri et al. [27] of the noise-controlled mixing layers of Wei and Freund [28]. The noise reduction in

the controlled flow was seen to be caused by a temporally localised action of the control; this prevented a space–time

localised flow event and an associated space–time localised energy burst in the acoustic field. A number of other studies

can be cited where time-domain analysis allowed a provision of insight which would not have been possible using spectral

analysis: experimental studies include those of Juvé et al. [29], Guj et al. [30], Hileman et al. [31] and Kœnig et al. [32] for

example; numerical examples can be found in the work of Kastner et al. [33] and Bogey and Bailly [34]. Fig. 2 shows a

scalogram taken from Kœnig et al., where time-local high-amplitude energy bursts in the acoustic field at 301 can be seen

at t� 0:323, 0.338, and 0.392 s.

In addition, therefore, to the spatial modulation evoked earlier, the ordered part of a turbulent jet is seen to comprise

temporal modulation, or ‘jitter’. The only works, to the best of our knowledge, where such behaviour has been explicitly
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2 It is worth pointing out that the Reynolds number of the DNS is 3600, while that of the experiment is 5�106!
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modelled, are those of Ffowcs Williams and Kempton [35] and Sandham et al. [36]. In the present work we wish to

evaluate how space–time modulation such as that shown in Figs. 1(a) and (b) impacts the radiated sound field (Fig. 2). We

follow the ideas of Ffowcs Williams and Kempton [35], who introduced some jitter in the phase speed of a convected wave,

but maintained a fixed envelope function. Our contribution is in the evaluation of the effect of temporal variations of this

envelope function, which are observable in Figs. 1(a) and (b). We propose three source models whose basic form is that of a

convected instability wave, but one which undergoes modulation in both space and time; in this sense, our model includes

both the characteristics of Crow’s [14] and Sandham et al.’s [36] models.

In order to validate our models we have chosen to use Lighthill’s acoustic analogy [2]. The simplicity of this analogy,

compared for instance with those of Lilley [37] or Goldstein [7], means that we are able to obtain most of the results

analytically, and this permits a comprehensive exploration of the parameter space of the jittering wave-packet models.

Furthermore, the availability of an analytical time domain Green’s function for Lighthill’s analogy means that the effect of

intermittent temporal variations can be obtained without the application of a Fourier transform, which might mask the

intermittent bursts, as it did in the case of Wei and Freund’s optimal controlled mixing-layer, by spreading their signature

over a large frequency range [28,27].

The work we pursue here is, largely, an exercise in system reduction. We are interested in the simplest possible

representation of the jet, as a source of sound, but which provides an acceptably accurate prediction of the radiated sound

field. This raises the question of optimal source description and robustness of the formulation used to describe the sound

generation process; these two issues are closely related.

The question of the robustness of acoustic analogies is an interesting one, that has been addressed by Samanta et al. [5]

in an ad hoc manner. The solutions of different acoustic analogies are calculated for the same direct numerical simulation

of a two-dimensional mixing layer. The sound fields computed by all analogies show good agreement with the DNS. The

flow fields are then artificially modified so as to introduce errors in the source q; this is done through a manipulation of the

coefficients of POD modes of the full solution. Errors result in the calculation of the radiated sound; for most cases similar

errors are obtained for the different formulations, but for one of the cases (division of the first POD mode coefficient by 2)

Lighthill’s analogy presents greater errors than the other formulations for the sound radiation in the upstream direction.

The problem can be thought of as follows. Consider the integral solution of an acoustic analogy, written in the general

form Lq¼ p. The parameter space of the source q is expressed in terms of an orthonormal basis and possesses an inner

product; such is the case, for instance, for the POD basis of Samanta et al. If we now consider the eventual impact of the

introduction of a small disturbance (modification) to the source, dq (as done by Samanta et al. for a number of different

analogies), we are interested in the impact that this will have on the acoustic field, i.e. dp. The problem comes down to the

following situation: if dqJrL then the sound field will be sensitive to small perturbations in the source, dq. dq is in this

case aligned with the direction of maximum sensitivity of the operator L in the parameter space considered. If, on the

other hand, dq ? rL, then changes in q will have no impact on the sound field, p.

This shows that the arbitrary introduction of disturbances to, and subsequent comparison of, two different analogies

cannot provide an unambiguous assessment, in an absolute sense, of the relative robustness of the two formulations. For, if

the gradients rL1 and rL2 have different directions in the parameter space, one will always be able to find a perturbation

which causes one operator to appear less robust than the other. This shows that, while the study of Samanta et al. is of

considerable interest as a first step in addressing this question of the robustness of acoustic analogies, it does not allow a

conclusive evaluation in this regard; the said authors recognise that the conclusions of their work are particular to the

studied flow and to the proposed disturbances.

The approach that we follow in the present paper amounts to an ad hoc, physics-based, filtering (or system reduction)

of flow data such that directions in the source parameter space that are irrelevant for the peak sound radiation at low

emission angles are removed. The system reduction is achieved in a number of ways. For example, by means of reasoning

based on the source compactness we choose to suppress the radial dimension of the jet—this choice is associated with the

Lighthill formulation of the problem; the choice of a convected wave ansatz, on the other hand, is based on observation (by

us and past researchers), as is the wave-packet ‘jitter’. The success of the jittering wave-packet ansatz in reproducing the

low angle radiation indicates that we have identified a robust source representation for the operator that we consider.

Fig. 2. Scalogram of the far-field pressure of a Mach 0.9 jet at 301 from the jet axis. Taken from Kœnig et al. [32].
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Chapter IV. Intermittent wave-packet source models and radiated sound

The paper is organised as follows. In Section 2 we obtain an analytical solution for the sound radiation of a wave-packet

whose spatial and temporal modulations are given by Gaussian functions; Section 3 presents numerical results for a source

model based on the reduction of the spatial extent of modulation during a certain period of time. Finally, we obtain in

Section 4 an analytical expression for a wave-packet whose amplitude and spatial extent both change slowly with time,

and a comparison of the model results with DNS (Freund [21]) and LES data (Daviller [38]; see also Cavalieri et al. [39]) is

presented in Section 5.

We see that the intermittent wave-packet can produce directive sound radiation, such as is observed in jets. We

furthermore show how intermittency increases the radiated power for a given fixed source fluctuation level. We then use

velocity data extracted from the DNS and the LES to compare the sound radiation of two wave-packets: one whose

amplitude and spatial extent is time-averaged and a second where the same quantities ‘jitter’ in the same way as velocity

data taken from the simulations. The time-averaged wave-packet shows a discrepancy of more than an order of magnitude

when compared with the DNS and the LES, while the ‘jittering’ wave-packet agrees to within 1.5 dB for downstream

radiation. This illustrates how the ‘jittering’ of the ‘coherent structures’ of the flow is a salient source feature, and it

suggests that, where simplified modelling strategies are concerned, an effort should be made to model this source

parameter explicitly.

Finally, the role played by such wave-packet jitter in a supersonic scenario is assessed in Appendix C. We find that,

while it is a salient feature for convectively subsonic flows, when the convective Mach number is greater than one the

jitter ceases to be so important, as would be expected from an analysis in the frequency–wavenumber space.

2. Temporally localised amplitude change of a wave-packet

In Lighthill’s analogy, the acoustic field is given, for a three-dimensional flow, as

pðx,tÞ ¼ 1

4p

ZZZ

1

jx�yj
q
2Tij

qyiqyj
ðy,tÞ

" #

t ¼ t�jx�yj=c

dy, (1)

where Tij is Lighthill’s stress tensor. We wish to write down as simple an expression as possible to model the source term, but

one which is capable of reproducing some of the features of jet noise at shallow angles to the jet axis. Thus we model Tij only

with the T11 term since it can be shown [40] that the radiation in the far field comes only from the component of Lighthill’s

tensor which is aligned with the radiation direction; at low axial angles we expect the efficiency of T11 to be higher than the

other components of the tensor. We present nonetheless the results of our model for higher angles. Although these results will

probably be in this case an underestimation of the radiated sound, the present results can be superposed with appropriate

models using the other components of Lighthill’s stress tensor to yield the radiated sound field at higher axial angles.

Furthermore, we only use the part of T11 that is linear in the velocity fluctuations. This choice is based on results of the

analysis by Freund [4] and Bodony and Lele [41], who have performed full propagations of the Lighthill source terms based

on a DNS and LES calculations, respectively. Their work showed that for the radiation of unheated Mach 0.9 and Mach 2

jets the linear term dominates at the peak frequencies at low angles. For instance, in Freund’s calculation the contribution

of the linear term at St¼0.2 at an angle of 301 is 10 dB higher than that of the quadratic term.

The linear term is sometimes argued to correspond to propagation effects, whereby the mean-flow convects and refracts

acoustic perturbations, rather than to sound generation. However, in our view the physical meaning of these linear terms

remains an open question. For example, in terms of incompressible turbulence mechanisms, the hydrodynamic pressure

fluctuations can be obtained by means of a Poisson equation, the linear components of whose source term dominate the

peak region of the turbulence pressure spectrum [42]; in this situation these linear terms clearly have nothing to do with

flow-acoustic interaction. Additionally, since an acoustic analogy is based, as discussed in the introduction, on the splitting

of the equations into a base flow and superimposed disturbances, interpretation of the different terms in the equations

depends on the analogy which is used. In a recent study, Sinayoko et al. [6] compared the source terms and solutions

corresponding to two acoustic analogy formulations, one comprising a non-radiating unsteady base flow and another a

time-averaged base flow. In the former case the solution is purely acoustic, whereas in the latter the solution, which

contains linear terms of the kind considered in this paper, is dominated by hydrodynamics.

We therefore here consider the linear part of T11, which the aforesaid study shows to be predominantly hydrodynamic,

without delving further into its physical meaning. Furthermore, recent studies by Freund [4] and Bodony and Lele [41]

show how this term dominates low-angle radiation at peak frequencies. The present theoretical developments remain

nonetheless extensible to source terms which are nonlinear in the velocity fluctuations, as the basic functional forms will

remain the same.

To evaluate the effect of temporal amplitude changes, we define a wave-packet which is localised in time, with

amplitude A given by

AðtÞ ¼ e�t
2=t2c : (2)

We model T11 by

T11ðy,tÞ ¼ 2r0U ~u
pD2

4
dðy2Þdðy3Þeiðot�ky1Þe�y2

1
=L2e�t

2=t2c
, (3)
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where r0 is the density of the undisturbed fluid, U is the jet velocity, ~u is the maximum amplitude of velocity fluctuations

in the wave-packet, D is the jet diameter and dð Þ represents the Dirac delta distribution. The convection is represented by

the frequencyo and the wavenumber k, with the convection velocity calculated aso=k. This convected wave is modulated

both in space and time; the envelopes are two Gaussian functions, and the amplitude modulation is defined by the spatial

and temporal parameters L and tc . This expression is similar to that used by Lele [43] for modelling shock-cell noise

sources in supersonic jets, although in that work a slightly different version of the source, without the double derivative,

was used.

We use a complex-valued expression for T11 in the present work; it is implied in the following that the real part of the

radiated pressure should be considered. Furthermore, the volume distribution of T11 is simplified by its concentration on a

line, which can be seen by the two d distributions in Eq. (3). This simplification can be justified if the source is compact in

the radial direction; Appendix A provides a more detailed justification of this simplification.

Samples of the spatial and temporal variation of T11 are shown in Fig. 3. For both L and tc tending to infinity, the T11
component of Lighthill’s stress tensor in Eq. (3) models a purely convected wave, as shown in Fig. 3(a). With tc tending to

infinity, and for a finite value of L, we get a wave-packet that is periodic in time (Fig. 3(b)); this corresponds to Crow’s [14]

model. If we have finite values for both L and tc , the model represents a wave-packet that is localised in time, as shown in

Fig. 3(c). Finally, if both L and tc are small, compared, respectively, to the convected wavelength and period, our model

represents a small isolated turbulent event (Fig. 3(d)).
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Chapter IV. Intermittent wave-packet source models and radiated sound

Inserting Eq. (3) into Eq. (1) and making a far-field assumption gives us

pðx,tÞ ¼ r0U ~uD2cos2y

8c2jxj
q
2

qt2
eioðt�jxj=cÞ�ðt�jxj=cÞ2=t2c

Z 1

�1
f ðy1Þ dy1

� �

, (4)

with

f ðy1Þ ¼ eiðoy1cosy=c�ky1Þe�y2
1
=L2�ðy1cosyÞ2=c2t2c e�2y1cosyðt�jxj=cÞ=ct2c

, (5)

where c is the speed of sound in the undisturbed fluid and y is the angle of x to the jet axis.

The calculation of the integral of Eq. (5) leads to an analytical expression for the pressure in the far field:

pðx,tÞ ¼ PQeiotr�t2r =t
2
c�L2=4t2c g

2 ½ðck�ocosyÞt2c�2itrcosy�2
, (6)

with

tr ¼ t� jxj
c
, (7)

P¼ r0U ~uD2tccL
ffiffiffiffi

p
p

cos2y

4c2jxjg (8)

Q ¼ io�2
tr
t2c

þ iL2cosy

t2cg
2

½ðck�ocosyÞt2c�2itrcosy�
� �2

�2c2

g2

( )

(9)

and

g¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

t2c c
2þL2cos2y

q

: (10)

If we calculate the limit with tc-1 to Eqs. (6)–(10), we will have

g-tcc (11)

and

P-
r0U ~uD2L

ffiffiffiffi

p
p

cos2y

4c2jxj , (12)

which, after substitution in Eq. (6), leads as expected to a result that corresponds to Crow’s [14] (see also Crighton [40])

model,

pðx,tÞ ¼�r0U ~uM2
c ðkDÞ2L

ffiffiffiffi

p
p

cos2y

8jxj e�L2k2ð1�MccosyÞ2=4eioðt�jxj=cÞ
, (13)

where Mc is the convective Mach number given by o=ðkcÞ.
The analytical expression of Eqs. (6)–(10) is compared to a numerical evaluation of Eq. (1), obtained by numerical

integration of the analytical derivative of T11 at the exact value of the retarded time. Sample calculations were made for a

jet Mach number equal to 0.9, where the phase speed of the convected wave was taken as 0.6U and the maximal amplitude

of velocity fluctuation, ~u, as 0.1U. The frequency f was chosen so as to correspond to a Strouhal number St¼0.3, where

St¼ fD=U. The temporal variation of the pressure at a point at R¼100D and y¼ 30 is shown in Fig. 4, and the directivity at

R¼100D is shown in Fig. 5. Very close agreement is found between the analytical and numerical results.

Figs. 4 and 5 show the general trends of the intermittency effect in sound radiation by a temporally localised wave-

packet: as tc is decreased, which means that the source fluctuation energy is concentrated in a smaller time interval, the

sound radiation also becomes concentrated in a similar interval, but presents higher intensity peaks, as shown in Fig. 4.

The increase of sound radiation occurs at all angles, as shown in Fig. 5, and as tc decreases, the radiation pattern

approaches that of an axial quadrupole. We see also in Figs. 5(a) and (b) that for moderate temporal modulations a

directive behaviour, similar to Crow’s model [14], is obtained.

To quantitatively evaluate how intermittency increases the sound radiation by the turbulent structures, we define an

efficiency ratio based on the radiated acoustic energy, given by

EA ¼
Z 1

0

Z

O

p2

r0c
dSðxÞ dt, (14)

with the surface integral calculated over a spherical surface O in the far field, and the turbulent kinetic energy, or ‘source’

energy, given by

ES ¼
1

T

Z 1

0

Z

VS

r0u
2

2
dy dt, (15)

where the volume integral is over the source region VS.
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The efficiency ratio EA/ES measures the amount of source fluctuation energy that ‘escapes’ to the far acoustic field as

sound. Figs. 6(a)–(c) show the efficiency ratio for wave-packets at M¼0.3, 0.6, and 0.9, respectively, for several values of L

and tc . In Fig. 6(c) we see that atM¼0.9, for a given spatial modulation, that is, for a fixed L, a localisation in time (decrease

in tc) increases the efficiency of the source, especially for low spatial growth rates (L=l41)—note that the contour levels

are logarithmic. The same is also true for the M¼0.3 and 0.6 wave-packets; however, the intermittency effect is less

pronounced, as seen in Figs. 6(a) and (b). These observations agree with the results of Sandham et al. [36], who showed

that for a wavy wall problem, extended infinitely in space (L-1 in our model), rapid time variations of the amplitude

(which corresponds to low values of tc) can lead to efficient sound radiation, especially at high subsonic convective Mach

numbers. We extend this conclusion to the present case, where both space and time modulations of the convected wave

are allowed in the model.

3. Temporally localised envelope truncation

In order to provide temporal changes in the spatial extent of the envelope function, we model T11 as

T11ðy,tÞ ¼ 2r0U ~u
pD2

4
dðy2Þdðy3Þeiðot�ky1Þe�y2

1
=L2ðtÞ: (16)

With this expression the peak amplitude of the convected wave is kept constant, but the characteristic length of the

envelope, L, changes with time. We model the changes in L as

LðtÞ ¼ L0�ke�ðt�t0Þ2=t2L
, (17)
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Chapter IV. Intermittent wave-packet source models and radiated sound

where L0 is an initial envelope width and k is the maximum envelope reduction, which happens at t¼ t0. This reduction of

the envelope happens during an interval characterised by the temporal scale tL, and has the shape of a Gaussian function.

Examples of this source shape are shown in Fig. 7; for k¼ 0 (Fig. 7a) we have a periodic wave-packet, as in Fig. 3(b), and for

k40 (Fig. 7b), we have the temporally localised truncation.

For this source shape, the radiated sound field is periodic before the change in the envelope. When L begins to differ

significantly from L0, there is a change in the radiation, which is increased for positive k. Fig. 8 shows the results of the

numerical integration of Eq. (1) with the source given by Eqs. (16) and (17) for a point at y¼ 303 to the jet axis. For this

sample calculation, the same numerical values of Section 2 were used; additionally, we used L0 ¼ l and k¼ L0=2.
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The results show that as we decrease the values of tL, which means that the truncation of the wave-packet is faster, the

sound radiation is increased.

Fig. 9 shows the directivity of the sources of Fig. 7. The effect of the truncation of the wave-packet structure is seen as

an increase of the sound levels at all angles; this increase is more significant for the higher axial angles. For fast reduction

of the wave-packet envelope (low tL) the noise increase is intensified: even though the sources with envelope reduction

have less turbulent kinetic energy, their radiation is increased when compared to the periodic wave-packet.

The present model can be related to the work of Kastner et al. [33], whose analysis of data from DNS of a Re¼3600,

M¼0.9 jet showed that intense noise generation happens at times where a structure resembling an instability wave is

truncated; a wave-packet model, periodic in time, of this truncated wave is proposed in that work, leading to an increase of

radiation at all angles. Here, the source model of Eq. (16) explicitly accounts for the temporally localised nature of such a

truncation, and the radiation results confirm that such truncation leads to a noise intensification in the acoustic field.

4. Wave-packet with slowly varying amplitude and spatial extent

In order to account for both temporal changes in the wave-packet amplitude and axial extension, and to provide a

framework where it is possible to fit the wave-packet parameters with numerical data, we now model the T11 component

Lighthill’s stress tensor as

T11ðy,tÞ ¼ 2r0U ~u
pD2

4
dðy2Þdðy3ÞAðtÞeiðot�ky1Þe�y2

1
=L2ðtÞ

, (18)

where we allow temporal variations of the amplitude A, as in Section 2, and also temporal changes in L, as in Section 3.

Using this expression in Eq. (1), with the far-field assumption, leads to

pðx,tÞ ¼ r0U ~uD2cos2y

8c2jxj
q
2

qt2

Z 1

�1
A t� jxj�y1cosy

c

� �

ei½oðt�ðjxj�y1cosyÞ=cÞ�ky1 �e�y2
1
=L2ðt�ðjxj�y1cosyÞ=cÞ dy1: (19)

If the amplitude A and the characteristic length of the envelope, L, change slowly when evaluated at retarded-time

differences ðy1cosy=cÞ along the wave-packet, as detailed in Appendix B, we can consider axial compactness for these

functions in the integration, such that

A t� jxj�y1cosy

c

� �

� A t� jxj
c

� �

(20)

and

L t� jxj�y1cosy

c

� �

� L t� jxj
c

� �

: (21)

If n is used to denote a function evaluated at the retarded time t�jxj=c, we have

pðx,tÞ ¼ r0U ~uD2cos2y

8c2jxj
q
2

qt2
A�

Z

ei½oðt�ðjxj�y1cosyÞ=cÞ�ky1 �e�y2
1
=ðL�Þ2 dy1

� �

: (22)

Evaluation of this integral, considering that the temporal changes in L and in A are slower than those related to the

harmonic oscillation in o, leads to

pðx,tÞ ¼�A� r0U ~uM2
c ðkDÞ2L�

ffiffiffiffi

p
p

cos2y

8jxj e�ðL�Þ2k2ð1�MccosyÞ2=4eioðt�jxj=cÞ: (23)
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Chapter IV. Intermittent wave-packet source models and radiated sound

This means that for sufficiently slow temporal changes in A and in L, the radiated sound field at a given time t is that of a

wave-packet whose amplitude and envelope corresponds to the values An and Ln, that is, to the wave-packet at the retarded

time t�jxj=c (compare with Eq. (13)).

5. Evaluation of the model using simulation data

In order to now assess the degree to which these simplified models can reproduce the main characteristics of the

downstream radiation from subsonic jets we use numerical data of Mach 0.9 jets, taken from a direct numerical simulation

of an unheated jet at Re¼3600 [21] and from a large eddy simulation of a Mach 0.9 isothermal jet at Re¼ 4� 105 ([38]; see

also [39]), to furnish the third model with instantaneous values for A and L. These are obtained from the azimuthal mean

(the axisymmetric Fourier mode) of the streamwise velocity on the jet lipline. The use of this lipline data as input for the

present line source model is justified in Appendix A.

For both the DNS and the LES data3 the peak frequency of the axisymmetric mode at 3.5D from the jet exit is St� 0:4,

and this frequency is used in Eq. (23). An average convection Mach number (Mc ¼ 0:555Mj for the DNS, and Mc ¼ 0:543Mj

for the LES) was determined from the slope of the peak in the k12o spectrum of the azimuthal mean of the streamwise

velocity at the lipline. To obtain the envelope parameters, we first filter the velocity field in the frequency range

0:3rStr0:5. The parameters AðtÞ and LðtÞ are then obtained by Gaussian fits, at each instant t, to a short-time Fourier

series, similar to the procedure of Tadmor et al. [48] and Joe et al. [49], using a central frequency of St¼0.4:

uðy1,tÞ ¼ A1ðy1,tÞcosðotÞþB1ðy1,tÞsinðotÞ, (24)

where the A1 and B1 coefficients are given by

A1ðy1,tÞ ¼
2

T

Z tþT=2

t�T=2
uðy1,tÞcosðotÞ dt, (25)

B1ðy1,tÞ ¼
2

T

Z tþT=2

t�T=2
uðy1,tÞsinðotÞ dt, (26)

and the instantaneous amplitude of the oscillations is given as
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

Aðy1,tÞ2þBðy1,tÞ2
q

. The moving window width T is taken as

the period of oscillation ino. In this way, the temporal oscillations of the velocity are described as sines and cosines whose

amplitudes change in time, but slowly when compared to the period T of the oscillation.

We then calculate instantaneous lengths and amplitudes using the Gaussian fits for each instantaneous envelope.

The fits are effected using the instantaneous amplitude over the range Dry1r5:5D, where 5.5D corresponds to end of the

potential core for both calculations. Some sample fits for the LES are shown in Fig. 10. The Gaussian fits are a reasonable

approximation, in particular at times when high envelope amplitudes occur.

The sound propagation results of the source model are shown in Fig. 11; the acoustic data considered is the

axisymmetric mode of the pressure on a cylindrical surface in the acoustic region of the computations. For the DNS

(Fig. 11a) this surface is at four diameters from the jet axis, and for the LES (Fig. 11b) it is at nine diameters from the axis.

Therefore, in Fig. 11 high values of x1/D correspond to low axial angles. The SPL is calculated with a frequency range from

St¼0.3 to 0.5, consistent with the filtering applied to the velocity data.

We include in Fig. 11 numerical results of the calculation without the far-field assumption, since the data is on

cylindrical surfaces that are not in the far acoustic field. There is agreement to within 1.5 dB for low axial angles between

both calculations and the wave-packet with an ‘unsteady envelope’, i.e. the wave-packet of Eq. (18) equipped with the

instantaneous values of A and L.

In Fig. 11 there are also results for a wave-packet with a steady envelope, whose parameters A and Lwere kept constant

in time and equal to the ensemble average of the instantaneous Gaussian fits. The predicted sound levels are much lower

than those obtained for the instantaneous wave-packet, leading to significant differences between the model and the

acoustic data from the DNS and the LES. The reason for this is the neglect of the wave-packet ‘jitter’, which was seen for the

model problems in Sections 2 and 3 to enhance sound radiation.

It is known that models based on Gaussian functions can often be sensitive to small parametric changes. Such a lack of

robustness can cast doubt as to the ability of the model to truly reproduce the physical mechanisms it is designed to

mimic. In order to test the robustness of the jittering wave-packet model, and thereby confirm its utility as a conceptual

handle where the production of sound by coherent structures in subsonic jets is concerned, we evaluated, numerically, the

sound radiated by a similar kind of source structure, but where the function 1=½1þðy41=L4ðtÞÞ� was used to represent the

spatial envelope. This fit led to a sound prediction again to within 1.5 dB of the LES results for the low axial angles, showing

that the present results are not due to a particular choice of envelope function and thereby further confirming the physical

pertinence of the jittering wave-packet model.

3 This large eddy simulation has been validated using three different sets of experimental data [44–46] and another comprehensively validated

simulation [47]; a more complete validation is reported by Daviller [38] and so only a restricted ensemble of validation information is given here, in

Appendix D.
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6. Conclusion

An analytical expression for the radiated far-field pressure by a temporally localised wave-packet is presented, and

results are found to agree well with those obtained by a numerical calculation. The effect of temporal modulation is seen to

comprise an enhancement of sound radiation at all angles. A directive radiation pattern is obtained for moderate temporal

modulations. This result extends that of Sandham et al. [36].

Numerical results for a wave-packet whose axial extent changes in time also show enhanced sound radiation, and,

again, directive radiation. A third model is then proposed which includes temporal changes in both the amplitude and

spatial extent of the wave-packet. Its physical pertinence is assessed and confirmed by parametrising the model using data

extracted from a DNS and an LES of Mach 0.9 jets: we obtain far-field sound levels which are within 1.5 dB of the acoustic

pressure computed by the simulations, whereas when time-averaged wave-packet parameters are used the discrepancy is

greater than 10 dB. Such jitter is shown, in Appendix C, to only be important for jets which are convectively subsonic; in

the convectively supersonic case jitter does not enhance sound radiation in the same way, because all of the fluctuation

energy of the wave-packet already lies in the radiating sector of frequency–wavenumber space; jitter here mostly just

spreads the spectral tail of the function into non-radiating regions of the spectrum.

The present results encourage further study of intermittent events in both flow and acoustic fields of subsonic

jets, and have potential to contribute to the enhancement of source imaging methodologies on one hand, and, on the other,

to provide guidance for reduced-complexity kinematic, dynamic modelling and control of sound sources in these

flows.
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Chapter IV. Intermittent wave-packet source models and radiated sound

Appendix A. Slowly changing surface-distributed wave-packet

In this appendix we derive an expression for a wave-packet distributed over a cylindrical surface on the jet lipline;

additionally, we study the sound radiation of different Fourier azimuthal modes for the wave-packet. We express the T11
component of Lighthill’s tensor for a given azimuthal mode m as

T11ðy,tÞ ¼ r0U ~uRdðr�RÞAðtÞeiðot�ky1Þe�y2
1
=LðtÞ2Cme

imf: (A.1)

With this expression in Eq. (1), we have

pðx,tÞ ¼ r0U ~uR2

4pc2jxj
q
2

qt2

ZZ

A t� jx�yj
c

� �

ei½oðt�jx�yj=cÞ�ky1 �e�y2
1
=L2ðt�jx�yj=cÞCme

imf df dy1: (A.2)

We suppose without loss of generality that the observer is at F¼ 0 and x2¼0 in cartesian coordinates, being

F¼ tan�1ðx2=x3Þ. The distance can be expressed, with a far-field assumption, as

jx�yj � jxj�y1cosy�Rcosfsiny, (A.3)

where y is the angle of x to the jet axis.

If we suppose additionally that the temporal changes in A and in L are slow if evaluated at retarded-time differences

ðy1cosy=cÞ along the wave-packet, as in Appendix B, we can perform similar approximations as in Section 4:

A t� jxj�y1cosy�Rcosfsiny

c

� �

� A t� jxj
c

� �

, (A.4)

L t� jxj�y1cosy�Rcosfsiny

c

� �

� L t� jxj
c

� �

: (A.5)

Using the notation n meaning evaluation at the average retarded time ðt�jxj=cÞ, we have

pðx,tÞ ¼ r0U ~uR2

4pc2jxj
q
2

qt2

ZZ

A�ei½oðt�ðjxj�y1cosy�RcosfsinyÞ=cÞ�ky1 �e�y2
1
=ðL�Þ2Cme

imf df dy1: (A.6)

This integral can be rearranged to

pðx,tÞ ¼ r0U ~uR2

4pc2jxj
q
2

qt2

Z 1

�1
A�ei½oðt�ðjxj�y1cosyÞ=cÞ�ky1 ��y2

1
=ðL�Þ2 dy1

Z 2p

0
Cme

iðmf�oðRcosfsiny=cÞÞ df: (A.7)

The evaluation of the azimuthal integral

I1 ¼
Z 2p

0
eiðmf�oðRcosfsiny=cÞÞ df, (A.8)

which can be expressed as

I1 ¼
Z 2p

0
eiðmfÞeð�ipStMcosfsinyÞ df (A.9)

indicates the efficiency of the azimuthal mode m in radiating to the far acoustic field.

Since the Bessel functions Jm have the property

JmðxÞ ¼
1

2pim

Z 2p

0
eixcosfeimf df (A.10)

we can write

I1 ¼ ð�iÞm2pJmðpStMsinyÞ: (A.11)

For St M siny¼ 0 the I1 integral yields 2p for m¼0, and 0 for all other values of m. This means that, if we neglect

retarded time differences along the azimuthal direction, only axisymmetric wave-packets can radiate. In other words, if

the wave-packet diameter D is compact (recall that D=l¼ StM), or if the observation angle y is small, only the

axisymmetric wave-packet has significant radiation. This is always true for y¼ 0 and y¼ p, i.e. for an observer in the

jet axis, which is a known result [12,50,51].

We show in Fig. A1 the results for the I1 integral, divided by ð�iÞm to yield a real quantity. We see that the integral of

m¼0 decays from its compact value of 2p, eventually goes to zero, and then oscillates. The integrals for the higher

azimuthal modes are zero at the compact limit, as expected from the properties of the Bessel functions; they go from zero

to a certain value, which is of the same order of the m¼0 integral, and then oscillate.

For the numerical values y¼ p=6, M¼0.9 and St¼0.4, we have StMsiny¼ 0:18, and in this case, as seen in Fig. A1, we

can, if we have similar amplitudes Cm for the different m values, neglect all modes m40 and consider the compact limit

(I1 ¼ 2p for m¼0) as a first approximation; the I1 integral for m¼1 and the present numerical values yields a sound

intensity 10 dB lower than that for m¼0, being the integrals for higher m modes even lower than that. There is

experimental evidence of the similar Cm amplitudes in the work of Suzuki and Colonius [24], who detect instability waves
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in the near field of a jet with a beamforming algorithm, and find comparable peak amplitudes for modes m¼0 and 1, with

slightly higher values for m¼0; amplitudes of the mode m¼2 are somewhat lower.

If we retain only the axisymmetric wave-packet and approximate I1 as 2p, we have

pðx,tÞ ¼ r0U ~uR2

2c2jxj
q
2

qt2

Z

A�C0e
i½oðt�ðjxj�y1cosyÞ=cÞ�ky1 �e�y2

1
=ðL�Þ2 dy1, (A.12)

and integration gives

pðx,tÞ ¼�C0A
� r0U ~uM2

c ðkDÞ2L�
ffiffiffiffi

p
p

cos2y

8jxj e�ðL�Þ2k2ð1�MccosyÞ2=4eioðt�jxj=cÞ
, (A.13)

which, combining the constant C0 with the amplitude A, is exactly the same result of Section 4 shown in Eq. (23). This

means that for low values of the parameter StMsiny, the use of a wave-packet concentrated on a line leads to the same

result as a surface wave-packet, justifying therefore the use in Section 5 of a line distribution of T11, whose amplitude is

fitted to the azimuthal mean of the u fluctuation on the jet lipline.

Appendix B. Quantification of compactness of the amplitude and spatial extent

In Section 4, an approximation was made to the wave-packet amplitude and spatial extent, which were considered as

slowly varying functions. In order to quantify the maximum temporal scale of these functions that allows these

approximations, we will model them as complex exponentials whose frequency is different from the o value for the

convected wave. For convenience, we repeat here Eq. (19):

pðx,tÞ ¼ r0U ~uD2cos2y

8c2jxj
q
2

qt2

Z 1

�1
A t� jxj�y1cosy

c

� �

ei½oðt�ðjxj�y1cosyÞ=cÞ�ky1 �e�y2
1
=L2ðt�ðjxj�y1cosyÞ=cÞ dy1: (B.1)

Considering the amplitude variations as a complex exponential in oA, we have

A t� jxj�y1cosy

c

� �

¼ eioAðt�jxj=cÞe�ioAðy1cosyÞ=c: (B.2)

Although the integral in the Eq. (B.1) extends from �1 to 1, the presence of a Gaussian envelope inside the integral

limits the region of significant values of the integrand; thus, we can take the y1 values to be between 72Lref , where Lref is a

reference value for the spatial extent of the envelope, for instance its ensemble average.

Therefore, to be able to write

A t� jxj�y1cosy

c

� �

� A t� jxj
c

� �

(B.3)

as an appropriate approximation, we should have

2oALref cosy

c
51: (B.4)

This can be thought of as a compactness condition for the amplitude function A that allows the utilisation of the

approximation in Eqs. (20) or (B.3). A similar development can be made for the spatial extent, leading to an analogous

result for a frequency oL,

2oLLref cosy

c
51: (B.5)
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Chapter IV. Intermittent wave-packet source models and radiated sound

Thus, the expression of Eq. (23) for the radiated pressure can be applied if the oscillations of the functions A and L have

temporal scales that corresponds to the conditions (B.4) and (B.5), respectively.

More general temporal functions AðtÞ and LðtÞ can be expressed in terms of their Fourier transforms ÂðoÞ and L̂ðoÞ, such
that

AðtÞ ¼ 1

2p

Z 1

�1
ÂðoÞeiot do, (B.6)

LðtÞ ¼ 1

2p

Z 1

�1
L̂ðoÞeiot do: (B.7)

Hence, the foregoing analysis is possible for each component ÂðoÞeiot and L̂ðoÞeiot. In this case, the compactness

condition for the A and L functions is that their Fourier transforms only have energy content for frequencies lower than the

limiting values of conditions (B.4) and (B.5).

Appendix C. Results for supersonic convection speeds

Although the analysis of the current paper focuses on subsonic convection speeds, there is no restriction for the

convection Mach number used in the proposed models. In order to evaluate the effect of temporal variations of the wave-

packet parameters for supersonic convection speeds we have applied the wave-packet model of Section 2, with temporally

localised changes in the amplitude, for a supersonic Mach number. We show in Fig. C1 a comparison of the acoustic

efficiency EA/ES, defined in Section 2, for Mach numbers of 0.9 and 2, considering the convecting Mach number to be 0.6

times the jet Mach number.

We notice that while there are significant changes in the radiation efficiency of the wave-packet with subsonic

convection speed with changes in space–time modulations (Fig. C1(a)), this is not the case for M¼2. In Fig. C1(b) we see an

almost constant acoustic efficiency for M¼2, whose order is 10�2. This suggests that the jitter in the wave-packet

parameters is much less important for supersonic speeds than in the subsonic case.

This can be further explored with an analysis of the source in frequency–wavenumber (o2k) space. A known result of

Lighthill’s analogy is that when the source is Fourier transformed in time and space the only radiating part presents (see

Crighton [40])

joj ¼ jkjc, (C.1)

where

jkj ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

k21þk22þk23

q

: (C.2)

Since the present wave-packet source, defined in Eq. (3), is concentrated on a line, its energy is uniformly distributed for

the k2 and k3 wavenumber components, for the Fourier transforms in k2 and k3 of the Dirac distributions dðy2Þ and dðy3Þ are
constant and equal to 1. In this case, the condition of (C.1) is satisfied for the energy content of the source in the

frequency–wavenumber sector given by

jojZ jk1jc: (C.3)
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Examples of the frequency–wavenumber spectra for subsonic and supersonic convection speeds are shown,

respectively, in Figs. C2 and C3. The radiating sector, defined in Eq. (C.3), and the non-radiating one are labeled in the

figures.

We note for the subsonic case that for large spatial and temporal source envelopes, as shown in Fig. C2(a), most of the

source energy is in the non-radiating sector of the frequency–wavenumber spectrum. The distribution is centered in the

frequency and wavenumber of the subsonic convected wave; therefore, the center is in the non-radiating sector. The sound

radiation is solely due to the small ‘tail’ above the limit o¼ k1c. If the source envelope is narrower, either in space

(Fig. C2b) or in time (Fig. C2c), the energy distribution in the frequency–wavenumber spectrum is flattened, respectively,

in the k1 and the o directions. In both cases, more source energy is now in the radiating sector, since there are significant

increases of the radiating ‘tail’ of the source energy. This relates to the increase of orders of magnitude for the acoustic

efficiency observed in Fig. C1(a) for low values of L and tc .
For the supersonic case with large envelopes in Fig. C3(a), most of the source energy is already in the radiating sector,

for now the frequency and wavenumber of the convected wave, which mark the center of the energy distribution, are

already in the radiating part of the spectrum.

Narrow envelopes in space or time, shown, respectively, in Figs. C3(b) and C3(c), flatten the distribution, as

in the subsonic case. However, now the ‘tail’ is extended to the non-radiating sector, and most of the source energy

still remains in the radiating part of the frequency–wavenumber spectrum. The changes in the radiating efficiency

are slight, and the differences of orders of magnitude observed in the subsonic case are no longer present, as seen in

Fig. C1(b).

The present results suggest thus that while the jittering of the wave-packet parameters changes significantly sound

radiation for subsonic convection speeds, it would have a negligible effect on sound radiation for supersonic convection

speeds.
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Chapter IV. Intermittent wave-packet source models and radiated sound

Appendix D. Validation of the large eddy simulation

We present in this Appendix some results of the validation of the LES of a Mach 0.9 jet used in the present

work. We focus on only the velocity components as these are used to obtain the parameters of the model in

Section 5.

In Fig. D1 we see comparisons of the rms values of the velocity with the results of Jordan et al. [45] and Bridges [44]. We

note that the initial conditions are not matched; thus the inflow excitation does not reproduce exactly the boundary layers

in the nozzle of the experiments, which can be expected due to the absence of the nozzle geometry in the present LES.

However, for the downstream points, the rms values of the present calculation are close to the experimental ones,

especially for the maximum values of urms.

Fig. D2 presents comparisons of the convection velocity, which is compared to both the experiment of Bridges [44] and

to the LES of Bodony [52] at the jet axis (Fig. D2a) and the lipline (Fig. D2b). Close agreement is verified for both positions.

The axial correlation lenghtscales for the streamwise velocity are compared to experimental data in Fig. D3. Besides

some differences in the region close to the jet nozzle, the present results match closely the experimental values obtained

by Fleury et al. [53] and are higher than the values of Bridges [44].

In Fig. D4 we see spectra in the far acoustic field for a point at 72D from the jet exit and at y¼ 453 from the jet

downstream axis, compared to the experimental results of Tanna [46] and to the LES of Bodony [52] (see also [54]). We

note that the present calculation agrees with the experimental results for Strouhal numbers ranging from 0.07 to 1. On the

other hand, for lower frequencies the present calculation overestimates the sound. The experimental spectrum peak is

nonetheless well calculated in the present simulation, and this peak is the focus of the comparison made in Section 4.

The spectra for both large eddy simulations decrease in an abrupt manner for high frequencies when compared to the

experimental data. This is due to the limitations in spatial discretisation of the domain of the LES that necessitates the use

of subgrid modelling.
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d’Aérotechnique, Poitiers, France, 2010 (in French).
[39] A.V.G. Cavalieri, G. Daviller, P. Comte, P. Jordan, G. Tadmor, Y. Gervais, Using LES to explore sound-source mechanisms in jets, Procedia Engineering 6

(2010) 104–113.
[40] D.G. Crighton, Basic principles of aerodynamic noise generation, Progress in Aerospace Sciences 16 (1) (1975) 31–96.
[41] D.J. Bodony, S.K. Lele, Low-frequency sound sources in high-speed turbulent jets, Journal of Fluid Mechanics 617 (2008) 231–253.
[42] W.K. George, P.D. Beuther, R.E.A. Arndt, Pressure spectra in turbulent free shear flows, Journal of Fluid Mechanics 148 (1984) 155–191.
[43] S.K. Lele, Phased array models of shock-cell noise sources, in: 11th AIAA/CEAS Aeroacoustics Conference (26th Aeroacoustics Conference), 2005,

pp. 1–20.
[44] J. Bridges, Effect of heat on space–time correlations in jet, 12th AIAA Aeroacoustics Conference, vol. AIAA 2006-2534, 2006.
[45] P. Jordan, Y. Gervais, J.-C. Vali �ere, H. Foulon, Final result from single point measurement, Project Deliverable D3.4, JEAN-EU Fifth Framework

Program G4RD-CT2000-00313, Laboratoire d’Études Aérodynamiques, 2002.
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[53] V. Fleury, C. Bailly, E. Jondeau, M. Michard, D. Juvé, Space-time correlations in two subsonic jets using dual-PIV measurements, AIAA Journal 46 (10)

(2008) 2498–2509.
[54] D.J. Bodony, S.K. Lele, On using large-eddy simulation for the prediction of noise from cold and heated turbulent jets, Physics of Fluids 17 (8) (2005)

085103.

A.V.G. Cavalieri et al. / Journal of Sound and Vibration 330 (2011) 4474–44924492

92



Chapter V

Axisymmetric superdirectivity in subsonic jets

The analysis of the preceding chapters presents evidence that the sound radiated by subsonic

jets at low polar angles may be associated with a wave-packet structure, especially when the

axisymmetric mode of the far-field pressure is considered.

Based on this, we perform measurements in the acoustic field of jets so as to ascertain if

the different azimuthal modes of the far-field pressure can be associated with wavepackets in

the flow.

Unlike the previous chapters, the present analysis is done in the frequency domain. In

an experiment, one always has information limited by the number of available sensors, and

this makes it harder, though not impossible, to analyse the emission of acoustic bursts in the

time domain, combining information in the velocity and acoustic fields, as done in chapters

II and III. For a first assessment on wave-packet radiation by subsonic jets, we thus analyse

our measurements using their spectral content, which is explored separately for each azimuthal

mode.

We present in the following pages a pre-print version of the article “Axisymmetric superdi-

rectivity in subsonic jets”, accepted for publication in the Journal of Fluid Mechanics.
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We present experimental results for the acoustic field of jets with Mach numbers be-
tween 0.35 and 0.6. An azimuthal ring array of six microphones, whose polar angle, θ,
was progressively varied, allows the decomposition of the acoustic pressure into azimuthal
Fourier modes. In agreement with past observations, the sound field for low polar angles
(measured with respect to the jet axis) is found to be dominated by the axisymmetric
mode, particularly at the peak Strouhal number. The axisymmetric mode of the acous-
tic field can be clearly associated with an axially non-compact source, in the form of a
wavepacket: the sound pressure level for peak frequencies is found be superdirective for all
Mach numbers considered, with exponential decay as a function of (1−Mc cos θ)2. While
the mode m = 1 spectrum scales with Strouhal number, suggesting that its energy con-
tent is associated with turbulence scales, the axisymmetric mode scales with Helmholtz
number—the ratio between source length scale and acoustic wavelength. The axisymmet-
ric radiation has a stronger velocity dependence than the higher order azimuthal modes,
again in agreement with predictions of wave-packet models. We estimate the axial extent
of the source of the axisymmetric component of the sound field to be of the order of 6
to 8 jet diameters. This estimate is obtained in two different ways, using, respectively,
the directivity shape and the velocity exponent of the sound radiation. The analysis fur-
thermore shows that compressibility plays a significant role in the wave-packet dynamics,
even at this low Mach number. Velocity fluctuations on the jet centerline are reduced as
the Mach number is increased, an effect that must be accounted for in order to obtain
a correct estimation of the velocity dependence of sound radiation. Finally, the higher-
order azimuthal modes of the sound field are considered, and a model for the low-angle
sound radiation by helical wavepackets is developed. The measured sound for azimuthal
modes 1 and 2 at low Strouhal numbers is seen to correspond closely to the predicted
directivity shapes.

1. Introduction

Sound generation by subsonic turbulent jets is a problem comprising coupling between
the turbulent motions of the jet and the less complex acoustic motions of the sound field.
A difference in complexity is apparent in both the structure of the equations that model
the two different kinds of motion, and in the experimentally measured fluctuations in the
near and far fields.

If we consider, for instance, the azimuthal dependence of the fluctuations in each region,
considerably fewer azimuthal Fourier modes are necessary to represent the sound field
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than are needed to represent the turbulence (Michalke & Fuchs 1975; Fuchs & Michel
1978). Many researchers have interpreted this low-order azimuthal structure of the sound
field as evidence of a corresponding low-order sound-producing turbulence structure (see
for instance Crow & Champagne 1971; Moore 1977; Juvé et al. 1979; Hussain & Zaman
1981; Brown & Bridges 2006; Tinney & Jordan 2008).

A candidate source model for the coherent structures is an axially-extensive wave
packet. This model can be motivated theoretically by linear stability theory applied to
a steady jet base flow, and physically justified by means of a scale-separation argument.
The acoustically-important features of the wave packet are its frequency, wavelength,
axial amplification, saturation and downstream decay; the saturation is not necessarily
associated with non-linearity, and can be accounted for in a linear framework by appealing
to the slow spread of the mean flow (Gudmundsson & Colonius 2011). While Mollo-
Christensen (1963, 1967) observed and discussed these features from the point of view of
both hydrodynamic stability theory and aeroacoustics, Crow (1972) (see also Crighton
1975) was first to propose a source model, using the framework of Lighthill’s (1952)
acoustic analogy. The radiation of such sources, for subsonic convection speeds, is highly
directive and concentrated at low polar angles (measured with respect to the downstream
jet axis).

Similar studies were undertaken by Crighton & Huerre (1990), who evaluated the di-
rectivity pattern of different envelope functions for the convected wave, and by Sandham
et al. (2006), who showed that temporal modulation of such convected wave-packets
can further enhance sound radiation. Other variants, proposed by Ffowcs Williams &
Kempton (1978) and Cavalieri et al. (2011b), allow inclusion of the intermittency that is
observed in high Reynolds number, turbulent jets, i.e. the appearance and disappearance
of the trains of turbulent ‘puffs’ observed by Crow & Champagne (1971).

All of the above models have in common their directivity: sound radiation is con-
centrated at low polar angles with exponential decay at higher polar angles. The term
superdirectivity was used by Crighton & Huerre (1990) to describe this characteristic of
the sound field, and they showed that acoustic non-compactness is a requirement for such
radiation.

Experimentally, there is not, for the moment, a complete consensus regarding the
relationship between the superdirectivity of wave-packet models and the sound field of
subsonic jets; while the latter does present higher sound intensities at low polar angles, it
does not have exponential decay as a function of θ. Superdirectivity has been observed in a
forced jet by Laufer & Yen (1983), where forcing was effected at a Strouhal number, based
on the momentum thickness, of Stδ2 = 0.017. The excited jet comprised subharmonics
of the forcing frequency, and the directivity of the subharmonic sound radiation was
observed to decay exponentially with (1 −Mc cos θ)2, in agreement with the directivity
of the models of Crow (1972) and Ffowcs Williams & Kempton (1978). However, the
excitation frequency corresponds to a Strouhal number, based on the jet diameter, of
St = 5.8, which is much higher than the Strouhal numbers of the most energetic part of
the sound field radiated by free turbulent jets. It is therefore difficult to affirm that Laufer
and Yen’s experiment corresponds to what occurs in unforced jet flows; the mechanism
they studied is most likely restricted to low Mach number jets with laminar boundary
layers at the nozzle exit, as discussed by Bridges & Hussain (1987).

On the other hand, Cavalieri et al. (2011a) have shown, with numerical data from a
LES of a Mach 0.9 jet, that a simplified wave-packet Ansatz, fitted with velocity data
from the LES, can reproduce the radiated sound for the axisymmetric mode of the
simulation to within 1.5dB at low polar angles. Furthermore, the axisymmetric mode
was found to be highly directive, dominating sound radiation at low polar angles, as
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found experimentally by Fuchs & Michel (1978) and Juvé et al. (1979). These results
suggest that the signature of a wave-packet source structure may be observable in high
Reynolds number jets if the axisymmetric radiation is isolated from the other azimuthal
modes present in the acoustic field.

The objective of the present work is to investigate, experimentally, if such superdirec-
tive wave-packet signatures are present in the acoustic field of unforced subsonic jets.
We decompose the acoustic field measured by a microphone ring array into azimuthal
Fourier modes. We then examine the directivity and spectra of each azimuthal mode; po-
lar spacings of ∆θ = 5◦ are used at low emission angles, in order to obtain good angular
resolution of the directivity of the different azimuthal modes, and to detect the expected
high variations in acoustic intensity. We focus particularly on the axisymmetric mode,
in an effort to characterise its structure and ascertain if it is consistent with existing
wave-packet models.

In our evaluation of the experimental data we consider a model problem wherein the
free-space wave equation is driven by a simplified line source; the form of the source
is consistent with Lighthill’s acoustic analogy. The model problem considered is not, of
course, intended to correspond to the real flow, or to contain all of the physics of jet
noise production; its purpose is to allow us to test hypotheses. On one hand we want
to check for consistency between experimentally-observed features of the sound field and
hypothesised, acoustically-important, features of the flow. On the other hand, we wish
to rule out source features that are not consistent with the sound field: for example, a
superdirective sound field at low Mach number cannot be produced by an acoustically
compact source; an extended axial source region, with significant interference effects,
is required to generate such an acoustic field (Crighton & Huerre 1990), and one of
the conclusions of the analysis is that the sound radiated to low polar angles is indeed
dominated by such as source.

The paper is organised as follows. In § 2 we describe the experimental setup. In § 3
there is a brief review of pertinent results concerning wave-packet sound radiation. This
is followed by a presentation and general discussion of the experimental results in § 4.
We first focus on the results for the Mach 0.6 jet and show that the axisymmetric mode
dominates the peak frequency acoustic field at low polar angles, and the SPL for St = 0.2
is shown to be in agreement with the superdirectivity predicted by non-compact wave-
packet models. The same characteristics are observed for the lower Mach number jets
(M = 0.4, M = 0.5). Next, the axial extent of the source is estimated using the wave-
packet model of Crow (1972). In § 4.3 we explore the scaling of the different azimuthal
modes as a function of Strouhal and Helmholtz numbers to evaluate non-compactness
effects on the spectral shape of the individual modes. We consider in § 4.4 the velocity
dependence of the different azimuthal modes; the analysis provides a second estimate
of the source axial extent which is consistent with the one made using the directivity
(provided compressibility effects are correctly accounted for). Extrapolation of the present
results to higher subsonic Mach numbers suggests that the dominance of the axisymmetric
mode will be further enhanced as the Mach number is increased.

While the main focus of the present work is the axisymmetric mode, results for higher
order modes are also shown to be compatible with wavepacket radiation. A theoretical
framework is developped in Appendix B, and in § 5 we present comparisons of a model
of sound radiation by helical wavepackets with the present experimental results.
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Figure 1. Mean axial velocity ūx fields for (a) M = 0.4, (b) M = 0.5 and (c) M = 0.6.
Contours are equally spaced from 0.1U to 0.99U .

2. Experimental setup

The experiments were performed in the ‘Bruit et Vent’ anechoic facility at the Centre
d’Etudes Aérodynamiques et Thermiques (CEAT), Institut Pprime, Poitiers, France. A
photo of the setup is shown in figure 3. Acoustic measurements were made for unheated
jets, with acoustic Mach numbers (M = U/c, where U is the jet exit velocity and c the
ambient sound speed) in the range 0.35 6 M 6 0.6 with an increment of 0.05. The nozzle
diameter, D, was 0.05m. With these conditions, the Reynolds number, ρUD/µ, varies
from 3.7×105 to 5.7×105, where ρ and µ are, respectively, the density and the viscosity
at the nozzle exit. All but the lowest velocity lead to a Reynolds number above 4× 105,
which was seen by Viswanathan (2004) as a critical number above which sound radiation
attains asymptotic spectral shapes.

The velocity field is considered in cylindrical coordinates (x, r, φ), where x is aligned
with the jet axis, r is the radius and φ the azimuthal angle; spherical coordinates (R, θ,Φ)
are used for the acoustic field, where R is the radius, θ is the polar angle measured from
the downstream jet axis and Φ is the azimuthal angle. For both systems, the origin is at
the nozzle exit. The three velocity components are denoted ux, ur and uφ.

A convergent section was located upstream of the jet exit, with an area contraction of
31. This was followed by a straight circular section of length 150mm; a boundary layer trip
was used to force transition 135mm upstream (2.7D) of the nozzle exit. Extensive hot-
wire velocity measurements were made throughout the jet, including the nozzle exit plane.
An in situ calibration of the hot wire was performed using Pitot tube measurements as
reference values (Tutkun et al. 2009). The mean axial velocity fields are shown in figure 1
for Mach numbers of 0.4, 0.5 and 0.6. Aside from a slight lengthening of the potential core
as the Mach number is increased, there are only small differences between the normalised
mean velocity profiles for these jets.
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M δ (mm) δ/D δ2 (mm) δ2/D

0.4 4.5 9.0 · 10−2 0.477 9.5 · 10−3

0.5 4.25 8.5 · 10−2 0.401 8.0 · 10−3

0.6 4.25 8.5 · 10−2 0.396 7.9 · 10−3

Table 1. Boundary layer thickness δ and momentum thickness δ2 at the nozzle exit
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Figure 2. Boundary layer profiles at the nozzle exit for the Mach 0.5 jet: (a) mean velocity
and (b) rms value. Dashed line in (a) is Blasius profile.

Radial profiles of the velocity field in the nozzle exit plane were obtained with high
spatial resolution both upstream and downstream of the exit plane in order to discern the
character of the boundary layer. The results, shown in figure 2, indicate that the boundary
layers (Bridges & Hussain 1987) are turbulent. The boundary layer and momentum
thicknesses at the nozzle exit are shown in table 1. For these estimates, the Crocco-
Busemann relation for unitary Prandtl number was used to determine the density across
the boundary layer.

Six microphones were deployed on an azimuthal ring in the acoustic field with a fixed
angle θ to the downstream jet axis. The setup is shown in figure 3. The ring has a diam-
eter of 35D. The entire array was displaced incrementally along the jet axis in order to
characterise the sound field as a function of θ. On account of the resulting differences in
the distance, R, between the nozzle exit and the microphones, a 1/R scaling is applied to
the acoustic pressure in order to rescale the measurements to a fixed distance of R = 35D.
The circumferential homogeneity of the acoustic field was verified by comparing spectra
of the individual microphones, shown in figure 3(b). The pressure from the six micro-
phones was used to decompose the far acoustic field into azimuthal Fourier modes. The
procedure is described in Appendix A, where we also use the coherence between neigh-
bouring microphones to assess the accuracy of the Fourier series. This evaluation shows
the procedure is appropriate up to Strouhal number of unity for the present microphone
ring, which is the range of frequencies we focus on in the present work.

3. Sound radiation by an axisymmetric wave-packet

In this section we recall the results of Crow (1972) (see also Crighton 1975, sec. 10) for
a simple wave-packet source. The results of this model are used for analysis of the exper-
imental results presented in the following sections. The model is based on the acoustic
analogy of Lighthill (1952). The continuity and Navier-Stokes equations are combined
and rewritten as an inhomogeneous free-space wave equation with nonlinear source terms
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Figure 3. (a) Experimental setup (microphones are highlighted with white circles); (b)
spectra of the six microphones at θ = 30◦ and M = 0.6

(Lighthill’s stress tensor Tij) on the right-hand side that depend on turbulent fluctua-
tions:

∂2ρ

∂t2
− c2∇2ρ =

∂2Tij

∂xi∂xj
(3.1)

with

Tij = ρuiuj + (p− c2ρ)δij. (3.2)

In the spirit of the Lighthill’s theory, the problem considered is an analog to a compress-
ible, turbulent flow. The source terms on the right-hand side of eq. (3.1) are considered
as given, and the radiated sound can be calculated, for a free jet, using the free-field
Green’s function.

In Crow’s model, the wave equation is driven by a simplified line source Sxx, con-
structed using the axisymmetric part of the Txx term alone (i.e. a distribution of axially-
aligned, longitudinal quadrupoles), as

Sxx(x,m = 0, ω) =

∫

Txx(x, r,m = 0, ω)rdr. (3.3)

wherem is the azimuthal Fourier mode, and ω the frequency, so that the far-field pressure
is given, as shown in Appendix B, as

p(R, θ,m = 0, ω) = −k
2
a cos2 θe−ikaR

2R

∫

∞

−∞

Sxx(x,m = 0, ω)e−ikax cos θdx, (3.4)

where ka is the acoustic wavenumber ω/c.
This line source model comprises a convected wave of frequency ω and wavenumber k,

modulated by a Gaussian with characteristic length L,

Sxx(x,m = 0, ω) = ρ0Uûx
D2

4
e−ikxe−

x2

L2 , (3.5)

where ρ0 is the density of the undisturbed fluid and ûx the streamwise velocity fluctuation
amplitude, which is obtained by the radial integration in eq. (3.3) of a radially-constant
Txx, given as

Txx(x, r,m = 0, ω) = 2ρ0Uûxe−ikxe−
x2

L2 (3.6)

between 0 and D/2. An envelope function given by a Gaussian, as in eq. (3.6), is sup-
ported by the near-field measurements of forced jets by Laufer & Yen (1983), and of
unforced, heated jets with Mach numbers ranging from 0.9 to 1.58 (Reba et al. 2010).
Gaussian envelopes were also seen to match envelopes taken from the velocity field of large
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eddy simulations of cold M = 0.9 jets (Cavalieri et al. 2011b). Finally, the experimental
near-field pressure results presented by Gudmundsson & Colonius (2011), including an
unheated jet at M = 0.5 and Re = 7 × 105, suggest that a Gaussian envelope may be
appropriate to model wavepackets in jets with the operating conditions of the present
work.

The line source approximation in eq. (3.6) can be justified in Lighthill’s analogy for the
axisymmetric part of the source if we consider radial compactness, i.e. the jet diameter
is much smaller than the acoustic wavelength, as shown in Appendix B. This is the case
for low values of the Strouhal and Mach numbers.

Furthermore, in a linear problem, such as Lighthill’s, a given azimuthal component of
the source generates the same azimuthal mode in the sound field. This assumption has
been used, for instance, by Michalke (1970, 1972) or Mankbadi & Liu (1984), and is also
shown in the derivation of Appendix B. The line-source model in eq. (3.6) is therefore
solely related to the axisymmetric radiation. A similar model for helical wavepackets is
presented in § 5.

Evaluation of the far field pressure in the time domain leads to

p(R, θ,m = 0, t) = −ρ0UũM
2
c (kD)2L

√
π cos2 θ

8R
e−

L2k2(1−Mc cos θ)2

4 eiω(t−R
c ), (3.7)

where Mc is the Mach number based on the phase velocity Uc of the convected wave.
The acoustic intensity in the far acoustic field can be calculated as p2/(ρ0c).

The models of Ffowcs Williams & Kempton (1978) and Cavalieri et al. (2011b),
which include jitter in this source shape, also present the same exponential function
exp(−L2k2(1 − Mc cos θ)2/4) for the pressure. This exponential polar variation is re-
ferred to as superdirectivity (Crighton & Huerre 1990).

We note that superdirectivity results if the characteristic length, L, of the Gaussian is
large compared to the convected wavelength, i.e. kL = 2πL/λc ≫ 1. The superdirectivity
can thus be seen to result from axial interference in an axially-extended source comprising
more than one oscillation wavelength. For subsonic convection velocities, the interference
between regions of positive and negative source strength results in the sound field being
beamed towards low angles, an almost complete cut-off occurring at high polar angles.
This is illustrated in figure 4, where source shapes and corresponding directivities are
plotted for different values of kL, considering Mc = 0.36. For the compact limit, kL→ 0,
the directivity of the source is given by cos4 θ for the acoustic intensity. For small values of
the characteristic length, L, the dependence of the directivity on L is weak. However, as
the axial interference becomes significant, the directivity changes considerably, becoming
increasingly concentrated at low axial angles, as can be seen in figure 4(b) for kL = 6.
In this case, the directivity shape is dominated by the exponential term in eq. (3.7),
and is close to a straight line when plotted as a function of (1 − Mc cos θ)2. For this
source extent, as shown in figure 4(a), there is interference between three neighbouring
wavefronts in the source, leading to the observed superdirectivity.

A further effect of non-compactness can be seen in the velocity dependence of sound
radiation. A compact source will lead to a U8 velocity dependence of the acoustic in-
tensity. But as non-compact effects become significant, the velocity dependence changes,
and may be other than a power law; indeed, the expression in eq. (3.7) is not a power
law in the velocity. Figure 4(c) shows the velocity exponent, n, of the acoustic intensity
for M = 0.5, evaluated using eq. (3.7). For this calculation we assume constant Strouhal
number and source extent, L/D. We note that a compact wave-packet, with, for example
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Figure 4. (a) Wave-packet shapes, (b) corresponding directivities for Mc = 0.36 with values at
θ = 20◦ were fixed at 0dB, and (c) velocity exponents, taken with a derivative around Mc = 0.3.
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Figure 5. Directivity for the M = 0.6 jet

kL = 1, has a velocity exponent close to 8 for all angles; increases in L lead to higher
velocity exponents, especially for lower axial angles.

4. Experimental results and analysis

4.1. Mach 0.6 jet

Figure 5 shows the directivity of the Mach 0.6 jet for the measured angles, as well as
the contributions of the different azimuthal modes. The axisymmetric mode presents a
marked directivity towards the low axial angles. Indeed, there is a 7.8 dB increase in the
sound intensity between 45◦ and 20◦. The other azimuthal modes increase more gradually
over 45◦ 6 θ 6 90◦, with a slope close that of the axisymmetric mode in the same angular
sector. For lower angles, modes 1 and 2 decay with decreasing angle. Similar directivities
for the azimuthal modes 0, 1 and 2 have been observed in a large eddy simulation of a
Mach 0.9 jet (Cavalieri et al. 2011a).

Spectra for angles 20◦, 30◦ and 40◦ are shown in figure 6. The increase of mode 0 is
mostly concentrated in the lower frequencies. For Strouhal numbers greater than 1 there
is still a dominance in the total spectra of modes 1 and 2.

To evaluate the directivity of the spectral peak, the SPL for St = 0.2 is shown in figure
7. We see that for this frequency there is an even higher directivity of mode 0, with an
increase of 15.4 dB between 45◦ and 20◦, i.e. a factor of 34 in the acoustic intensity.

As presented in § 3, models representing the wave-packet form of axisymmetric coherent
structures in jets predict an exponential change of sound intensity with (1 −Mc cos θ)2.
Figure 7(b) presents the SPL at St = 0.2 as a function of this parameter, considering
Mc to be equal to 0.6M ; changes in Mc from 0.5 to 0.7 were seen to have little impact
on the directivity shape. The constant slope in the sector 20◦ 6 θ 6 45◦ indicates that
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Figure 6. Spectra of individual modes for (a) θ = 40◦, (b) θ = 30◦ and (c) θ = 20◦
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Figure 7. SPL for St = 0.2 for the Mach 0.6 jet as a function of (a) θ and (b) (1− Mc cos θ)2.

there is indeed an exponential change. Furthermore, since these models are based on a
line source distribution, the radiated sound field is axisymmetric. The comparison with
the experimental mode 0 is thus justified.

The directivity shape of azimuthal modes 1 and 2 in figure 7 is shown in § 5 to be
compatible with a source constituted of helical wavepackets, which do not produce su-
perdirective radiation. Further discussion of the higher azimuthal modes is postponed
to § 5, where a model for the sound radiation by helical wavepackets is developed.

The superdirectivity observed for the axisymmetric mode is present for a range of
frequencies near the peak as can be seen in figure 8. We note that for 0.1 6 St 6 0.3
the directivity changes very little, and a linear fit made for St = 0.2 closely matches
the directivity for both St = 0.1 and St = 0.3. For higher frequencies, we note that as
the angle is increased, the SPL tends to the same exponential decay observed for the
peak frequency. As the frequency is increased, this decay is progressively less significant:
whereas a decay of 15.4dB between 20◦ and 45◦ is observed for St = 0.2, for St = 0.4 we
have a decay of 10.7dB, and for St = 0.6 we have 7.7dB (now between 25◦ and 45◦, for
the maximum level is obtained for θ = 25◦). Although the decay at higher St differ from
that at St = 0.2, the high-frequency directivity remains exponential, as seen in figure 9
for St = 0.4, 0.6 and 0.8, but with progressively lower slopes. The deviations from the
straight lines for low angles (20 and 25 degrees) that are measured for higher frequencies
may be due to propagation effects; this is discussed in more detail in the following section.

The results of figure 8 and the mode-0 spectra shown in figure 6 suggest that the results
for St = 0.2 are representative of a range of frequencies around the spectral peak.

4.2. Lower Mach numbers

The trends observed in the M = 0.6 jet were also found for the lower Mach number flows.
Figures 10 and 11 show spectra for M = 0.4 and M = 0.5, respectively. The results are
similar to the M = 0.6 jet. However, we note that as the Mach number is reduced, the
dominance of the axisymmetric mode at, say, θ = 20◦ or θ = 30◦ is decreased. This
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Figure 8. Directivity for the axisymmetric mode as a function of Strouhal number and of
(a) θ and (b) (1 − Mc cos θ)2.
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Figure 9. Directivity for the axisymmetric mode as a function of (1 − Mc cos θ)2 for
(a) St = 0.2, (b) St = 0.4, (c) St = 0.6 and (d) St = 0.8.
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Figure 10. Spectra of individual modes for M = 0.4 and (a) θ = 40◦, (b) θ = 30◦ and (c)
θ = 20◦

effect in the OASPL is shown in figure 12, and for the SPL at St = 0.2 in figure 13. For
convenience, we replot, in both figures, the results for the M = 0.6 jet.

For M = 0.4 to M = 0.6, the SPL at St = 0.2 is shown as a function of (1−Mc cos θ)2

in figure 14. We note once more the same trends for all three Mach numbers, with an
exponential decay of the acoustic intensity as a function of (1 −Mc cos θ)2, indicating
again the superdirectivity of the axisymmetric mode.
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Figure 11. Spectra of individual modes for M = 0.5 and (a) θ = 40◦, (b) θ = 30◦ and (c)
θ = 20◦
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Figure 12. Directivity for (a) M = 0.4, (b) M = 0.5 and (c) M = 0.6.
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Figure 13. SPL for St = 0.2 (a) M = 0.4, (b) M = 0.5 and (c) M = 0.6.
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Figure 14. SPL of the axisymmetric mode for St = 0.2 and (a) M = 0.4, (b) M = 0.5 and (c)
M = 0.6.
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Figure 15. SPL of the axisymmetric mode as a function of (1 − Mc cos θ)2 for (a) M = 0.4,
(b) M = 0.5 and (c) M = 0.6.

M SPL(θ = 20◦) − SPL(θ = 45◦)(dB) kL L/D
0.4 13.2 6.50 3.10
0.5 14.1 6.34 3.03
0.6 15.4 6.40 3.06

Table 2. Estimation of source extent using the axisymmetric mode at St = 0.2

The behaviour observed at other frequencies is shown in figure 15 for M = 0.4 and
M = 0.5. The M = 0.6 results are repeated for convenience. We note that for the three
cases the directivity shapes for St = 0.1 and 0.3 closely follown the straight line fitted for
St = 0.2, showing that superdirectivity is present over a range of frequencies. Moreover,
as the Mach number decreases, a broader range of frequencies have directivities close to
that of the St = 0.2 component: the change of slope observed with increasing St, shown
in figure 9 for M = 0.6, is less significant at lower Mach numbers.

Another feature of the directivity shapes in figure 15 is that for high frequencies there
is a departure from the superdirective behaviour, a reduction of SPL occurring at the
lower angles. This is especially marked forM = 0.6 at Strouhal numbers of 0.5 and above.
For lower Mach numbers the effect is significantly reduced. A possible explanation can be
given in terms of propagation effects such as refraction by the mean shear, which tends
to decrease the sound at low polar angles, especially at higher Mach number. This is not
accounted for by the simplified model of eqs. (3.6) and (3.7), which is based on Lighthill’s
analogy. This point merits further study, but is outside the scope of the present work.

Since the directivity for St = 0.2 is exponential between θ = 20◦ and θ = 45◦, we can
use the measured exponential decay rate to estimate the wave-packet axial extent, L/D,
via the wave-packet Ansatz described in § 3 and an assumed value of Uc/U = 0.6. A best
fit of the experimental data then results in the estimated values of L/D given in Table 2

The use of Crow’s wave-packet model results in a consistent estimation of L/D for
all three Mach numbers, with a value close to 3. In turn, this value of L/D indicates
that the wave-packet extends over an axial region of 6–8 jet diameters, similar to the
result shown in figure 4(a) for kL = 6 (setting Uc/U = 0.6 and St = 0.2, λc = 3D).
This modulation is such that three oscillations are present in the source; i.e. there is
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M SPL(θ = 20◦) − SPL(θ = 45◦)(dB) kL L/D
0.4 11.8 5.94 1.42
0.5 11.8 5.48 1.31
0.6 10.7 4.75 1.13

Table 3. Estimation of source extent using the axisymmetric mode at St = 0.4

M SPL(θ = 25◦) − SPL(θ = 45◦)(dB) kL L/D
0.4 8.8 5.18 0.82
0.5 8.3 4.50 0.72
0.6 7.7 3.92 0.62

Table 4. Estimation of source extent using the axisymmetric mode at St = 0.6

M SPL(θ = 30◦) − SPL(θ = 45◦)(dB) kL L/D
0.4 6.1 4.38 0.46
0.5 5.1 3.16 0.42
0.6 4.1 1.81 0.29

Table 5. Estimation of source extent using the axisymmetric mode at St = 0.8

significant axial interference, as discussed in § 3, leading to the observed superdirectivity
in the radiated sound field.

The above estimate of the axial source extent is in agreement with results reported
by Hussain & Zaman (1981), who educed, using phase-averaged measurements in a jet
excited at St = 0.3, a flow pattern comprising a train of three coherent structures,
characterised by regions of closed vorticity contours, and spanning a region of up to 7
jet diameters from the nozzle exit. This also agrees with the experimental observations
of Tinney & Jordan (2008), who studied the near pressure field of unforced coaxial jets,
and found a subsonically convected wave extending up to 8 secondary jet diameters
downstream of the nozzle exit. In their study, the first two POD modes of the near-
field pressure had the shape of a sine and a cosine modulated by an envelope function
comprising three oscillation cycles.

The same estimation was performed using the directivities observed at St = 0.4, 0.6
and 0.8, and the results are shown in tables 3, 4 and 5, respectively. For the Mach 0.4
jet the estimated source extent for St = 0.4 is roughly half that estimated for St = 0.2.
Since the wavelength of the convected wave is also halved as the Strouhal number is
increased, this means that in this case the source also presents three spatial oscillations.
As the Mach number is increased the estimated values of L/D are reduced; however, this
does not mean that the source becomes compact, since we are still far from the kL→ 0
limit, as seen in § 3. Estimation of the source extent for St = 0.6 shows similar trends to
those observed at St = 0.4. The estimated values of L/D become lower as the Mach is
increased, but the wave-like behaviour of the source is preserved.

For St = 0.8 the source extent is substantially reduced at higher Mach, and forM = 0.6
we have a value of kL of 1.8, approaching the compact limit. However, the apparent “cone
of silence” observed in this case (see figure 15) suggests that the estimation of the source
extent may be biased here by flow-acoustic effects.
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Figure 16. Spectral shapes for azimuthal mode 0 and θ = 30◦ as a function of (a) Strouhal
number and (b) Helmholtz number.
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Figure 17. Spectral shapes for azimuthal mode 1 and θ = 30◦ as a function of (a) Strouhal
number and (b) Helmholtz number.

4.3. Spectral shape for the different azimuthal modes

We now examine the scaling of the spectra with Mach number. Figures 16 and 17 show,
respectively for the axisymmetric and first azimuthal mode, the spectra normalised by
their maximum values, and plotted versus either Strouhal number, fD/U , or Helmholtz
number, fD/c. The spectra of the axisymmetric component of the sound field collapse
better when plotted as a function of Helmholtz number, whereas azimuthal mode 1
collapses better when plotted as a function of Strouhal number.

The Helmholtz number is related to the source compactness, as He = D/λ, where λ is
the acoustic wavelength. If the source extent is comparable to the acoustic wavelength,
the Helmholtz number will play a significant role, for it is a measure of the interfer-
ence effects from the different parts of the source; discussion of the significance of the
Helmholtz number for aeroacoustic applications can be found in the work of Fuchs &
Armstrong (1978). The scaling of the axisymmetric mode with the Helmholtz number
suggests again that the non-compactness of the source plays an important role in the
radiation of sound to low axial angles. The scaling of low angle spectra with Helmholtz
number (without separation into azimuthal modes) has been observed previously by Lush
(1971), Tanna (1977) and Viswanathan (2004). We show here that as the axisymmet-
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Figure 18. Velocity exponent n obtained by fits of the (a) OASPL and (b) SPL for St = 0.2.

ric mode accounts for most of the radiation at these angles, the He scaling in the total
spectrum is predominantly due to the axisymmetric component. On the other hand, the
Strouhal scaling found, for instance at 90◦ to the jet axis, can be related to the mode-1
scaling with St, seen in figure 17(a), as at higher angles the axisymmetric radiation is no
longer dominant.

4.4. Velocity dependence of the sound radiation for each azimuthal mode

Close examination of figure 12 shows that the velocity dependence of the OASPL at each
angle is not the same for the different azimuthal modes. Such variations are also observed
in the SPL for St = 0.2, shown in figure 13. In order to evaluate this velocity dependence
as a function of both θ and azimuthal mode, we performed fits of both OASPL and SPL
for St = 0.2 as

OASPL(dB)(m,θ) = a(m,θ) + 10n(m,θ) log10(M), (4.1)

SPL(dB/St)(m,θ) = a(m,θ) + 10n(m,θ) log10(M), (4.2)

respectively, to obtain velocity scalings of the sound radiation, as in previous work (Za-
man & Yu 1985; Viswanathan 2006; Bogey et al. 2007). This was done for the total values
of OASPL and SPL, and also for the individual contributions of azimuthal modes 0, 1
and 2. Results are shown in figure 18.

The velocity exponents for OASPL shown in figure 18(a) do not show clear trends
among the different azimuthal modes for higher angles. However, we note that for low
angles the mode-0 exponent is higher than both that of the other azimuthal modes and of
the total spectrum. If we extrapolate these trends for higher Mach numbers, we can expect
that for low angles the mode-0 dominance in OASPL will be even more pronounced.

Considering the velocity dependence of SPL for St = 0.2 alone, shown in figure 18(b),
these effects are even more marked, the velocity exponent of the axisymmetric mode for
low angles being considerably higher than that of the other modes. This, as shown in § 3,
is another indication of non-compactness of the source.

Naive use of the values obtained for n for St = 0.2 to estimate the source length
based on the wave-packet model of § 3 leads to a source extent of L/D ≈ 1.5 (source
extent of 3–4 jet diameters) which is roughly half that estimated in § 4.3 based on the
directivity. However, the derivation of the velocity exponent with the Crow (1972) wave-
packet model assumes that the source extent and maximum amplitude do not change with
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Figure 19. Velocity spectra on the jet centerline for (a) x = 2D and (b) x = 4D, and (c) on
the jet lipline for x = 2D. The straight line in (c) represents a −5/3 slope

increasing Mach number, and it also assumes a constant ratio between convection and jet
speeds. Moreover, compressibility affects the development of the velocity fluctuations as a
function of Mach number (see Lele 1994 and references therein for studies on compressible
mixing layers). Linear stability theory also predicts lower growth rates as the Mach
number is increased (see, for instance, reviews by Michalke 1984 and Morris 2010).

Velocity spectra on the jet centerline are shown in fig. 19 for x = 2D and x = 4D.
The centerline spectrum is chosen to highlight the axisymmetric mode of the velocity
fluctuations† We see that for both axial positions the amplitude of the velocity fluctua-
tions, when normalised by the jet velocity, decreases as the Mach number is increased.
This can be attributed to the lower growth rate predicted by stability theory for higher
Mach numbers, since the differences in the mean velocity profiles are slight (see figure 1)
and could not cause such a significant effect. The reduction of the normalised amplitude
for higher Mach numbers was also observed by Armstrong et al. (1977) and Suzuki &
Colonius (2006) in experimental results for the near-field pressure. On the other hand,
for the velocity spectra on the jet lipline, shown in figure 19(c), the results for the three
Mach numbers collapse. The variation of the Mach number from 0.4 to 0.6 has therefore
a significant effect on the evolution of the axisymmetric mode, but no detectable effect
on the full jet turbulence.

This suggests that in order to appropriately account for the velocity dependence in
the axisymmetric wave-packet model of § 3, one should account for the reduction of the
normalised amplitude ûx/U as the Mach number is increased, leading to lower velocity
exponents than the results of fig. 4(c). To perform an estimation of the source extent
that accounts for compressibility effects in the evaluation of n, we have plotted in figure
20 the power spectral density for the centerline velocity for St = 0.2. We note that the
decrease in the power can be roughly approximated by the straight line in the figure
with a slope of -1.8. Using this expression in the evaluation of the velocity exponent n of
the sound radiation of Crow’s wave-packet model we obtain the results shown in figure
20(b). The exponents for kL = 6 are close to the experimental values in the angular
range 20◦ 6 θ 6 45◦ where superdirectivity was observed, consistent with the value of
kL educed from the directivity in § 4.2.

† In stability theory the boundary conditions on the jet centerline are of zero transverse
velocity and arbitrary finite streamwise velocity for m = 0, and zero streamwise velocity for
all higher order azimuthal modes (Batchelor & Gill 1962); therefore, we expect the centerline
spectrum to be representative of the axisymmetric mode; indeed, such measurements have been
used in the past for comparison with stability results (Crow & Champagne 1971; Michalke 1971;
Crighton & Gaster 1976).
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Figure 20. (a) Velocity dependence of the power spectral density of the centerline velocity
at x = 4D for St = 0.2, (b) Velocity exponent of sound radiation by wave-packets assuming
ũ = aU−1.8

Although the use of a velocity exponent n is useful to scale jet data at different Mach
numbers and predict the increase of sound level as the jet velocity inreases, it should
be noted that non-compact sources, such as are described by the wave-packet model of
eq. (3.7), lead to a velocity dependence for the sound intensity that departs from a Un

form. As the Mach number range of the present tests is not comprehensive, a conclusive
answer is not presently available regarding the precise form of the velocity dependence
for the different azimuthal modes. Deviations from a Un law can be seen in the results
of Lush (1971), which spanned Mach numbers from 0.3 to 1.

5. Sound radiation by helical wavepackets

The far-field sound radiation from a given azimuthal mode of the Txx component of
Lighthill’s stress tensor, derived in Appendix B, is

p(R, θ,m,ω) = − imk2
a cos2 θe−ikaR

2R

∫

eikax cos θdx

∫

Txx(x, r,m,ω)

×Jm(kar sin θ)rdr. (5.1)

The line source approximation, used in the analysis of the preceding section, and
derived in Appendix B for the axisymmetric mode, cannot be applied for the other
azimuthal modes. The reason is the presence of sin θ in the argument of the Bessel
function in eq. (5.1); even though equivalent line sources can be obtained after the radial
integration, a different line distribution is obtained for each polar angle, and hence no
single line source is valid for all θ.

Another difference when we evaluate the sound radiation for a helical mode is that the
radial distribution of fluctuations plays a significant role, even for small frequencies and
Mach numbers. The Bessel functions of first kind of order m are proportional to xm for
low x; thus, for the axisymmetric mode they can be approximated as constant, whereas
for the other azimuthal modes their precise shape will influence the result of the radial
integral in eq. (5.1). Moreover, the assumption that the axial velocity fluctuations do not
change radially, used in Crow’s model, can only be used for the axisymmetric mode, since
for helical modes the axial velocity fluctuation on the jet centerline is zero (Batchelor &
Gill 1962).

In order to obtain the directivity of the sound radiated by the helical modes, we
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Figure 21. Axial velocity eigenfunctions obtained with linear stability theory for x = D and
St = 0.2: (a) amplitude and (b) phase.

consider the radial structure of Txx, modelling it as

Txx(x, r,m,ω) = 2ρ0ūx(r)ûx(r,m,ω)e−ikxe−
x2

L2 , (5.2)

where ūx(r) was taken as the mean velocity profile at x = D, and the velocity fluctuations
ûx(r,m,ω) were modelled as linear instability waves of frequency ω and azimuthal mode
m. A linear spatial stability analysis is performed, based on a parallel shear-flow whose
mean velocity profile is that measured at x = D, and the most unstable mode used
in order to model the radial structure of the source. Radial distributions of velocity
fluctuations obtained in this way have previously been seen to closely match experimental
results for forced jets (Cohen & Wygnanski 1987; Petersen & Samet 1988), and there is
evidence of similar agreement of instability wave models for unforced jets (Gudmundsson
& Colonius 2011).

The linear spatial instability calculation was performed assuming parallel, compress-
ible, inviscid flow, as in Michalke (1984). Numerical results were obtained with a Runge-
Kutta integration in a shooting procedure, and the present results were seen to reproduce
growth rates and convection velocities of the cited paper. Radial eigenfunctions so ob-
tained are shown in figure 21. The eigenfunctions have a near-zero amplitude close to
the jet lipline. This low amplitude is seen in figure 21(b) to correspond to a position
where the phase has an jump of π. The two sides of the jet mixing layer present a phase
opposition for the axial velocity, a feature observed in forced jets (Cohen & Wygnanski
1987; Petersen & Samet 1988), but also in natural, turbulent jets (Lau et al. 1972).

The source defined in eq. (5.2) was used in eq. (5.1) to obtain the radiated sound field
for azimuthal modes 0, 1 and 2 as

p(R, θ,m,ω) = − imρ0k
2
a cos2 θe−ikaR

R

∫

e

h

i(kax cos θ−kx)− x2

L2

i

dx

∫

ūx(r)

×ûx(r,m,ω)Jm(kar sin θ)rdr. (5.3)

The convection wavenumber k was taken as the real part of the wavenumber predicted
by the stability calculation. Equation (5.2) has two parameters: a free amplitude for
ûx(r,m,ω) and the wave-packet characteristic length L. The free amplitude was deter-
mined so as to match the SPL values at θ = 30◦, and L was chosen to provide the best
agreement with the other angles. Results are presented in figure 22, and the wave-packet
parameters summarised in table 6. The calculated sound radiation of the wave-packets
closely fits the directivity shape in the experiment for the three azimuthal modes.

The determination of kL for the axisymmetric mode, which was done in § 4.2, is re-
peated here, and despite the difference between the convection speed assumed in § 4.2
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Figure 22. Comparison of experimental results (points) with sound radiation from wave-packet
models (full lines) for M = 0.6, St = 0.2 and (a) m = 0, (b) m = 1 and (c) m = 2. Dashed lines
show results assuming axial compactness (kL → 0).

Azimuthal mode Uc/U kL
0 0.97 6.0
1 0.72 3.3
2 0.63 2.3

Table 6. Wave-packet parameters for M = 0.6 and St = 0.2.

(0.6 times the jet velocity) and the value predicted by instability theory at x = D (0.97U)
there is little change in the estimated value of kL (compare with table 2), showing that
the conclusions of § 4 do not depend on the assumption of a particular value for the
convection velocity.

Figure 22 also illustrates the changes in the directivity as a function of the azimuthal
mode. As m is increased, for low θ the function Jm(kr sin θ) causes a “cut-off” of the
radiated sound. This cut-off is due to the azimuthal interference in the source. In the
limit θ = 0 only the axisymmetric mode radiates to the far field (Michalke & Fuchs 1975),
since Jm(0) is equal to 1 for m = 0 and 0 for all other m.

The azimuthal interference for the helical modes causes the sound field to lose its
superdirective behaviour for higher m, with increasing cut-off with m. It is thus not
surprising that superdirectivity was verified only for the axisymmetric mode, as shown
in § 4. The results shows however, again, that with appropriately chosen parameters the
directivity shape is very closely matched by a wave-packet model.

Finally, we note that the spatial extents estimated for both helical wavepackets are
significantly lower than that of the axisymmetric component. Although values of kL
around 3, as in table 6 for m = 1, still correspond to non-compact sources (see § 3), their
influence on the radiated sound is lower than for the axisymmetric mode, which may
explain the Strouhal number scaling observed in § 4.3 for m = 1.

To study the influence of axial non-compactness of the estimated wave-packets on the
sound radiation, we have included in figure 22 dashed lines with the results for an axially
compact source. We see that for m = 0 and m = 1 the axial extent of the source is
significant for sound radiation, and neglect of it leads to errors on the directivity shape,
particularly for the axisymmetric mode, as discussed in § 4. However, for m = 2 the low
value of kL is such that the differences between the wave-packet model and a compact
source are quite small, and axial interference does not play a significant role in this case.

Results of the sound radiation by helical wavepackets for other values of the Strouhal
and Mach numbers are shown in figures 23 and 24, for azimuthal modes 1 and 2, respec-
tively. In each calculation the radial eigenfunction of linear instability corresponding to
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Figure 23. Comparison of experimental results with sound radiation from wave-packet models
for azimuthal mode 1 and (a) St = 0.2, (b) St = 0.4 and (c) St = 0.6
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Figure 24. Comparison of experimental results with sound radiation from wave-packet models
for azimuthal mode 2 and (a) St = 0.2, (b) St = 0.4 and (c) St = 0.6

Azimuthal mode kL(St = 0.2) kL(St = 0.4) kL(St = 0.6)
1 3.3 2.8 2.6
2 2.3 2.1 1.9

Table 7. Wave-packet parameters for the three Mach numbers in figures 23 and 24.

the values of St and M was used. As before, the free amplitude of ûx is determined so
as to match the radiated sound for θ = 30◦, and the value of L is chosen to match the
directivity shape. However, we kept the same value of kL for the three Mach numbers to
constrain the model, avoiding an excess of parameters to fit the experiments. The values
of kL for Strouhal numbers of 0.2, 0.4 and 0.6 are shown in table 7 for azimuthal modes
1 and 2.

The results in figures 23 and 24 are close to the experimental results and present the
same trends of the measurements. This confirms that the sound radiation at low angles
for a range of Strouhal and Mach numbers has the directivity of helical wavepackets.

6. Conclusion

An experimental investigation of the azimuthal components of the sound radiated by
subsonic jets in the Mach number range 0.35 6 M 6 0.6 has been carried out using a
ring array comprising six microphones. For this Mach number range the axisymmetric
mode is seen to be highly directive, large increases in intensity being observed as the
angle to the downstream jet axis is decreased. This trend is more marked for the peak
frequencies. The observed increase is such that the axisymmetric mode dominates the
sound radiation for low polar angles.
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An exponential change of SPL with the paramater (1−Mc cos θ)2 is predicted by wave-
packet models, using an axially non-compact source distribution. The non-compactness
leads to interference between different regions of the source; the sound radiation is, as
a result, concentrated at low angles, and, for subsonic convection velocities, decreases
exponentially as (1 −Mc cos θ)2 is increased. This effect has been observed for the ax-
isymmetric mode, a decay of 15.4dB being seen for the peak frequency. With this value,
and a wave-packet Ansatz, the axial extent of the source has been estimated to be of
the order of 6-8 jet diameters for the M = 0.4, 0.5 and 0.6 jets. Further evidence of the
importance of the non-compactness of the source for the axisymmetric mode is observed
in a Helmholtz scaling of the axisymmetric mode and in a velocity dependence with an
exponent of 9.6 for low angles.

The analysis is extended to inlcude higher order azimuthal modes, and a model is
proposed for sound radiation to low polar angles by helical wavepackets. The superdirec-
tive radiation, characteristic of the axisymmetric mode, is changed due to the azimuthal
interference in the source, which reduces the radiation for low θ. The model presents
favorable comparisons with measurements for modes 1 and 2, showing that the sound
field for helical modes also correspond to wave-packet radiation. However, the educed
source extents are decreased for higher azimuthal modes, and, for mode 2, are close to
the compact limit.

Since the present Mach number range is below most aeronautical applications, it is
useful to evaluate the trends with increasing M . Recalling that the velocity exponent
n in eqs. (4.1) and (4.2) and in figure 18 reflects the increment of the radiated sound
as M is increased, the observations in the present work allow the following scenario to
be postulated with regard to the effect of increasing jet Mach number on the radiated
sound:

(a) As the jet Mach number is increased, the sound radiation of the axisymmetric
mode grows faster than the sound field of the higher order modes (figure 18a);

(b) The increase in the axisymmetric radiation is even more pronounced near the
spectral peak (figure 18b);

(c) The velocity increase therefore causes the sound radiation at low angles to be
dominated by the axisymmetric mode, especially at the peak Strouhal number.

These trends suggest that at higher subsonic Mach numbers the observed axisym-
metric radiation will have increased importance. Furthermore, the results suggest that
the axisymmetric radiation can be appropriately modelled if, instead of considering the
turbulent field to be formed by stochastic eddies with random phase (Lee & Ribner
1972; Crighton 1975), the axial interference over a non-compact source region is taken
into account (see for instance Michalke 1970; Michel 2009). Some of the shortcomings
in acoustic analogies may be overcome if we use appropriate source models for the large
scale structures in jets, accounting for axially-extended wavepackets such as we have
studied here.

For modelling purposes, we can think of the axial source interference in two ways, which
are not mutually exclusive. The first is in an average sense: we look for an averaged mutual
interference between the different positions of a jet, and particularly for its average effect
in the sound field. For this evaluation, correlations and cross-spectra are appropriate
measures, and, especially in the near field, as shown by Tinney & Jordan (2008) and Reba
et al. (2010), these prove to be significant over a region extending several jet diameters
from the nozzle exit. Furthermore, since for many practical applications determination of
the radiated spectra is sufficient, this can be accomplished by coupling such correlation
data with an acoustic analogy, as done, for example, by Karabasov et al. (2010), among
others, or with a Kirchhoff surface, as shown by Reba et al. (2010). For such an approach,
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stability calculations may constitute an appropriate dynamic model, and indeed it has
been shown that reasonable predictions can be obtained for the radiated sound at low
angles (Colonius et al. 2010).

A second approach for studying such source interference effects involves an instanta-
neous perspective. Since a turbulent jet is intermittent, source interference changes with
time. This leads to periods when the interference is destructive, during which we have
periods of “relative quiet”; or, periods during which the destructive interference may be
less significant, resulting in high-energy temporally-localised bursts in the acoustic field
(Hileman et al. 2005; Kœnig et al. 2010). Experimental evaluation of the instantaneous
interference between coherent structures in a flow is not an easy task, but such endeav-
ours appear worthwhile considering the additional physical insight to be gained in terms
of the dynamic law of jet noise source mechanisms. Furthermore, as seen by Cavalieri
et al. (2010), the details of the mutual interference in the source region can be crucial for
the understanding of differences between uncontrolled, noisy flows and their controlled,
quieter counterparts.

This work was partially supported by CNPq, National Council of Scientific and Tech-
nological Development – Brazil, and through the EU-Russian program ORINOCO (FP7-
AAT-2010-RTD-Russia; project number 266103). The authors thank Joël Delville and
Carine Fourment-Cazenave for their work during the experiments.

Appendix A. Azimuthal decomposition of the acoustic field

A.1. Definitions

We present here the azimuthal Fourier series applied for the far-field pressure. The coef-
ficients of a Fourier series in Φ are given by

p(R, θ,m, t) =
1

2π

∫ π

−π

p(R, θ,Φ, t)eimΦdΦ, (A1)

and the reconstruction of the pressure signal is

p(R, θ,Φ, t) =
∞
∑

m=−∞

p(R, θ,m, t)e−imΦ (A2)

with the property

p(R, θ,−m, t) = p∗(R, θ,m, t) (A3)

since the pressure is a real-valued function.
In particular, we have for Φ = 0 the reconstruction

p(R, θ,Φ = 0, t) =
∞
∑

m=−∞

p(R, θ,m, t), (A4)

and each azimuthal component is given by

p0(R, θ,Φ = 0, t) = p(R, θ,m = 0, t), (A5)

pm(R, θ,Φ = 0, t) = p(R, θ,m, t) + p(R, θ,−m, t) if m 6= 0. (A6)

The azimuthal components pm so defined are real-valued. The use of Φ = 0 for the
reconstruction is without loss of generality due to the circumferential homogeneity of the
acoustic field of axisymmetric jets.
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A.2. Evaluation of the accuracy of the Fourier series

In the present work we have used a ring of six microphones in the far field to determine
the azimuthal Fourier modes of the acoustic pressure. In order to evaluate if the spacing
of ϕ = 60◦ between microphones is appropriate, we evaluate the coherence function

C(ϕ,ω) =
|W (ϕ,ω)|2

Spp(Φ0, ω)Spp(Φ0 + ϕ,ω)
(A7)

where Spp is the power spectral density of a single microphone andW is the cross spectral
density between two microphones spaced azimuthally of ϕ, given as

W (ϕ,ω) = p̂(Φ, ω)p̂∗(Φ + ϕ,ω), (A8)

where averaging between Fourier transforms of segments of the time series is implicit,
and the spherical coordinates R and θ have been dropped for compactness.

The relationship between the coherence function and the azimuthal Fourier series can
be obtained as follows. Using eq. (A2), the spatio-temporal correlation of two micro-
phones spaced of ϕ with a time lag of τ can be written as

p(Φ, t)p(Φ + ϕ, t + τ) =
∞
∑

m=0

pm(t)pm(t+ τ) cos(mϕ) (A9)

since the correlation function is even in ϕ and does not depend on Φ due to the circum-
ferential homogeneity of the jet.

We take the temporal average of both sides and use the correlation theorem to obtain

p̂(Φ, ω)p̂∗(Φ + ϕ,ω) =
∞
∑

m=0

|p̂m(ω)|2 cos(mϕ) (A10)

such that p̂m(ω) can be obtained by the cross spectral density as

|p̂0(ω)|2 =
1

2π

∫ 2π

0

p̂(Φ, ω)p̂∗(Φ + ϕ,ω)dϕ (A11)

|p̂m(ω)|2 =
1

π

∫ 2π

0

p̂(Φ, ω)p̂∗(Φ + ϕ,ω) cos(mϕ)dϕ if m 6= 0. (A12)

Now consider that the integral is calculated numerically; for instance, eq. (A 12) is
approximated as

|p̂m(ω)|2 =
1

2π

∑

ϕ

p̂(Φ, ω)p̂∗(Φ + ϕ,ω) cos(mϕ)∆ϕ. (A13)

If the coherence function is zero for all but ϕ = 0 for some frequency ω, the microphone
spacing is lower than the azimuthal coherence length. In this case, the result will be

|p̂0(ω)|2 =
1

2π
|p̂(Φ, ω)|2∆ϕ (A14)

and

|p̂m(ω)|2 =
1

π
|p̂(Φ, ω)|2∆ϕ if m 6= 0. (A15)

for all m, which is not an accurate result: an uniform distribution in azimuthal modes is
obtained only for a function with zero azimuthal coherence length, but for all physical
quantities this length will be finite. This result is only an artifact of the azimuthal spacing.
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Figure 25. Coherence between microphones with azimuthal spacing of ϕ = 60◦ for
(a) θ = 20◦ and (b) θ = 30◦.

Hence, to obtain meaningful results for the azimuthal Fourier series, the coherence should
be non-zero for the microphone spacing ϕ.

Coherence results are shown in figure 25 for θ = 20◦ and 30◦. We see that for both polar
angles the coherences are significant for Strouhal numbers up to 1, and decay to zero
for St ≈ 2. This validates the analysis in § 4 and § 5, done mostly for Strouhal numbers
lower than unity. However, care should be taken in analysing higher frequencies, which
we avoid in the present work. For such task an azimuthal ring with a higher number of
microphones would be necessary.

Appendix B. The line-source approximation for low-angle radiation

The purpose of the present Appendix is to show, using Lighthill’s analogy, the steps
that allow to write the solution of the radiated sound at low polar angles to be expressed,
in certain cases, as the radiation by a line source, such as the Crow’s model in eq. (3.6).

The solution of Lighthill’s equation for the pressure p in the frequency domain is given
in x as

p(x, ω) =

∫∫∫

∂2Tij

∂yi∂yj
(y, ω)

exp (−ika|x − y|)
4π|x− y| dy, (B 1)

where ka = ω/c is the acoustic wavenumber and a time factor of exp(iωt) is implied.
If we are interested in the radiation to low polar angles, we can consider the T11

term of Lighthill’s tensor alone as a first approximation. It can be shown that only
the quadrupoles aligned with the radiation direction generate sound in the far acoustic
field (Crighton 1975), and for low angles these quadrupoles can be approximated by the
T11 term. Another reason is that while the velocity fluctuations in the three directions
have similar amplitudes in a jet, the mean streamwise velocity is more than an order
of magnitude higher than the transverse components. The use of T11 alone to calculate
sound radiation for low angles was used in the models of Cavalieri et al. (2011b), and led
to good agreement with results of a large eddy simulation.

We rewrite the source in cylindrical coordinates (x, r, φ) and the observer in spherical
coordinates (R, θ,Φ). The far-field approximation gives a distance between source and
observer equal to R − x cos θ − r sin θ cos(φ− Φ), leading to

p(R, θ,Φ, ω) =
1

4πR

∫∫∫

∂2Txx

∂x2
(x, r, φ, ω)e−ika(R−x cos θ−r sin θ cos(φ−Φ))rdxdrdφ. (B 2)
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The double derivative can be passed from Lighthill’s tensor to the Green’s function,
as shown, for instance, by Goldstein (1976). This gives

p(R, θ,Φ, ω) =
1

4πR

∫∫∫

Txx(x, r, φ, ω)

× ∂2

∂x2

[

e−ika(R−x cos θ−r sin θ cos(φ−Φ))
]

rdxdrdφ. (B 3)

The azimuthal dependence of Txx can be expanded in an azimuthal Fourier series.
Taking the mode m of Txx leads to

p(R, θ,Φ, ω) =
1

4πR

∫∫∫

Txx(x, r,m,ω)e−imφ

× ∂2

∂x2

[

e−ika(R−x cos θ−r sin θ cos(φ−Φ))
]

rdxdrdφ, (B 4)

which can be manipulated to give

p(R, θ,Φ, ω) =
e−imΦ

4πR

∫∫∫

Txx(x, r,m,ω)e−im(φ−Φ)

× ∂2

∂x2

[

e−ika(R−x cos θ−r sin θ cos(φ−Φ))
]

rdxdrdφ. (B 5)

Integration in cylindrical coordinates gives

p(R, θ,Φ, ω) = e−imΦ e−ikaR

4πR

∫

dx

∫

Txx(x, r,m = 0, ω)

× ∂2

∂x2

[

ei(kax cos θ)
]

rdr

∫

e−im(φ−Φ)eikar sin θ cos(φ−Φ)dφ (B 6)

From the integral representation of the Bessel functions Jm with integer m (Morse &
Ingard 1968)

Jm(x) =
1

2πim

∫ 2π

0

eix cos φ cos(mφ)dφ, (B 7)

we can deduce the azimuthal integral to be equal to 2πimJm(kar sin θ). This leads to

p(R, θ,Φ, ω) = −e−imΦ imk2
a cos2 θe−ikaR

2R

∫

eikax cos θdx

∫

Txx(x, r,m,ω)

×Jm(kar sin θ)rdr. (B 8)

In eq. (B 8) we see that an azimuthal mode m of Txx leads to a e−imΦ factor in the
radiated pressure, showing that there is a direct correspondence between the azimuthal
modes in the source and in the acoustic field, such that

p(R, θ,m,ω) = − imk2
a cos2 θe−ikaR

2R

∫

eikax cos θdx

∫

Txx(x, r,m,ω)

×Jm(kar sin θ)rdr. (B 9)

where p(R, θ,m,ω) is the coefficient of azimuthal mode m of the radiated pressure.
For the axisymmetric mode, eq. (B 9) gives

p(R, θ,m = 0, ω) = −k
2
a cos2 θe−ikaR

2R

∫

eikax cos θdx

∫

Txx(x, r,m = 0, ω)

×J0(kar sin θ)rdr. (B 10)
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If kar sin θ ≪ 1, we can make a further approximation by taking J0(kar sin θ) to be 1†.
Noting that

kar sin θ = 2πStM
r

D
sin θ (B 11)

and considering the radial integration in eq. (B 8) has significant values for values of r
not much larger than D, the approximation of J0(kar sin θ) as 1 is reasonable for low
values of the radiation angle and of the Strouhal and Mach numbers.

The far-field pressure is then given as

p(R, θ,m = 0, ω) = −k
2
a cos2 θe−ikaR

2R

∫

eikax cos θdx

∫

Txx(z, r,m = 0, ω)rdr, (B 12)

and the axisymmetric source can be approximated as a line distribution of quadrupoles
with intensity

Sxx(x,m = 0, ω) =

∫

Txx(x, r,m = 0, ω)rdr. (B 13)

This or similar approximations have been used in a number of works in the litterature
(Crow 1972; Ffowcs Williams & Kempton 1978; Cavalieri et al. 2011b). The far-field
pressure is given as

p(R, θ,m = 0, ω) = −k
2
a cos2 θe−ikaR

2R

∫

Sxx(x,m = 0, ω)e−ikax cos θdx. (B 14)
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Chapter VI

Instability waves in unforced turbulent jets

In the analysis of the previous chapter, we showed that the acoustic field at low axial angles

is consistent with a wave-packet source of low azimuthal wavenumber, in agreement with the

studies of numerical simulations in chapters III and IV.

We continue our experimental work by taking measurements of the velocity field of the

same jets used in the experiments of chapter V. The focus is on the analysis of the lower-order

azimuthal modes in the velocity field (m = 0 and 1), which are dominant in the acoustic field

for low polar angles. The wave-packet structure is assessed by the comparison of experimental

results with linear Parabolised Stability Equations.

We present in the following a preliminary version of the paper “Instability waves in unforced

turbulent jets”, to be presented in the 18th AIAA/CEAS Aeroacoustics Conference in June

2012.
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Instability waves in unforced turbulent jets

detected with time-resolved, stereoscopic PIV
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We study the velocity field of unforced, high-Reynolds-number subsonic jets, with tur-
bulent boundary layers at the nozzle exit, so as to discern the presence of instability waves
in such flows and their relationship to the radiated sound. The velocity field is obtained
by single-point hot-wire measurements, and at cross-stream planes with stereoscopic, time-
resolved PIV, allowing, in this last case, the Fourier decomposition of the field in frequency
and azimuthal Fourier modes. Low angle sound radiation is measured with a microphone
ring at polar angle, θ = 20◦, to the downstream jet axis, simultaneously with the PIV
acquisition. Azimuthal wavenumber spectra for velocity and far-field pressure have differ-
ent behaviours, velocity peaking at high azimuthal modes (scaling with local momentum
thickness) whereas far-field pressure is predominantly axisymmetric, suggesting that radial
compactness tends to an increased relative acoustic efficiency of the axisymmetric mode
in the flow. This is confirmed by significant correlations, around 10%, between mode-0
velocity and mode-0 far-field pressure, values significantly higher than previous two-point
correlation results in the literature for subsonic jets. The axisymmetric and first helical
modes in the velocity field are then compared with the solution of linear Parabolised Stabil-
ity Equations (PSE) (where the experimental mean velocity field is used as the base flow)
to ascertain if these modes correspond to linear instability waves. For all but the lowest
frequencies close agreement is obtained for the spatial amplification on the jet axis until
the end of the potential core. The radial shapes of the linear PSE results also agree with
the experimental results for the same region. This suggests that even though the studied
unforced jets are of broadband behaviour and present a wide range of turbulent scales, the
evolution of the lower frequencies and azimuthal modes can be modelled as linear insta-
bilities of the mean velocity profile, and these are associated to the radiated sound at low
polar angles.

I. Introduction

Since the first observations of coherent structures in turbulent jets,1,2 instability waves, or wavepackets,
have been postulated as a possible sound source mechanism in free jets.1,3–6 These are characterised by a
hydrodynamic wave with amplitude growth, saturation and decay, and an axial extent much larger than the
characteristic turbulence lengthscale. For this reason, wavepackets lead to non-compact source models for
sound generation, which represent a significant departure from turbulence models as stochastic eddies, as
was supposed at the time of Lighthill.7

As an aside to the aforementioned studies, we should mention that most of the early successful compar-
isons between instability waves and experiments8,9 involved forced jets, which present phase-locked distur-
bances that are more easily measured experimentally, and the extension of the conclusions taken from the

∗PhD student, Institut Pprime, 43 rue de l’Aérodrome, 86036 Poitiers, France.
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analysis of these flows to their unforced counterparts is not straightforward. For natural jets, modelling of
fluctuations as azimuthally-coherent instability waves may be facilitated, though, when applied to the near-
field pressure, which is known to have a simpler structure than the turbulent velocity field. For instance,
pressure inside a turbulent jet has its fluctuation energy content concentrated in few low-order azimuthal
modes, in contrast to the velocity field.10,11 The same is the case for the pressure surrounding a jet,12 and
measurements using line arrays of microphones in this region reveal the structure of a hydrodynamic wave
extending several jet diameters downstream of the nozzle exit.13,14

Recent results showing agreement between linear instability-wave models and the near-field pressure of
natural jets15,16 show that this region can indeed be modelled quite accurately as a superposition of linear
instability waves with different frequencies and azimuthal modes. It is thus tempting to affirm that such
waves are also present inside the turbulent velocity field. On the other hand, if this is true, the extent
to which turbulent velocity fluctuations can be modelled as linear waves is not clear. The hydrodynamic
waves may have small amplitudes, without a clear signature in the velocity field of an unforced jet. Such a
signature is clear for forced jets1,8,9,17 and for transitional flows, i.e. jets with laminar boundary layers at
the nozzle exit.18–21 In both cases the velocity field is dominated by coherent structures, at least for small
distances from the nozzle exit. However, this is not the case for natural jets with turbulent boundary layers
at the nozzle exit, which are flows closer to the aeronautical applications.

Gudmundsson and Colonius16 present a comparison between results of linear Parabolised Stability Equa-
tions (hereafter PSE) and the velocity field of jets, obtained using PIV in cross sections of a jet. Since in that
work the PIV measurements were not time resolved, comparison for individual frequencies was not possible,
and the instability waves needed to be superposed prior to comparison with experiment. The results show
nonetheless an encouraging agreement, which motivated us to design an experiment for frequency-dependent
comparisons between instability wave models and measurements.

In this work we present experimental results that thus probe further into the velocity fields of unforced,
turbulent jets so as to determine if velocity fluctuations of low azimuthal wavenumber may be modelled
as linear instability waves. To model such waves, we use linear PSE, as in the work of Gudmundsson and
Colonius,16 which allow wavepackets in slowly-diverging flows to be modelled. Linear PSE is used here as a
reference model for hydrodynamic waves resulting from the Kelvin-Helmholtz instability in the initial region
of a jet. Although several results presented here may seem as a validation of linear PSE (and are indeed
so), our view is that, more than that, they represent an asessment of the presence of such linear waves
in a turbulent jet, and of the possibility of applying a linear model for turbulent velocity fluctuations, the
experimental mean velocity profile being used as a base flow for linearisation.

As a further motivation for this study, the jets analysed in the present work were seen previously to
lead to an acoustic field consistent with sound radiation by non-compact wavepackets with low azimuthal
wavenumber; most notably, the sound field at low polar angles is mostly axisymmetric, with the character-
istic superdirectivity expected for wave-packet radiation.22 This suggests that an axisymmetric wavepacket
inside the turbulent field causes low-angle radiation, and here we investigate this by a detailed study of
the axisymmetric part of the velocity field and its connection to the radiated sound, which is assessed by
correlations between individual azimuthal modes.

This work is organised as follows. The experimental setup is described in section II. In section III.A
we evaluate the dominant azimuthal wavenumbers in both velocity and acoustic fields, and the relationship
between individual azimuthal modes in the turbulence and in the far-field pressure is investigated with
correlations in section III.B.

We then evaluate if the axisymmetric and first helical modes in the velocity field of jets can be modelled
as linear instability waves, calculated using linear PSE. A brief description of the computational approach is
presented in section IV.A. We then perform comprehensive comparisons of this model with the experimental
results. For our evaluations, we first take advantage of the symmetry properties of circular jets, and perform a
comparison of the axisymmetric mode on the jet centerline, using hot-wire results, in section IV.B. To obtain
results for helical modes, and at radial positions other than the centerline, we have performed stereoscopic
time-resolved PIV measurements on cross-stream planes at several axial stations. The confrontation of the
experimental results with the linear instability results are presented in section IV.C, with a discussion on
the presence of such waves in turbulent jets.
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Chapter VI. Instability waves in unforced turbulent jets

II. Experimental setup

The experiments were performed in the ‘Bruit et Vent’ anechoic facility at the Centre d’Etudes Aérodyna-
miques et Thermiques (CEAT), Institut Pprime, Poitiers, France. We have carried out velocity measurements
of subsonic jets with acoustic Mach numbers equal to 0.4, 0.5 and 0.6. The nozzle diameter, D, was 0.05m.
With these conditions, the Reynolds number, ρUD/µ, varies from 4.2× 105 to 5.7× 105, where ρ and µ are,
respectively, the density and the viscosity at the nozzle exit.

A convergent section was located upstream of the jet exit, with an area contraction of 31. This was
followed by a straight circular section of length 150mm; a boundary layer trip was used to force transition
135mm upstream (2.7D) of the nozzle exit. Hot-wire results for the boundary layer at the nozzle exit are
shown in figure 1, showing a typical turbulent profile. The present jet setup was previously used for acoustic
measurements with an azimuthal microphone ring.22
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Figure 1. Boundary layer profiles at the nozzle exit for the Mach 0.5 jet: (a) mean velocity and (b) rms value. Dashed
line in (a) is Blasius profile.

Velocity measurements were obtained using a traversing single hot wire and with stereoscopic, time-
resolved particle image velocimetry (TR-PIV). The hot wire was calibrated in situ using the procedure
described by Tutkun et al.,23 with a traversing Pitot tube giving the mean axial velocity.

The stereoscopic TR-PIV experiments were done with a setup similar to Kœnig et al.24 The measurements
are performed in cross-stream planes, as in Tinney et al.25 and Kœnig et al.24 Two cameras are placed at
an angle of 45◦ to the laser plane, one placed upstream and the other downstream of the plane. The flow
was seeded with oil smoke. The sampling frequency is 5kHz, which corresponds to St = 1.82, 1.46 and 1.21
for the M = 0.4, 0.5 and 0.6 jets, respectively. A total of 19414 image pairs were recorded. Image-processing
consisted of a five-pass correlation routine with 64x64 pixel correlation for the first pass, 16x16 pixel for
the final pass and with a 50% correlation overlap at each pass, done with LaVision software Davis 8; this
leads to velocity fields with 114×102 velocity vectors. This grid was subsequently interpolated to cylindrical
coordinates to allow the expansion of the velocity field in azimuthal Fourier modes.

We have also measured the acoustic pressure with an azimuthal ring of nine microphones at a polar angle
θ = 20◦, with a distance R to the nozzle exit equal to 42.3D. These measurements were done simultaneously
with the TR-PIV experiment, which allowed calculation of flow-acoustic correlations in two ways: the first
was between a single point in the velocity field and a single microphone, as often done in the litterature;26–30

the second was between a given azimuthal mode in velocity and acoustic fields. This last approach has
a theoretical motivation, detailed in section III.B, and allows the determination of correlations between
instability waves in the flow and the radiated sound field.

As an evalution of the errors in the present experiment, the TR-PIV results for the axial velocity at
x/D = 2 for the M = 0.4 jet are compared in figure 3 to the measurements taken with the traversing Pitot
tube and hot wire. Close agreement is found for both the mean and rms values of the velocity.

The sampling frequency of 5kHz was the maximum possible value with the available equipment. To
evaluate the effect of aliasing in spectra obtained from the TR-PIV measurements, these are compared in
figure 3 to hot-wire spectra. For positions close to the jet lipline, such as shown in figures 3(b) and (c), the
difference between TR-PIV and hot-wire spectra is slight. However, on the jet axis (figure 3a) the difference
becomes significant, particularly for frequencies far from the peak. In addition to the aliasing errors, inside
the potential core the amplitudes of velocity fluctuations are much lower than in the regions of turbulent
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Figure 2. Comparison of (a) mean and (b) rms value of the axial velocity at x/D = 2 for the M = 0.4 jet using the
different experimental techniques of the present work

flow, leading to a reduction of the signal-to-noise ratio if one considers that the noise in PIV measurements
is uniformly distributed in space. In agreement with this, the errors in the determination of spectra from
TR-PIV results are reduced for downstream positions on the jet centerline, as seen in figure 3(d).
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Figure 3. Comparison of hot wire and PIV spectra at (a) x/D = 2, r/D = 0, (a) x/D = 2, r/D = 0.48, (a) x/D = 2,
r/D = 0.57 and (d) x/D = 4, r/D = 0.

To avoid significant errors due to aliasing in the TR-PIV results, we focus the analysis of the M = 0.4
jet measurements on the Strouhal number range of 0.3 ≤ St ≤ 0.7. For higher Mach numbers, aliasing
becomes significant, even for this Strouhal number range; however, its effect is apparently uniform for all
radial positions, as shown in Appendix A, where we see also that a correction of the PIV results based
on hot-wire measurements leads to close agreement between velocity results for M = 0.6 and linear PSE
solutions.

III. Azimuthal content of the velocity and acoustic fields

III.A. Dominant azimuthal wavenumbers for velocity and far-field pressure

To present a view of the characteristic turbulent structures in the velocity field of the the present jets, we
present in figure 4 snapshots of the instantaneous axial velocity fluctuations in a cross section of the Mach
0.4 jet. Azimuthally-coherent structures, such as the ones modelled by linear instability models, are hardly
visible in this visualisation, which is dominated by smaller-scale eddies with the characteristic turbulent
length scale. The simple observation of the fields in figure 4 shows that the present jets are not dominated
by coherent structures such as forced jets,1,17 and, at first sight, does not suggest the existence of instability
waves of low azimuthal wavenumber in such flows.

On the other hand, application of an azimuthal Fourier series to the turbulent field reveals that some
energy is contained in lower azimuthal modes, and even for the axisymmetric mode. Figure 5 shows the energy
of the fluctuations of axial velocity on the jet lipline, resolved as a function of the azimuthal wavenumber.
We notice in figure 5(a) that the most energetic azimuthal mode is around 11 for the near nozzle region
(x/D = 1). For downstream positions, lower azimuthal modes of velocity become more important, and the
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Figure 4. Sample instantaneous experimental axial velocity fluctuations at x/D = 2 for the Mach 0.4 jet

peak shifts to m = 4 for x/D = 3.
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Figure 5. Energy of axial velocity fluctuations on the jet lipline as a function of azimuthal wavenumber scaled with (a)
radius r and (b) local momentum thickness δ2. Dashed line in (b) refers to mδ2/r = 0.7.

Rescaling of the azimuthal wavenumber with the local momentum thickness δ2 for each axial station,
as in figure 5(b), shows that the peak azimuthal wavenumber scales with δ2, similar to what happens in
turbulent boundary layers (the results of Tomkins and Adrian31 show a peak for spanwise wavenumber of
kzδ2 ≈ 1).

Presented in this way, the velocity field pictured in figure 4 is formed by a number of turbulent eddies. The
large-scale, energy-containing structures have azimuthal coherence related to the local momentum thickness.
However, we note in figure 5 that the energy for the lower azimuthal modes (e.g. m = 0 or 1) is not zero,
despite such modes not being readily visible in an instantaneous view of the jet.

In contrast to the energy at high azimuthal wavenumbers in the velocity field, a number of experimental
results12,22,32,33 show that the radiated sound field at low polar angles is dominated by low azimuthal modes,
especially for low frequencies. Figure 6 shows the far-field spectrum at θ = 20◦ resolved into azimuthal modes
for the present M = 0.4 jet (the acoustic field of this jet, and of the other jets studied in the present work,
is documented in detail by Cavalieri et al.22). We see that the low-frequency part of the radiated sound is
dominated by the axisymmetric mode, with lower sound radiation with increasing m.

Theoretically, the difference of the dominant azimuthal wavenumbers in the turbulent and in the acoustic
fields can be understood by noting that for low frequencies a condition of radial compactness is satisfied by
the jet: the diameter is significantly lower than the acoustic wavelength. In these cases, higher azimuthal
modes will have low acoustic efficiency due to the destructive interference in the exp(imφ) factor in the
acoustic source.

Use of cylindrical coordinates and azimuthal modes in Lighthill’s analogy allows the quantification of this
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effect. For low acoustic angles, consideration of azimuthal mode m and frequency ω of the Txx component
of Lighthill’s stress tensor leads to

p(R, θ, m, ω) = − imk2
a cos2 θe−ikaR

2R

∫

eikax cos θdx

∫

Txx(x, r, m, ω)Jm(kar sin θ)rdr, (1)

where ka is the acoustic wavenumber ω/c. The Bessel function of the first kind Jm results from azimuthal
integration, and leads to a lower efficiency of high azimuthal modes, as explored previously in the littera-
ture.5,10,34,35

This effect is illustrated in figure 7. Noting that kar = 2πStMr/D, we see that the ordinate in the figure
is the ratio of Jm(kar sinθ) to J0(kar sin θ) in decibels, and indicates the efficiency of mode m relative to the
axisymmetric mode for sound radiation at θ = 30◦. We note that for low Strouhal numbers this acoustic
efficiency decays quite fast with increasing azimuthal wavenumber m, which suggests that low azimuthal
modes in the turbulent field account for most of the sound generation at these low frequencies and polar
angles, in spite of their lower energy.
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Figure 7. Acoustic efficiency for sound radiation at θ = 30◦ by the azimuthal mode m relative to the axisymmetric
mode, for a ring source at r = D/2 in a M = 0.6 jet.

III.B. Correlations between axisymmetric modes of velocity and far-field sound

Based on the observed contrast between the dominant azimuthal modes in the velocity and far-field pressure,
and on the theoretical higher acoustic efficiency of lower azimuthal modes, we have investigated the rela-
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tionship between azimuthal modes in the jet and in the acoustic field with the computation of correlations
between velocity and far-field pressure at θ = 20◦. We present first two-point correlations, defined as

Cux,p(x, r, R, θ, τ) =
1

tf

∫ tf

0

ux(x, r, φ, t)p(R, θ, φ, t+ τ)dt. (2)

These correlations ignore the difference in the azimuthal content between velocity and pressure fields,
and would amount to an attempt to correlate a high azimuthal wavenumber in the velocity field to a low
one in the acoustic field.

If we assume instead a relationship between azimuthal modes in the velocity and in the acoustic field,
such as in eq. (1), it makes sense to correlate, instead, the axisymmetric modes of velocity and far-field
pressure, as

C0
ux ,p(x, r, R, θ, τ) =

1

tf

∫ tf

0

ux(x, r, m = 0, t)p(R, θ,m= 0, t+ τ)dt, (3)

which isolates the axisymmetric mode of the axial velocity before correlation with the axisymmetric part of
the far-field sound.

Results of the two-point correlations, as in eq. (2), are presented in figures 8 and 9, for the M = 0.4 and
M = 0.6 jets, respectively. The correlation results have a typical noise level around 0.02. This is due to the
reduced number of TR-PIV samples (19414). We see that the two-point correlations in figures 8 and 9 are
low, without an apparent peak above the noise level.
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Figure 8. Two-point correlations for the M = 0.4 jet, taken with a velocity measurement at r = D/4 and far-field
pressure at θ = 20◦. The dashed line indicates propagation time without flow-acoustic effects.
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Figure 9. Two-point correlations for the M = 0.6 jet, taken with a velocity measurement at r = D/4 and far-field
pressure at θ = 20◦. The dashed line indicates propagation time without flow-acoustic effects.

Computation of correlations between axisymmetric modes, as in eq. (3), leads to the results shown in
figure 10 and 11. The correlations are now well above the noise level, and are of order of 10% for the
M = 0.6 jet, which is significantly higher than values obtained by two-point correlations in previous studies
of subsonic turbulent jets.27,29

In addition, previous studies showed a strong decay of two-point correlations when the reference position
is moved away from the jet centerline; an example is the work of Panda et al.29 In Panda et al.’s experiment,
all correlations of subsonic jets taken at r/D = 0.45 were below the experimental noise level. Here we still
see significant correlations for several radial positions, as illustrated in figure 12. These results support the
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Figure 10. Correlations between mode-0 axial velocity at r = D/4 and mode-0 far-field pressure at θ = 20◦ for the
M = 0.4 jet. The dashed line indicates average propagation time without flow-acoustic effects.
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Figure 11. Correlations between mode-0 axial velocity at r = D/4 and mode-0 far-field pressure at θ = 20◦ for the
M = 0.6 jet. The dashed line indicates average propagation time without flow-acoustic effects.

idea that the azimuthally-coherent part of the velocity field, which also happens to be radially-coherent, has
higher acoustic efficiency, and, despite being less energetic than the dominant azimuthal wavenumbers, is
the dominant source of low-angle sound radiation.
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Figure 12. Correlations between mode-0 axial velocity and mode-0 far-field pressure for different radial positions.
Results taken at the axial station x/D = 6 of the M = 0.6 jet

Noting that most of the acoustic field at θ = 20◦ is axisymmetric,22 the present results show the signifi-
cance of the axisymmetric velocity mode for sound radiation at low polar angles, and confirm the theoretical
predictions. However, care should be taken in the interpretation of these correlation results, since we see
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that correlations are significant over a region which is extended in both x and r; even when C0 is used to
account for individual azimuthal modes, the correlation is performed between a ring in the flow and a second
ring in the acoustic field, and thus no information is obtained about the extended axial structure of the noise
source.

The observations in the present section motivate the research for an appropriate model for the lower-order
azimuthal modes in a jet, which we develop in the next section as linear instability waves.

IV. Detection of linear instability waves in the velocity field

Previous experimental observations of the present jets22 have shown that the measured acoustic radiation
is compatible with a wave-like, non-compact source with low azimuthal wavenumber, and the results of the
preceding section show further evidence linking the axisymmetric part of the velocity field and the radiated
sound.

In the present section we investigate the lower azimuthal modes of the velocity field to ascertain if they
can be modelled as instability waves. We use as a reference solution for linear instability waves a computation
based on linear Parabolised Stability Equations36 using the experimental mean field as a base flow.

Most of the results of the present section refer to the M = 0.4 jet, since this is the most favourable case
for comparison with TR-PIV results due to the aliasing in the experiment. Further comparisons with the
M = 0.5 and M = 0.6 jets are shown in Appendix A.

IV.A. Linear Parabolised Stability Equations (PSE)

Instability waves in the jets were modelled using linear PSE, following the approach described by Gudmunds-
son and Colonius.16 We describe the PSE approach briefly in the present section; more details can be found
in the cited paper.

PSE represent a generalisation of the parallel-flow linear stability theory for flows with a mild variation
on the streamwise direction. For a free jet, the total flow field q is decomposed into a mean (time-averaged)
and axisymmetric component q̄ and its fluctuations

q = q̄ + q′, (4)

where q = [ux, ur, uφ, T, ρ]
T is the vector of fluid variables. The fluctuating part is then written as a sum of

Fourier modes in the azimuthal direction and in frequency

q′(x, r, θ, t) =
∑

ω

M
∑

m=−M

χmω(x, r) exp(i(mφ− ωt)), (5)

where χmω is the modal function corresponding to the mode (m, ω).
The mean flow is a function of the axial and radial directions (x, r), but a slow variation of its properties

along the axial direction is assumed. This assumption permits the decomposition of χmω into a slowly
varying shape function (that evolves in the same scale as the mean flow) and a rapidly varying wave-like
part:

χmω(x, r) = Amω(x) · q̂mω(x, r) = exp

(

i

∫

x

αmω(ξ) dξ

)

· q̂mω(x, r). (6)

Here αmω(x) is a complex axial wavenumber, for which a mild variation is also assumed. It is important
to stress that the separation in scales between the mean flow, and the modal shape functions on one hand,
and the modal wavelengths associated with αmω on the other is a necessary hypothesis in the derivation of
the PSE. However, for low frequencies the wavelength can be comparable to the extent of the potential core.

We introduce the previous decomposition into the compressible Navier-Stokes, continuity and energy
equations. After subtraction of the terms corresponding to the mean flow, and neglecting quadratic terms
on the fluctuations, we arrive at the system of equations
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(

L0 − inωLt +Lx ∂

∂x
+ Lr ∂

∂r
+ im

Lθ

r
+

)

q̂

+
1

Rea

(

V0 + Vx ∂

∂x
+ Vr ∂

∂r
+ im

Vθ

r
+ Vxx ∂2

∂x2
+ Vrr ∂

2

∂r2

−m2Vθθ

r2
+ Vxr ∂2

∂x∂r
+ im

Vrθ

r

∂

∂r
+ im

Vxθ

r

∂

∂x

)

q̂ =
F̂mn

Amn
. (7)

The linear operators L and V can be found elsewhere.37 For brevity, the subscripts have been dropped
from the shape function and wavenumber in the previous expression. The left-hand-side on (7) is a linear
spatial operator for the mode (m, ω), and each frequency-azimuthal mode component evolves independently
of the others. Following from the slow axial variation assumed for q̂, the second axial derivatives on the
viscous terms are neglected, so that the system of equations can be integrated along the x-direction. The
decomposition of (6) is ambiguous in that the evolution of χ can be absorbed into either the shape function
q̂mω or the complex amplitude Amω corresponding to the wave-like behavior. Following Herbert,36 the
normalisation condition

∫

∞

0

q̂∗
∂q̂

∂x
r dr = 0, (8)

where the superscript ∗ denotes complex conjugation, is imposed individually to every mode, removing the
exponential dependence on the shape function q̂.

The characteristic boundary conditions of Thompson38 are used for the outer boundary, while centerline
conditions are derived following Mohseni and Colonius.39 The same approach of Gudmundsson and Colo-
nius16 was applied to obtain numerical solutions of the system of equations (7). The reader is referred to
that paper for further details on the computational method.

Adequate boundary conditions are required at the inlet, especially for q̂ and α, for each mode. The
complex amplitudes Amω can be rescaled after the computations in order to fit experimental measurements,
as linear PSE results are independent of the modal amplitudes and phases. A ’local’ spatial linear instability
eigenvalue problem (EVP) can be derived from the equations (7); from its solution, the dominant inflectional
instability eigenmode is taken as initial condition for q̂ and α.

IV.B. Comparison with experimental velocity fluctuations on the jet centerline

The linear modes have a free amplitude, and this has been adjusted using the velocity spectra on the jet
centerline. There the kinematic boundary conditions are zero transverse velocity and finite axial velocity
for azimuthal mode 0, zero axial velocity and finite transverse velocity for mode 1, and zero velocities for
all higher modes.40 As the velocity measurements were performed with a single hot wire, we expect that in
the potential core the measurements will be of the axial velocity, allowing thus the comparison between the
mode 0 from linear PSE and the hot wire spectra.

Figure 13 shows comparison, between linear PSE and experiment, of the amplitude for the streamwise
velocity component for the Mach 0.4 jet. The free constant multiplying linear PSE amplitudes was chosen
by matching amplitudes at x/D = 2. Between the nozzle exit and the end of the potential core (x/D ≈
5–5.5) there is an amplification of four orders of magnitude of the fluctuation energy in the experiment. In
this region there is close agreement between linear PSE and the experimental values for Strouhal numbers
of 0.3–0.9.

We note in figure 13 differences between the modelled instability waves and the experimental results
for points downstream of the end of the potential core. Similar behaviour was also observed in previous
work by Suzuki and Colonius15 and Gudmundsson and Colonius.16 In these papers the discrepancies were
attributed to fluctuations that were uncorrelated with the upstream instability waves. Proper Orthogonal
Decomposition (POD) was applied to obtain modes correlated axially, and the use of the first POD modes
allowed uncorrelated oscillations to be filtered, improving significantly the agreement at downstream posi-
tions. However, since the hot-wire measurements are single-point we could not apply a POD to these results
to verify if this also appplies also for the current experiments.

For the two lower Strouhal numbers, 0.1 and 0.2, shown in figures 13(a) and (b), linear PSE underpredicts
the growth rate of the axisymmetric mode. This was also the case in other works15,16 and as shown in
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Figure 13. Comparison between linear PSE (lines) for m = 0 and experimental velocity fluctuations on the centerline
(symbols) for the M = 0.4 jet. Subfigures (a)–(i) refer respectively to Strouhal numbers from 0.1 to 0.9 with increments
of 0.1.

Appendix A, is also verified for the higher Mach numbers. These discrepancies have been attributed in
the cited papers to increased non-parallel effects for these lower frequencies, since the potential core length
becomes comparable to the wavelength for these Strouhal numbers, which invalidates the hypotheses in the
PSE derivation shown in section IV.A. The lack of agreement at low Strouhal numbers may also be due
to non-linear effects; such a possibility has been considered by Sandham and Salgado41 and Suponitsky et
al.,42 who show in computations how the non-linear interaction between waves at higher Strouhal numbers
may affect the development of low-St velocity fluctuations and change the radiated sound field. The present
results do not, however, allow us to discern between these two possibilities to explain the said discrepancies.

Similar agreement is found for the other jets over the same St range; this is shown in Appendix A.
However, due to the compressibility effects discussed by Cavalieri et al.,22 the normalised amplitudes of the
linear PSE modes on the jet centerline become lower as the Mach number is increased. This is shown in
figure 14 for three Strouhal numbers. We note that the amplitudes near the nozzle exit are quite close, and
lower growth rates due to compressibility lead to decreases in amplitudes for higher Mach numbers. The
linear PSE modes are seen to correctly model these observed trends in the experimental fluctuations.

IV.C. Cross-stream planes

Velocity measurements using time-resolved PIV in cross-stream planes of the jet allow application of a Fourier
transform in time and of a Fourier series in azimuth, leading to a decomposition of the velocity field in both
frequency and azimuthal wavenumber, such as in eq. (5). This allows in turn comparison of experiment with
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Figure 14. Compressibility effect in the velocity fluctuations and in the linear PSE amplitudes for (a) St = 0.4, (b)
St = 0.6 and (c) St = 0.8.

linear PSE results for each (ω,m) pair at several axial and radial positions.
We show first comparisons for the axisymmetric mode at x/D = 2 in section IV.C.1 to explain some of

the general features of both experiment and PSE solution. The first helical mode is compared to linear PSE
at the same axial station in section IV.C.2. Finally, the axial development of instability waves is studied in
section IV.C.3. All comparisons in the present section were made for the M = 0.4 jet.

Throughout this section, comparisons are restricted to the Strouhal number range of 0.3—0.7. Com-
parisons for Strouhal numbers of 0.1 and 0.2, not shown here, did not show good agreement with linear
instability wave models, similarly to what was verified for the hot-wire data in section IV.B.

IV.C.1. Axisymmetric mode at x/D=2

The stereoscopic TR-PIV results were compared to the radial shapes of the PSE solutions for azimuthal
modes m = 0, 1. We begin the study of linear instability waves by looking at the axisymmetric mode of the
M = 0.4 jet in the present section, focusing first on jet cross section at x/D = 2. In all comparisons of the
axisymmetric mode obtained by TR-PIV results we have used the linear PSE results with amplitudes for ux

matched using the hot-wire spectra at x/D = 2 and r/D = 0; hence, no further adjustement was performed
to match the PIV results. Figure 15 shows a comparison of the axial velocity fluctuations at this station for
m = 0.

As seen in section III.A, the fluctuation energy of the axisymmetric mode close to the jet lipline is much
lower than the overall flucutation energy, shown in dash-dot lines in figure 15. This is in contrast to the jet
centerline, where all axial velocity fluctuations correspond, as expected, to the axisymmetric mode.

The comparison in figure 15 between PSE and experimental mode 0 shows a fair agreement. However,
the PSE solution presents nearly zero amplitudes at a radial position close to the lipline (the precise position
depends on the frequency). To understand the meaning of this zero amplitude, we see in figure 16 a
comparison of the phase between experiment and linear PSE for Strouhal number of 0.7. We note that
in the experiment there is a phase jump of π between the two sides of the mixing layer, a behaviour also
represented by the PSE solution.

This phase opposition for the streamwise velocity is found in coherent, axisymmetric vortical structures
obtained by phase averages of forced jets,8,9,17 and was also seen previously in unforced jets.43 This is
illustrated in figure 16(b). At the radial position of the center of a vortex, shown with a dashed line, the
axial velocity is zero; therefore, a forced jet consisting mostly of periodic vortex rings presents a nearly zero
amplitude for the streamwise velocity at the radial position of the vortex centers. We can conjecture that
the jitter of coherent structures in an unforced jet will lead to temporal changes in the radial position of the
centers, so that the experimental amplitude is not zero.

Based on this conjecture, in an attempt to obtain an average structure of the streamwise velocity without
jitter, we have applied spectral POD in the radial direction to extract the correlated part of the fluctuations,
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û
x
û
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Figure 15. Comparison between ux from linear PSE and experiment for m = 0, M = 0.4 and x/D = 2
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Figure 16. (a) Phases of the streamwise velocity for the axisymmetric mode at St = 0.7 and x/D = 2(phase is fixed as zero
at r/D = 0.4); (b) sketch representing the phase difference across a mixing layer with a developping Kelvin-Helmholtz
instability; (c) effect of jitter in the position of vortex centers

using the same approach described by Jung et al.,44 which amounts to solving the integral equation
∫

Rx,x(x, r, r
′, m, ω)ξx(x, r

′, m, ω)r′dr′ = λ(x,m, ω)ξx(x, r, m, ω) (9)

where ξ is an eigenfunction (POD mode), λ is the corresponding eigenvalue and and Rx,x is given by

Rx,x(x, r, r
′, m, ω) = ux(x, r, m, ω)u∗x(x, r

′, m, ω). (10)

This kernel Rx,x(x, r, r
′, m, ω)r is not Hermitian; an auxiliar Hermitian kernel was obtained, as in Jung et

al.,44 by multiplying the integral equation (9) by
√
r and considering Rx,x(x, r, r

′, m, ω)
√
r′r as the kernel

and ξx(x, r, m, ω)
√
r′ as the eigenfunction.

The POD defined in eq. (9) was done for each velocity component independently. We have also applied
a POD with the three velocity components in the kernel, as done by Delville,45 and results are shown in
Appendix B. However, for the presentation of the results we have preferred the scalar POD, since, as shown
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in Appendix B, the vectorial POD led to nearly identical results, but with the velocity components split into
different modes, suggesting that a single physical phenomenon was separated in different POD modes. The
scalar POD was considered less ambiguous, and, as will be seen, linear instability waves were consistently
detected using the first scalar POD mode for each velocity component.

Throughout this section we have used the projection of the experimental results onto the mode with
highest energy, obtained by

POD(ux) =
√

λ(1)ξ(1)x , (11)

where λ(1) is the highest eigenvalue and ξ
(1)
x the corresponding eigenfunction, was used to extract the coherent

part of the velocity field, and is referred to as the “first POD mode” through the remainder of this paper.
This first POD mode for ux is plotted in figures 15 and 16, where we see that this mode presents indeed

an amplitude close to zero near the lipline, at the position of the phase jump. The position of this zero
amplitude agrees closely with the PSE solution, as shown in figure 15.

The radial velocity is compared in figure 17. Note that linear PSE solutions have the same free constant
multiplying all flow variables; therefore, no further adjustement is done for this comparison. The agreement
between linear PSE and experiment is good, especially considering the first POD mode close to the centerline.
Since the radial velocity should be zero on the centerline for m = 0, the present results suggest that POD
acts in this case as a filter, removing some of the uncorrelated noise in the experimental results and leading
to the correct trend for the radial velocity close to the centerline.
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û
r
û
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Figure 17. Comparison between ur from linear PSE and experiment for m = 0, M = 0.4 and x/D = 2

IV.C.2. First helical mode at x/D=2

As in the axisymmetric case, linear PSE solutions have a free constant that is determined using experimental
data. However, since the hot-wire measurments of axial velocity on the centerline cannot give information
about helical modes, we have used the TR-PIV results at x/D = 2 to determine this free amplitude for
m = 1. We define an inner product

〈u(x, r, ω, m), ϕ(x, r, ω,m)〉 =

∫

[ux(x, r, ω, m)ϕ∗

x(x, r, ω, m)

+ ur(x, r, ω, m)ϕ∗

r(x, r, ω, m) + uφ(x, r, ω, m)ϕ∗

φ(x, r, ω, m)
]

rdr (12)
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between the experimental results and the linear PSE solutions, where ϕ refers to the velocity modelled by
the PSE solution χmω. If the velocity field can be expressed as

u(x, r, ω, m) = b(x, ω, m)ϕ(x, r, ω,m), (13)

the value of b can be determined as

b(x, ω, m) =
〈u(x, r, ω, m), ϕ(x, r, ω,m)〉

‖ϕ(x, r, ω, m)‖2
. (14)

We have used the results at x/D = 2 to determine b(x = 2D, ω,m), and used this value of b as the free
constant multiplying the linear PSE results for all values of x and r.

Figure 18 presents comparisons for the axial velocity at x/D = 2. The radial velocity in the same axial
station is compared in figure 19. We note that, as for the axisymmetric mode, the solution of linear PSE
presents a nearly zero amplitude close to the jet lipline, which compares favourably with the first POD
mode calculated from the experimental data. The agreement between model and experiment is good for
both the axial and radial velocity components, although for m = 1 the agreement is not as close as for the
axisymmetric mode shown in section IV.C.1.
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Figure 18. Comparison between ux from linear PSE and experiment for m = 1, M = 0.4 and x/D = 2

IV.C.3. Axial development of instability waves

We illustrate the development of linear instability waves in the jet by comparing the linear PSE solution
for Strouhal number of 0.5 to the experimental results for both the axisymmetric and first helical modes at
axial stations ranging from x/D = 1 to x/D = 8. This comparison is shown for the axisymmetric mode in
figure 20 for the axial velocity, and in figure 21 for the radial velocity fluctuations.

We see in figures 20 and 21 three distinct zones in the jet with regard to the development of instability
waves. In a first region, exemplified with the results for x/D = 1 and x/D = 1.5, the velocity fluctua-
tions present some differences from the linear instability model, suggesting that this near-nozzle region is
characterised by a transition from the fluctuations internal to the nozzle to the Kelvin-Helmholtz instability
observed downstream. This transition is more clearly seen in the fluctuations close to the jet lipline; on the
centerline, the flow seems to conform earlier to a jet instability, at, say, x/D = 0.5, as seen in the hot-wire
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û
∗ r
/
U

2
(S

t−
1
)

r/D

10-8

10-7

10-6

10-5

10-4

10-3

10-2

10-1

 0  0.2  0.4  0.6  0.8  1

St=0.5

PSE
TR-PIV m=1

TR-PIV m=1 POD 1
TR-PIV all m

û
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Figure 19. Comparison between ur from linear PSE and experiment for m = 1, M = 0.4 and x/D = 2

results in section IV.B. Another possibility to explain results for low x is that in this region instability waves
are indeed present, but do not dominate the velocity fluctuations, especially close to the lipline.

Between x/D = 2 and the end of the potential core (x/D ≈ 5.5 for the M = 0.4 jet) the velocity
fluctuations are closely matched by linear PSE, for both axial and radial velocity fluctuarions. However, for
locations downstream of the end of the potential core, the agreement between the instability-wave model and
the experiment becomes progressively worse, as exemplified in the results for 6 ≤ x/D ≤ 8. The comparison
of results in this region leads to three hypotheses:

H1. Downstream of the end of the potential core nonlinear effects become significant in the development
of wavepackets, invalidating any linear instability-wave model;

H2. Linear instability waves persist for high x, but account only for a small part of the azimuthally-coherent
overall energy;

H3. The instability-wave Ansatz no longer applies to describe velocity fluctuations in this region: down-
stream of the potential core the wavepackets degenerate into turbulence.

These hypotheses will be investigated in more detail in the near future, with further exploration of the
experimental database. The third possibility seems less likely on account of the persistance of the Kelvin-
Helmholtz shape of disturbance amplitudes, with a zero value close to the lipline for the first POD mode for
stations well beyond the potential core, as seen in figure 20. Current work by our group includes nonlinear
PSE computations in order to evaluate if inclusion of nonlinear interaction between wavepackets leads to
better agreement in the downstream region.

Results representing the development of the instability wave for the helical mode at St = 0.5 are shown
in figures 22 and 23, for the axial and radial velocity components, respectively. We observe an overall picture
similar to the m = 0 results; however, for m = 1 the discrepancies between linear PSE and experiment start
to become significant for x/D ≈ 4 for the axial velocity (the radial velocity presents fair agreement up to
x/D = 5).

To present these results, and also comparisons for other Strouhal numbers, in a more compact manner,
we have used the inner product defined in eq. (12) to define a metric β of the agreement between linear PSE
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û
∗ x
/
U

2
(S

t−
1
)

r/D

10-8

10-7

10-6

10-5

10-4

10-3

10-2

10-1

 0  0.2  0.4  0.6  0.8  1

x/D=3.5
û
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û
x
û
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Figure 20. Comparison between ux from linear PSE and experiment for m = 0, M = 0.4 and St = 0.5. x/D = 1, 1.5, 2,
2.5, 3, 3.5, 4, 4.5, 5, 6, 7, 8

and experiment, similar to what is done by Gudmundsson and Colonius.16 If we define

β(x, ω, m) =
〈u(x, r, ω, m), ϕ(x, r, ω, m)〉
‖u(x, r, ω, m)‖‖ϕ(x, r, ω,m)‖ (15)

we have 0 ≤ |β| ≤ 1, where |β(x, ω, m)| = 1 means that linear PSE and experiment have exactly the same
radial shapes for the three velocity components for given axial station, frequency and azimuthal mode. On
the other hand, |β(x, ω, m)| = 0 indicates orthogonality between model and experiment.

We have calculated the β metric using the first POD mode in eq. (15), since it allows the extraction of
the coherent part of the instability wave from the experimental results. Results of the metric |β| are shown
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û
∗ r
/
U

2
(S

t−
1
)

r/D

Figure 21. Comparison between ur from linear PSE and experiment for m = 0, M = 0.4 and St = 0.5. x/D = 1, 1.5, 2,
2.5, 3, 3.5, 4, 4.5, 5, 6, 7, 8

in figures 24 (a) and (b), for azimuthal modes 0 and 1, respectively.
The agreement for the axisymmetric mode is in general better than for the first helical mode. The results

in figure 24 show in all cases the three regions aforediscussed. In an initial region, agreement is somewhat
worse; this is followed by a region upstream of the end of the potential core with close agreement between
PSE and experiment, and at downstream positions discrepancies between model and experiment become
significant.

On the other hand, we note that the values of β are frequency-dependent. Instability waves with high
St tend match better the experimental results for low x, and the inverse happens at downstream positions,
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û
x
û
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û
x
û
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Figure 22. Comparison between ux from linear PSE and experiment for m = 1, M = 0.4 and St = 0.5. x/D = 1, 1.5, 2,
2.5, 3, 3.5, 4, 4.5, 5, 6, 7, 8

where agreement with low St is better. This trend is consistent with the growth rates expected for each
axial station. For low values of x/D, the relatively thinner mixing layer will lead to a high frequency for
maximum growth rate, and instability waves with high St will have a fast spatial growth near the nozzle
exit. They tend thus to dominate early the overall fluctuations for a given frequency and azimuthal mode,
while low-St waves, with lower growth rate, take a longer extent to have a significant contribution for the
measured velocity fluctuations.

This situation is reversed downstream, since the velocity profile becomes progressively stable to high
Strouhal numbers, whereas waves with low St are amplified in a longer extent of the jet. The decay of the
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û
∗ r
/
U

2
(S

t−
1
)

r/D

10-8

10-7

10-6

10-5

10-4

10-3

10-2

10-1

 0  0.2  0.4  0.6  0.8  1

x/D=4.0

)

û
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Figure 23. Comparison between ur from linear PSE and experiment for m = 1, M = 0.4 and St = 0.5. x/D = 1, 1.5, 2,
2.5, 3, 3.5, 4, 4.5, 5, 6, 7, 8

high-frequency disturbances suggests that the velocity field is no longer dominated, in the downstream region,
by instability waves with high Strouhal number. The downstream persistance of low-frequency instability
waves may explain their better agreement with the experimental results.

V. Conclusion and perspectives

We present a study of velocity fluctuations in turbulent subsonic jets without externally-imposed forcing,
with time-resolved measurements allowing the extraction of azimuthal modes in the flow and in the acoustic
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Figure 24. Absolute value of normalised inner product between linear PSE and experiment for (a) m = 0 and (b) m = 1.

field. The velocity field is seen to present significant energy for high azimuthal wavenumbers, whereas low-
angle radiation is predominantly axisymmetric. On the other hand, the axisymmetric mode has non-zero
amplitude, and when the axisymmetric part of the velocity field is isolated from the turbulence and correlated
to the far-field sound, correlations of order of 10% are obtained, values significantly higher than two-point
correlations obtained for these jets and other experiments for subsonic jets.

The velocity field is then studied to verify if this axisymmetric structure, and also the first helical mode,
can be described as a superposition of linear instability waves. Linear PSE is used for this, providing a model
for linear instability waves accounting for the slow divergence of the experimental mean velocity profiles.
There is good agreement for azimuthal modes 0 and 1 until the end of the potential core, showing that
linear instability waves are an appropriate model for the development of flucutations in such flows, and
that these modes present a wave-packet structure, in agreement with source models identified using far-field
information.22,46,47

The agreement found between linear PSE and the experimental velocity fluctuations is a further support of
the contention that the fluctuations in turbulent jets, for low Strouhal numbers and azimuthal wavenumbers,
can be described as linear instability waves with the mean field as a base flow, at least until the end of
the potential core. Some nonlinearity is nonetheless implicit, since the base flow in the computations is
the experimental mean field. The background turbulence can be seen to establish this mean field via the
Reynolds stresses; this base flow now supports a linear Kelvin-Helmholtz instability leading to an extended
hydrodynamic wavepacket.

The linearity of the velocity fluctuations contrasts with some numerical studies for low Reynolds number
jets,42,48 which show that non-linear effects are necessary to describe the evolution of near-field disturbances.
In these transitional flows, most of the kinetic energy of fluctuations is related to azimuthally-coherent
structures formed during laminar-turbulent transition; these high amplitudes lead to nonlinear effects on the
wave-packet evolution, even close to the nozzle exit. However, as seen in section III.A, for a high Reynolds
number jet with a turbulent boundary layer in the nozzle, as in the present case, only a small fraction of
the turbulent kinetic energy is contained in the low azimuthal modes, which favors application of a linear
approach.

The present results show that a part of the turbulent field of high Reynolds number jets can be obtained
using the Navier-Stokes equations linearised using the mean velocity field. This is quite different from the
general view of turbulence as an essentially nonlinear phenomenon. We doubt though that the dominant
turbulent velocity fluctuations, of high azimuthal wavenumber, could be obtained with similar linearisations.
On the other hand, if we are looking for the significant velocity fluctuations for sound generation, which have
significantly lower energy, a linear wave-packet model appears to be appropriate to describe the evolution
from the nozzle exit to the end of the potential core, at least in a statistical sense: we note that all comparisons
between linear PSE and experiment were done using averaged spectra to obtain amplitudes and phases for
each frequency and azimuthal mode. Linear PSE represents thus a good model for an “averaged jet”.

Downstream of the end of the potential core, though, the model diverges from the experimental results.
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This can be due, for instance, to significant nonlinear effects in this region, but also to a reduced contribution
of the wavepacket to the overall azimuthally-coherent fluctuation energy. Current work involves extension
to nonlinear PSE to account for nonlinear interaction of wavepackets, and also a more detailed study of the
velocity field to study what happens downstream of the potential core.

Acknowledgments

We thank Carine Fourment-Cazenave, Patrick Braud and Joël Delville for their work during the exper-
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Appendix A. Linear PSE comparisons for Mach 0.5 and 0.6

We show in figures 25 and 26 the comparison between the axisymmetric mode obtained with linear PSE
and the experimental results for the axial velocity fluctuations on the jet centerline, respectively, for the
M = 0.5 and 0.6 jets.
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û
∗ x
/
U

2
(S

t−
1
)

10-8

10-7

10-6

10-5

10-4

10-3

10-2

10-1

 0  1  2  3  4  5  6  7  8  9  10

St=0.3

(c)

x/D

û
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Figure 25. Comparison between linear PSE (lines) for m = 0 and experimental velocity fluctuations on the centerline
(symbols) for the M = 0.5 jet. Subfigures (a)–(i) refer respectively to Strouhal numbers from 0.1 to 0.9 with increments
of 0.1.

The observed trends for both jet Mach numbers are quite similar to the results for the M = 0.4 jet
shown in figure 13. For Strouhal numbers between 0.3 and 0.9 there is close agreement between PSE and
the experiment until the end of the potential core. Discussion on the possible reasons for the discrepancies
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Figure 26. Comparison between linear PSE (lines) for m = 0 and experimental velocity fluctuations on the centerline
(symbols) for the M = 0.6 jet. Subfigures (a)–(i) refer respectively to Strouhal numbers from 0.1 to 0.9 with increments
of 0.1.

at lower frequencies is presented in section IV.B.
For comparison using the TR-PIV results, increasing the jet Mach number leads to higher aliasing, since

the sampling rate was fixed at 5kHz for all experiments. As a result, the spectral estimates using TR-PIV
are significantly higher than the corresponding hot-wire results.

Figures 27 and 28 present comparisons at x/D = 3 for the axisymmetric mode of the M = 0.6 jet, for
the axial and radial velocity components, respectively. The radial shape of the PSE solution agrees closely
with the first POD mode of the experiment. The measured amplitudes are higher than the PSE solution
fitted with hot-wire spectra, but this amplitude change seems to be constant with radius.

We have performed an ad hoc correction for aliasing by defining a multiplicative constant for each
frequency, which was obtained by dividing the hot-wire spectra on the jet centerline by the TR-PIV spectral
estimate for ux at the same position. This same constant was applied to all radial positions, and to both
ux and ur. Results are shown in figures 29 and 30. The amplitudes are now quite close, indicating that the
shifts in figures 27 and 28 are indeed related to aliasing in the experiments for high Mach number.
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Figure 27. Comparison between ux from linear PSE and experiment for m = 0, M = 0.6 and x/D = 3
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û
r
û
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Figure 28. Comparison between ur from linear PSE and experiment for m = 0, M = 0.6 and x/D = 3
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Figure 29. Comparison between ux from linear PSE and experiment (with aliasing correction) for m = 0, M = 0.6 and
x/D = 3

Appendix B. Comparison between scalar and vectorial POD

In this appendix, we compare modes obtained using the scalar POD defined by eq. (9) applied to each
velocity component, and a vectorial POD, whose integral equation is given by

∫

Ri,j(x, r, r
′, m, ω)ξj(x, r

′, m, ω)r′dr′ = λ(x,m, ω)ξi(x, r, m, ω) (16)
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Figure 30. Comparison between ur from linear PSE and experiment (with aliasing correction) for m = 0, M = 0.6 and
x/D = 3

where subscripts i and j refer to the three velocity components ux, ur and uφ, and Ri,j is given by

Ri,j(x, r, r
′, m, ω) = ui(x, r, m, ω)u∗j(x, r

′, m, ω). (17)

This vectorial POD is calculated numerically using the approach described by Delville,45 with a single
3N × 3N matrix formed by computation of Ri,j for the three velocity components using the N points in
the radial direction. We have used an auxiliar Hermitian kernel, as done by Jung et al.44 and described in
section IV.C.1.

A sample comparison between results from scalar and vectorial POD is shown in figure 31. For the axial
velocity fluctuations, shown in figure 31(a), we note an almost perfect superposition of the first scalar POD
mode and the second vectorial POD mode. For the radial velocity, a similar superposition is found, this time
with the first vectorial POD mode.
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Figure 31. Comparison of scalar and vectorial POD applied to the M = 0.4 jet for x/D = 2, m = 0, St = 0.6. Note the
superposed curves (first scalar mode is superposed to the second vectorial mode in a and to the first vectorial mode
in b).

Since the first scalar POD modes of axial and radial velocity fluctuations were seen in section IV.C
to correspond closely to linear stability waves, the results of figure 31 suggest that POD is separating a
single physical phenomenon into two different orthogonal modes. This occurs most likely precisely due to
the orthogonality requirement, since linear stability modes are known to be non-orthogonal.49 In this case,
orthogonal modes are not appropriate to describe the considered phenomenon.

Based these observations, we have chosen to use scalar POD for the analysis of the results presented in
this paper, the first mode being used mostly as a filter of energetic, radially correlated fluctuations for each
velocity component, instead of using vectorial POD.
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Conclusions and perspectives

1 Conclusions

1.1 Summary of main results

In the first part of this work, we have worked with numerical simulations: mixing layers in

chapter II and a M = 0.9 jet in chapter III. In both cases we have applied a time-domain

approach, where after detection of intermittent energy bursts in the acoustic field, we look

at the state of the flow at times corresponding to the emission of the bursts. In both cases,

we related the intermittent sound radiation to temporal changes in the interference pattern

of convecting structures. For the mixing layer, a triple interaction of two-dimensional vortices

opens up a long high-pressure zone in a flow otherwise nearly homogeneous in the axial direction.

Application of optimal control prevents the emission of the acoustic burst by avoiding this triple

interaction; the controlled mixing layer maintains its axial homogeneity and thus radiates less

noise. In the case of the subsonic jet, the axisymmetric mode was seen to have a wave-packet

structure that undergoes, intermittently, a sudden truncation downstream of the potential core,

where axisymmetric structures tilt. This corresponds, as in the case of the mixing layer, to a

temporal change in the envelope of convecting disturbances, with a decrease in the homogeneity

leading to a burst in the radiated sound field.

A further aspect of the sound radiation in the large eddy simulation studied in chapter III

was that most of the intermittent acoustic bursts were observed for the axisymmetric mode

at low axial angles. In order to model the observed temporal changes in the structure of

axisymmetric wavepackets, we have developed intermittent model sources in chapter IV. The

inclusion of jitter in the wave-packet envelope is seen to increase sound radiation, with the

emission of a burst, in agreement with the observations in chapters II and III. Finally, to check

if the proposed model leads to a sound field consistent with that of the LES, we have fitted the
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model parameters using velocity data from the simulation. Calculation of the radiated sound

using Lighthill’s analogy led to good agreement with the sound pressure level at low polar

angles in the LES. The same approach was also succesfully applied to the DNS of Freund [66].

The model developed in chapter IV provided a theoretical motivation to separately study

each azimuthal mode in both the turbulent flow and in the acoustic field. Lower azimuthal

modes, and the axisymmetric mode in particular, have high acoustic efficiency; and the wave-

packet shape of mode 0, seen in chapters III and IV, leads to a strong directivity of axisymmetric

bursts to low polar angles.

Chapters V and VI are devoted to experiments with turbulent subsonic jets, and present

an investigation on wavepackets as noise sources in such flows. To deal with the experimental

databases, we have worked in the frequency domain, in contrast with the time-domain ap-

proaches of the preceding chapters. This was motivated by a relative lack of information on

the literature on the energy content of (ω,m) pairs in the turbulent and acoustic fields, where

ω stands for the frequency and m for the azimuthal mode. Both parameters being fundamen-

tal for the acoustic efficiency of a wavepacket, as discussed in chapter IV, we have decided to

perform measurements allowing Fourier decompositions in both time and azimuth. Moreover,

due to the description of fluctuations as a function of both frequency and azimuthal wavenum-

ber, linear stability theory (see review in section 1.3) can be used in the analysis as a dynamic

model for wavepackets in the jets. The measurements, nonetheless, allow further analysis in the

time domain as in the studies of numerical simulations, albeit with limitations on the available

data. For instance, we applied the continuous wavelet transform to quantify the amount of

intermittent energy in the different azimuthal modes of the sound field. This analysis, shown

in the Appendix, confirmed the dominance of axisymmetric bursts at low axial angles and their

strong directivity, suggested by the model in chapter IV.

The acoustic measurements studied in chapter V showed that the axisymmetric mode of

the far-field pressure has the characteristic superdirective behaviour expected for radiation

from an axisymmetric wave-packet (Crow [50]). This strong directivity is an indication that

low-angle sound is related to an axisymmetric wavepacket with significant axial extension.

The dependence of the radiated sound with the jet acoustic Mach number was also seen to be

consistent with wave-packet radiation, but only after the compressibility efffects detected in the

experiment are accounted for. Crow’s model has been extended to allow helical wavepackets as

sources, and azimuthal modes 1 and 2 in the acoustic field were seen to be consistent with the

model.

For the same jets, wavepackets were detected for both the axisymmetric and the first helical

mode in the velocity field in section VI, with close agreement with linear instability waves
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modelled using PSE. Additionally, correlation of far-field pressure with wavepackets in the

flow, done in a mode-by-mode basis, led to values significantly higher than previous two-point

results, showing the significance of azimuthally-coherent wavepackets for the radiated sound, in

agreement with theory (Michalke [127]; Michalke & Fuchs [132]; see also discussion in section

2.1.1).

As a whole, the results presented in this thesis support the picture of wavepackets, generated

by the linear Kelvin-Helmholtz instability of the mean turbulent flow, as the main sources of

jet noise at low axial angles.

1.2 Open issues

In chapter VI we saw that azimuthal modes 0 and 1 for the velocity can be modelled as linear

instability waves, at least up to the end of the potential core. However, for downstream stations

the agreement between model and experiment becomes progressively worse, and hence the

linear instability-wave model could not describe the full wave-packet envelope of amplification,

saturation and decay.

We have nonetheless atempted to calculate the sound field radiated by instability waves

modelled by linear PSE. To this end we have used Lighthill’s analogy; we recall, as discussed by

Cheung and Lele [36], that PSE cannot directly provide the radiated sound, since the employed

Ansatz is appropriate for hydrodynamic waves but cannot, in general, describe acoustic waves.

Alternatives to obtain the radiated sound include using the PSE solution in an acoustic analogy

(as in Cheung and Lele [36]) or using the near-field pressure to obtain the far-field sound with

a Kirchhoff surface (as done by Colonius et al. [43]). We have used the expressions derived

in Appendix B of chapter V for low-angle radiation using Lighthill’s analogy, which we repeat

here for convenience: an equivalent line source Sxx is obtained as

Sxx(x,m= 0,ω) = 2ρ0
∫ ∞

0
ūx(x,r)ux(x,r,ω)rdr, (VII.1)

where ux(x,r,ω) is the axial velocity fluctuation taken from the PSE modes, and ūx(x,r) is the

measured mean axial velocity. The far-field sound is calculated as

p(R,θ,m= 0,ω) =−k
2
a cos2 θe−ikaR

2R

∫

Sxx(x,m= 0,ω)e−ikaxcosθdx. (VII.2)

The calculation, though, led to significantly lower far-field amplitudes (discrepancies over
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Figure VII.1 – Comparison of the absolute value of the radially-integrated source using
eq. (VII.1) with envelope educed in chapter V, for M = 0.4 and St = 0.4.

10dB) than the experimental results of chapter V. Use of a Kirchhoff surface did not change

significantly this picture, and led to similar discrepancies. To understand such differences, we

compare, in figure VII.1, the axial envelope of the radially-integrated PSE source with the

envelope educed from far-field results in chapter V. We note that the two envelopes are close

up to the saturation position; however, the PSE envelope has a much lower decay rate and has

significant amplitudes for high x/D.

These different decay rates, which could be related to the lack of agreement between linear

PSE does and the velocity fluctuations downstream of the potential core, may explain the errors

in the calculated sound radiation using sources constructed from linear PSE. The modelled lin-

ear instability waves tend to remain coherent over a large axial extent, far beyond the potential

core, which leads to low amplitudes of the radiated sound.

When the PSE source in fig. VII.1 is manipulated, with an envelope changed into the educed

Gaussian, but with no changes in maximum amplitude or in phases, the radiated sound now

agrees within 2dB at low polar angles.

These results suggest that the decay of instability waves is quite important for sound radia-

tion. To model this decay, inclusion of nonlinear effects in PSE may lead to an improvement of

the agreement for positions downstream of the potential core, but so far what happens in this

region is not clear, and further analysis of the experimental database may help in the modelling

of downstream phenomena.

On the other hand, the results presented here bring to mind the observations of chapter
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III, where an intermittent truncation of a wavepacket was related to the emission of acoustic

energy bursts to low polar angles. Our experimental results confirmed the significance of such

acoustic bursts in our jets, as shown in the Appendix.

Regarding this kind of intermittent behaviour, a comment should be made on the statistical

metrics obtained from the experiments. The analysis of chapters V and VI were performed

using spectra of far-field pressure and turbulent velocity, respectively. Averaged spectra, from

a large number of flow realisations, were used to obtain power spectral densities. In this sense,

these studies display statistics representing average behaviours of the jet, either in the acoustic

or in the turbulent field.

Intermittent changes in wavepackets can lead to an increase of the radiated sound, as exem-

plified in the jittering wave-packet models in chapter IV. We conjecture that such intermittent

behaviour may lead to small changes in turbulent spectra, and, at the same time, significant

modifications of the far-field sound. If this is true, the average behaviour of the turbulent field

may not lead to the average far-field sound.

Some recent works display significant differences between turbulence- and acoustics-based

statistics in jets. Freund and Colonius [69] applied POD to a computation of a Mach 0.9

jet with different inner products, and modes obtained using an inner product based on far-

field acoustics are significantly different to those obtained with the standard product based

on turbulent fluctuations. Similar conclusions were recently obtained by Kerhervé et al. [98],

where Linear Stochastic Estimation was used to obtain a conditional average of the velocity,

the far-field pressure being used as the condition; and by Schlegel et al. [175], where observable-

inferred modes (OID) in free-shear flows were constructed using information from the acoustic

field.

To obtain more information on turbulence intermittency, it seems appropriate to explore

experimental data in both frequency and time domains, as done for the acoustic field in chap-

ters II and III, and in the Appendix. A wave-packet description including jitter, as in IV,

would permit evaluation of intermittency effects on the radiated sound. However, inclusion of

experimental data in a jittering source model is not straightforward. It was done in an ad hoc

manner in chapter IV, where a range of frequencies was described as a central one with mod-

ulations in amplitude and spatial extent. It is not clear how to do this with the full turbulent

fluctuations, without filtering a specific frequency range; moreover, since experiments do not

provide full information on the flow variables, some modelling would probably be necessary to

approximate the spatio-temporal behaviour of the turbulent field.
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1.3 Comments on the application of acoustic analogies

In the present work, Lighthill’s acoustic analogy was used as a theoretical basis to study the

properties of wavepacket models. A number of works point at conceptual flaws of such analogies

(Doak [55], Fedorchenko [59]), and there is still an ongoing debate on the litterature on the

merits acoustic analogies (see for instance, Spalart’s analysis [178] on the work of Tam [183]).

It is our view that Lighthill’s stress tensor Tij , or any other source term coming from an

acoustic analogy, cannot be interpreted as a “true source of aerodynamic sound”. By definition,

acoustic analogies deal with sound radiation problems which are analogous to aerodynamic

sound generation; these acoustic problems are derived assuming propagation of infinitesimal

disturbances on a given medium (flow at rest for Lighthill [116], parallel sheared flow for

Lilley [118], more general base flows for Goldstein [76]). These simplified analog problems

no longer model a turbulent flow; indeed, most of the turbulent fluctuations are not calculated,

but supplied to the model in the form of a source term.

Nonetheless, this does not mean that acoustic analogies are of no interest. They repre-

sent a means of obtaining quantitative results for the acoustic field based on flow parameters.

Moreover, the effect of a given structure of turbulent fluctuations on the radiated sound can

be studied in a model problem using an acoustic analogy, and comparison of its radiation with

experimental or numerical results is a consistency check for the model.

This was the approach chosen in the present work. The results of the wave-packet model in

chapter IV were important in the design of the experiments of chapters V and VI. Lighthill’s

acoustic analogy, due to its simplicity, allowed the identification of physically significant param-

eters in the acoustic field and in the flow, and measurements confirmed the trends predicted by

theory.

With the inherent complexity of turbulent flows, it is our view that a theoretical basis,

and the acoustic analogy in particular if one studies sound generation, is quite useful, not

by revealing “true noise sources”, but by helping in the distillation of the salient features of

such flows, which can be further explored by detailed analysis of numerical simulations, or by

appropriate sensing in an experiment designed for that matter.

2 Perspectives

Wave-packet dynamics As already mentioned in this chapter, linear instability waves could

not model the downstream decay of velocity fluctuations. An interesting perspective opened

by the present work is the improvement of the linear PSE model, by inclusion of nonlinear
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interaction between wavepackets, using nonlinear PSE, or by modelling interactions with the

background turbulence, with a model for Reynolds stresses, for instance. Further work on the

experimental database presented in chapter VI appears promising.

Despite the differences in the downstream region, the comparison of velocity fluctuations

with linear instability waves was quite favourable until the end of the potential core. Knowledge

of this mechanism helps to propose or to understand jet noise mechanisms. For instance,

Kœnig [101] verified that rotating microjets exiting a centerbody of the main jet led to a

reduction of far-field noise; these microjets were seen to thicken the jet mixing layer, and

analysis of the linear stability of the modified mean velocity profiles showed that the rotating

microjets had a stabilising effect for axisymmetric disturbances.

The linear Kelvin-Helmholtz instability mechanism for the initial amplification of wavepack-

ets may also shed light on the effect of nozzle-exit conditions on the radiated sound field. Near

the nozzle, the range of unstable frequencies is determined by the mixing layer momentum

thickness (see Michalke [131] or Petersen and Samet [154]). Thin mixing layers have a greater

range of unstable frequencies than thick ones, and a jet with a thin boundary layer at the nozzle

exit will in theory excite higher frequencies than one with a thick boundary layer. This is a

tentative explanation for the augmentation of high-frequency sound in jet-noise facilities with

significant contraction rates, discussed in section 2.2.4; convergents with high contraction rates

will lead to favourable pressure gradients, and thinner boundary layers at the nozzle exit.

Another perspective is an investigation of the fluctuations that trigger the Kelvin-Helmholtz

instability, which is of convective nature and is thus excited by upstream disturbances. For the

experiments in the present work, it is likely that such fluctuations are related to the turbulent

boundary layer inside the nozzle. Understanding of the mechanism by which fluctuations in

the boundary layer couple with the downstream wavepackets may allow one to propose devices

for passive or active control inside the nozzle.

Improvements on models of sound generation We saw in chapter V that for high fre-

quencies and Mach numbers the axisymmetric sound changes from a superdirective radiation

to a lobed pattern, with a reduction of acoustic intensities near the downstream jet axis re-

calling the cone of silence obtained when refraction by the sheared flow is accounted for. An

investigation of the effects of flow-acoustic interactions would help to establish the reasons for

this change of behaviour.

Most of the work in this thesis was related to the sound generation at low axial angles.

Wavepackets, such as those modelled here, present highly directive sound generation, and their

low acoustic intensities in the sideline direction suggests that they are not the most active
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mechanism of sound generation at θ = 90◦. The wave-packet models applied here use only

the axial velocity fluctuation, and hence, by construction, have no far-field sound on the jet

sideline. Modelling of radial and azimuthal velocities may change this picture, but it is not

clear if a wave-packet model can lead to reasonable estimatives of the radiated sound at high

polar angles.

However, for aeronautic applications, the jet is often below a wing, and the trailing edge

scatters jet noise. When a surface with a trailing edge is present, even sources using axial

velocity fluctuations, such as the wave-packet models of the present work, can lead to radiated

sound normal to the jet, due to edge scattering [62].

Real-time jet noise control There has been significant improvement of the capabilities

of flow control in experiments, and this is an active research topic. Numerical simulations

are also used for that matter, and are a valuable tool for actuator and sensor design, for

instance. Moreover, succesful implementation of flow control can greatly increase our knowledge

of turbulence and of aeroacoustics, since one can analyse the differences between the baseline

case and the actuated flow; an example is the optimally-controlled mixing layer of Wei and

Freund [203], analysed in chapter II.

This last example showed the importance of accounting for intermittent behaviour in the

flow for active control. Recent work by Kim et al. [99], using optimal control applied to large

eddy simulation of jets, showed noise reductions by the decrease of the amplitude of intermittent

bursts, similar to what is found in the mixing layer case.

These results suggest that for active, closed-loop control one should be able to deal with

intermittent, temporally-localised descriptions of the flow. A model should be able to predict

the radiated sound based on a short-time description of the flow, obtained by appropriate

sensing. For this purpose, a wave-packet model including jitter, such as developped in chapter

IV, may be viable to obtain a real-time prediction of the radiated sound, at least for a given

frequency range.

Another issue related to flow control is the need of reduced-order models. A real-time,

experimental setting would not afford the extensive numerical computations performed in sim-

ulations such as DNS or LES. It is thus essential to reduce the complexity of the problem and

its computational cost in order that a model be useful for real-time flow control. Such a reduced

order model should nonetheless retain the fundamental physics for sound generation.

A common approach for order reduction is the Galerkin method, based on the projection

of the Navier-Stokes equations onto N spatial modes. This leads to a system of N ordinary

differential equations, whose solution demands much less computational effort than the original
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system of partial differential equations. Some examples, derived assuming incompressible flow,

include applications of Galerkin projections for turbulent boundary layers (Aubry et al. [6],

Zhou and Sirovich [209], Rempfer [163]) flow over circular cylinders (Noack et al. [148]), spatial

(Noack et al. [149]) and temporal (Wei and Rowley [204]) mixing layers. Galerkin projections

can also be performed for compressible flows, as done by Rowley et al. [169] for the flow over

a two-dimensional cavity.

Another possibility to obtain a reduced-order model is the calibration of the coefficients of

the Galerkin system using flow data, which is more feasible when one has a limited amount of

measurements of the flow variables. Examples of this approach include the works of Perret et

al. [153] and Cordier et al. [44].

For the cited works, spatial modes are obtained by a proper orthogonal decomposition

applied to the velocity field. Application of POD with a specified inner product ensures an

optimal representation of a field in terms of the natural norm, which, for incompressible flow,

amounts to the space integration of the turbulent kinetic energy. However, this optimality

condition does not guarantee that the POD modes are an appropriate choice to model the

dynamic behaviour of the flow (see, for instance, Rowley [168]). Furthermore, as seen in

Appendix B of chapter VI, POD can split a single phenomenon into different modes due to the

orthogonality constraint.

The results of chapter VI suggest that modes derived from the linear instability of the mean

flow can provide an alternative to POD modes in the derivation of reduced-order modes. Unlike

POD eigenfunctions, modes representing instability waves are selected using the flow dynamics;

therefore, they clearly model specific physical phenomena.

The good agreement of linear instability waves with the velocity field of the jet also suggests

that the upstream conditions should be modelled in a reduced-order dynamical system, since

the cold jets studied here present convective instabilities (see discussion in the end of section

1.3). Such conditions, near or inside the nozzle, determine the initial amplitudes of waves that

are amplified downstream. In light of the present results, inclusion of upstream disturbances as

boundary conditions in the derivation of a reduced-order model seems important for the control

of jets.
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Appendix. Intermittency of the azimuthal

components of the sound radiated by

subsonic jets

We present in the following the paper “Intermittency of the azimuthal components of the

sound radiated by subsonic jets”, presented in the 17th AIAA/CEAS Aeroacoustics Conference

in June 2011.

In this paper, we have applied the wavelet filter used in the simulations of chapter II and

III to the experimental results of far-field pressure, studied in chapter V, to ascertain if the

axisymmetric bursts of acoustic pressure, detected in the large-eddy simulation in chapter III,

were also present in experiments of subsonic jets.
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17th AIAA/CEAS Aeroacoustic Conference and Exhibit, 6-8 June 2010, Portland, Oregon

Intermittency of the azimuthal components of the

sound radiated by subsonic jets

Maxime Kœnig∗, André V. G. Cavalieri†, Peter Jordan‡and Yves Gervais§

Institut Pprime, Poitiers, France

We apply a filtering procedure, based on a continuous wavelet transform, to acoustic
pressure and to the velocity field of an experimental Mach 0.6 jet in order to extract the
intermittent bursts in the signals. With an intermittency measure based on this filter, it
is possible to quantify the significance of these events in the total acoustic intensity. The
acoustic pressure is measured by a ring of six azimuthal microphones, allowing decompo-
sition of the sound field into azimuthal Fourier modes. The wavelet filtering is applied to
each azimuthal mode, and the results show that the intermittent bursts occur mostly for
the axisymmetric mode and for low polar angles. When high energy thresholds are used
for the filtering, so as to retain only the most energetic bursts, more than 80 percent of
the intermittent radiation is axisymmetric.

I. Introduction

The sound field radiated by a turbulent jet has been observed in a number of studies to comprise in-
termittent bursts.1–3 Such bursts in the time series of the acoustic pressure are difficult, if not impossible,
to detect just by the analysis of spectra. Nonetheless, this intermittency has proved to be a key feature
of the sound generated by the 2D mixing layer of Wei and Freund,4 who used optimal control in a direct
numerical simulation in order to reduce the radiated sound. As shown by the analysis of Cavalieri et al.,5

the uncontrolled mixing layer had intermittent acoustic bursts that were absent for the controlled flows.
The continuous wavelet transform was shown in that paper to be useful for the objective detection of the
intermittent bursts. As this intermittency was the feature suppressed by the optimal control, we may con-
jecture that intermittent bursts in the acoustic field of jets may be reduced by the application of appropriate
actuation that targets the associated flow events.

An evaluation of the intermittency in the acoustic field can also be helpful in understanding how to model
sound sources. Hileman et al.3 have performed such an evaluation by dividing the acoustic pressure time
series at 30◦ of a Mach 1.28 jet into loud noise generation events interspersed with periods of relative quiet.
Cavalieri et al.6 used a large eddy simulation (LES) of a Mach 0.9 jet to detect intermittent bursts in the
acoustic field and to study jet motions associated with these events. Results showed that the intermittent
bursts are mostly axisymmetric. The salient sound source feature related to the axisymmetric bursts was
found to be the jitter of an axisymmetric wave-packet upstream of the end of the potential core. Models
of such jittering wave-packets were developed by Cavalieri et al.,7 and these models show that jitter both
increases the efficiency of sound radiation and produces temporally-localised bursts for low axial angles in
the acoustic field.

A detailed analysis of the intermittency characteristics of the far field pressure was presented by Kœnig
et al.8 The use of continuous wavelet transform, which have proved useful in previous studies,5,6 showed
that the pressure scalograms for the low angle radiation present temporally-localised energetic peaks. The
introduction of a Global Intermittency Measure (GIM) in that paper allowed a quantitative evaluation of
the intermittent energy content for each position in the acoustic field; in agreement with observations based
on the scalograms, the GIM shows that low angle radiation is populated by intermittent bursts that make
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†PhD student, Institut Pprime, 43 rue de l’Aérodrome, 86036 Poitiers, France.
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contributions to the overall fluctuation energy that are greater than what is found for such localised bursts
at higher emission angles.

This paper extends these analyses to the azimuthal Fourier modes of the acoustic pressure field of subsonic
jets. Using pressure measurements made with a 6-microphone ring, we decompose the pressure field into
azimuthal Fourier modes. Considerably fewer azimuthal Fourier modes are necessary for description of the
sound field than for description of the turbulence;9,10 and many researchers have interpreted this low-order
azimuthal structure of the sound field as evidence of a corresponding low-order sound-producing turbulence
structure. One may indeed postulate that the coherent structures observed in jets (see for instance Crow
& Champagne,11 Moore,12 Hussain & Zaman13 or Tinney & Jordan,14 among others) will produce such an
azimuthally-coherent signature in the sound field. And it is this idea that is frequently the motivation for
decomposition of the sound field into azimuthal Fourier modes (Maestrello,15 Fuchs & Michel,10 Juvé et
al.,16 Brown & Bridges17 and Kopiev et al.18).

We then investigate the characteristics of each azimuthal mode by the separate determination of inter-
mittency measures. We show that the intermittent bursts are mostly axisymmetric, confirming the analysis
of the LES data.6 This has important implications for noise source modelling, since the axisymmetric sound
radiation is due uniquely to the axisymmetric part of the source19 in Lighthill’s acoustic analogy20 or any
other linearised analogy with an axisymmetric base flow. Therefore, a model of the axisymmetric structures
in jets that includes their intermittency characteristics may constitute a model better adapted to mimic the
real flow events implicated in the generation of jet noiseequipped for the quantitative prediction of jet noise,
via to reproduce the bursts in the acoustic far field.; this can be important both from the perspecctive of
real-timz control and modelling.

II. Experimental description

The experiments reported in this work were carried out in the Bruit et Vent anechoic facility at the
Centre d’Etudes Aérodynamiques et Thermiques (CEAT), at the Institut Pprime in Poitiers, France. We
have made measurements of the acoustic field of unheated jets, with acoustic Mach numbers M = U/c∞
ranging from 0.35 to 0.6 in intervals of 0.05. Velocity measurements were taken at Mach numbers of 0.4,
0.5 and 0.6. The nozzle exit measures 0.05m. With these conditions, the current measurements present
a variation of Reynolds number ρUD/µ from 3.7 × 105 to 5.7 × 105. A more detailed description of the
experimental database is presented by Cavalieri et al.21

Six microphones were disposed as an azimuthal ring in the acoustic field of the jet, with the same angle θ
to the downstream jet axis. The setup is shown in figure 1(a). The ring has a fixed diameter d equal to 35D.
Spectra of the six microphones for M=0.6 and θ = 30◦ are superposed in figure 1(b). The agreement between
the spectra shows that there is no preferred azimuthal direction in the acoustic field and the hypothesis of
circumferential homogeneity9 is appropriate for the present experiment.
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Figure 1. (a) Experimental setup; (b) spectra of the six microphones at θ = 30◦ and M = 0.6

2 of 8

American Institute of Aeronautics and Astronautics

163



Appendix. Intermittency of the azimuthal components of the sound radiated by
subsonic jets

III. Wavelet filtering

The continuous wavelet transform22

p̃(s, t) =

∫

∞

−∞

p(τ)ψ(s, t− τ)dτ , (1)

is used to analyse the temporal structure of the sound field for each of the azimuthal modes. ψ(s, t− τ) is a
family of wavelet functions, obtained by translation and dilatation of a mother wavelet function ψ(1, t). We
use the Paul wavelet with q = 4 (see Kœnig et al.8 for an evaluation of the wavelet transform results with
different wavelet functions).

ψ(1, t− τ) =
2qiqq!

√

π(2q)!
[1 − i(t− τ)]−(q+1). (2)

The result of the wavelet transform is a time-scale representation, or time-frequency. A sample segment
of the scalogram of a microphone signal is shown in figure 2(a). There we note the occurrence of two energy
bursts around tU/D = 7 and tU/D = 13. We apply a filter in the wavelet domain to retain the high-energy
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Figure 2. Scalograms of a segment of the (a) original and (b) filtered pressure signal. Contours range from 1 · 10−5σ2

to 8.1 · 10−4σ2 in steps of 5 · 10−5σ2. The thick contour in (b) is equal to 3 · 10−4σ2, the filtering threshold α.

bursts in the scalogram by defining an energy threshold α. We then decimate the wavelet coefficient to
produce a filtered pressure field containing only the bursts whose energy in the wavelet domain is above ασ2:

p̃f(s, t) =

{

p̃(s, t) if |p̃(s, t)|2 > ασ2

0 if |p̃(s, t)|2 < ασ2
(3)

where σ2 is the mean square value of the pressure in the time domain. An example of this filtering with
α = 3 · 10−4 is shown in figure 2(b), where only the two said bursts around tU/D = 7 and tU/D = 13 are
retained in the filtered scalogram.

We apply the wavelet transform for the pressure signal of a microphone and for each of its azimuthal
Fourier modes. The coefficients of a Fourier series in φ are given by

Cm(t) =
1

2π

∫ π

−π

p(t)eimφdφ, (4)

and the reconstruction of the pressure signal for φ = 0 is given by

p(t) =

∞
∑

m=−∞

Cm(t). (5)

We have each azimuthal component for φ = 0 given by

p0(t) = C0(t), (6)

pm(t) = C−m(t) + Cm(t) if m 6= 0. (7)

The use of φ = 0 for the reconstruction is without loss of generality, since there is no preferred azimuthal
direction for turbulence or for sound generation.
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In the present work we have used two different mean square value normalisations: by σ2
m, the value of

each azimuthal mode pm(t), and by σ2
T , which corresponds the mean square value of the microphone signal

p(t). The use of σm is useful if one wants to compare the intermittency characteristics of each azimuthal
mode as if they were unrelated signals. On the other hand, if one is interested in the significance of the
intermittency of each azimuthal mode in the reconstruction of the total energy, it is better to normalise all
azimuthal components by the total energy σT , to keep the superposition properties of the Fourier series.

The filtered pressure in the time domain is obtained by the inverse wavelet transform:

pf(t) =
1

Cδ

∫

∞

0+

p̃f(s, t)

s3/2
ds. (8)

Sample results are shown in figure 3 for the same microphone signal analysed in figure 2. We note that the
filtering in the wavelet domain, shown in figure 2(b), leads to a decimation of the original signal. The only
remaining pressure fluctuations are those corresponding to the bursts in the scalogram of figure 2(b).

-4
-3
-2
-1
 0
 1
 2
 3
 4

 4  6  8  10  12  14  16  18  20

p 
(P

a)

tU/D

Figure 3. Pressure for the (——) original and (- - - -) filtered time series

IV. Acoustic results for the Mach 0.6 jet

We present here the results of the filtering operation described in the preceding section for M = 0.6
jet. We have used pressure signals of 10s, corresponding to a total non-dimensional time tU/D = 40800,
sufficient to calculate probability distribution functions for the filtered bursts.

IV.A. Spectral content of the azimuthal modes

The pressure spectrum for the axial angle θ = 30◦ is shown in figure 4, as well as the spectra of the individual
azimuthal Fourier modes.

 60
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Figure 4. Total spectrum for the acoustic pressure and for its azimuthal components for θ = 30◦ and M = 0.6.

For this radiation angle, the axisymmetric mode dominates the sound radiation for the peak frequencies.
This was also observed by Juvé et al.16 for a Mach 0.4 jet. For higher Strouhal numbers, mode-1 and mode-2
radiation are dominant. For a detailed description on the spectral content of the azimuthal modes and their
directivity, see Cavalieri et al.21,23
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Appendix. Intermittency of the azimuthal components of the sound radiated by
subsonic jets

IV.B. Intermittency measures

We filtered the pressure signal, as well as its azimuthal modes, using the continuous wavelet transform as
described in section III. To evaluate the intermittency of the signals, we calculate the energy of the filtered
signal with a given threshold value α. High energy values in the filtered signals occur if the corresponding
scalograms are composed of several energy bursts. Low energy for the filtered pressure is found when the
signals do not present significant intermittent peaks in the scalogram. The energy of the filtered pressure
and that of the azimuthal modes for θ = 20◦ is presented in figure 5.
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Figure 5. Energy of the filtered signals for θ = 20◦ as a function of threshold α with normalisation by (a) σm and (b)
σT .

In figure 5(a) we have used the energy of each azimuthal mode, σm, in the normalisation of eq. (3). We
note that the intermittency is present mostly for the axisymmetric mode, since for each threshold α a higher
percent of the energy is retained by the filtering if compared to the other modes.

The normalisation of all the signals by the total energy σT leads to the results shown in figure 5(b).
There, we note that for α = 0 the energy ratios are different for each mode. Since α = 0 in eq. (3) means
no filter, these ratios correspond to the contribution of each azimuthal mode to the total energy of the
unfiltered signal. The results of figure 5(b) show, in agreement with figure 5(a), higher intermittent energy
for the axisymmetric mode. We note that for high α thresholds, above 6 · 10−4, the filtered signal is almost
completely axisymmetric.

Figures 6 and 7 show the results of the wavelet filt The normalisation of all the signals by the total energy
σT leads to the results shown in figure 5(b). There, we note that for α = 0 the energy ratios are different
for each mode. Since α = 0 in eq. (3) means no filter, these ratios correspond to the contribution of each
azimuthal mode to the total energy of the unfiltered signal. The results of figure 5(b) show, in agreement
with figure 5(a), higher intermittent energy for the axisymmetric mode. We note that for high α thresholds,
above 6 · 10−4, the filtered signal is almost completely axisymmetric.

Figures 6 and 7 show the results of the wavelet filtering for each azimuthal mode at polar angles θ = 30◦

and θ = 40◦, respectively. We note for θ = 30◦, shown in fig. 6 the same trends of the results for θ = 20◦: the
intermittency of the pressure signal is mostly in the axisymmetric mode. However, for θ = 30◦ the energy of
the filtered signals for a given threshold α is lower if compared to the filtering for θ = 20◦. As the polar angle
is increased to 40◦, the intermittency decreases, as seen in fig. 7, as little energy is retained for a given α if
compared to the lower polar angles. This decrease in the intermittency with the increase of θ was observed
by Kœnig et al.8 For θ = 40◦ the different azimuthal modes behave in similar ways, with a slightly higher
intermittent energy for mode 1.

We compare the filtering results for the axisymmetric mode at θ = 20◦, 30◦ and 40◦ in fig. 8. As
the filtered energy for each threshold measures how peaky a scalogram is, the results of fig. 8 show that
the presence of intermittent bursts decreases rather abruptly as the angle is increased. This indicates
that these energy bursts are highly directive. As shown by Kœnig et al.24 the directivity of these bursts
changes exponentially with the polar angle, which suggests that they can be modelled using a wave-packet
model7,25,26 for the axisymmetric coherent structures in the jet.

The results of figures 5, 6 or 7 allow the determination of the energy of each azimuthal mode related to
the total energy as the pressure is filtered with a given threshold. This is shown in figure 9 for θ = 30◦. The
results show that the filtered events in the pressure are mostly comprised of axisymmetric bursts. As the
energy threshold α is increased, this effect is even more noticeable, up to a point when more than 80 percent
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Figure 6. Energy of the filtered signals for θ = 30◦ as a function of threshold α with normalisation by (a) σm and (b)
σT .
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Figure 7. Energy of the filtered signals for θ = 40◦ as a function of threshold α with normalisation by (a) σm and (b)
σT .
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Figure 8. Energy of filtered mode-0 pressure signals

of the energy of the filtered pressure is given by the axisymmetric bursts. This agrees with the observations
of Cavalieri et al.,6 who applied the same techniques to the acoustic pressure of a large eddy simulation of
a Mach 0.9 jet.

V. Conclusion

The application of a filter based on the continuous wavelet transform to extract coherent energy bursts in
the acoustic field of a jet is proposed. This filter is applied to the azimuthal Fourier modes in the acoustic field
of an experimental subsonic jet. The present results show that the bursts in the acoustic field, which account
for a significant amount of the radiated energy,8 are mostly axisymmetric. For high energy thresholds for
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Appendix. Intermittency of the azimuthal components of the sound radiated by
subsonic jets
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Figure 9. Energy contribution of the filtered azimuthal modes to the total filtered energy

the filtering, more than 80 percent of the burst energy is axisymmetric.
If we think on the possibilities for real-time, noise reduction control for subsonic jets, or on the un-

derstanding of the instantaneous mechanisms of sound production, the present results suggest that, as far
as low angle radiation is concerned, focus on axisymmetric radiation tends to be more rewarding, for the
intermittent energy bursts are mostly present for azimuthal mode 0. This allows the determination of times
related to noise producing events,3 the study of which can reveal the flow structures that are related to the
emission of the acoustic energy bursts and that can be actuated by an appropriate control formulation.4,5
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On considère les paquets d’ondes hydrodynamiques comme mécanismes de génération de bruit des jets sub-

soniques.

Cette approche résulte tout d’abord de l’analyse de données numériques - DNS d’une couche de mélange (Wei

et Freund 2006) et LES d’un jet à Mach 0,9 (Daviller 2010) - permettant de déterminer les propriétés des

sources en termes de compacité, d’intermittence et de structure azimutale. L’identification d’un rayonnement

intermittent associé aux modifications des structures cohérentes des écoulements permet de proposer un modèle

de paquet d’onde pour représenter ce phénomène dans l’analogie de Lighthill, dont l’enveloppe présente des

variations temporelles d’amplitude et d’étendue spatiale. Celles-ci sont tirées de données de vitesse de simula-

tions numériques de jets subsoniques, et un accord de l’ordre de 1,5dB entre le champ acoustique simulé et le

modèle confirme sa pertinence.

L’exploration du concept proposé est ensuite poursuivie expérimentalement, avec des mesures de pression acous-

tique et de vitesse de jets turbulents subsoniques, permettant la décomposition des champs en modes de Fourier

azimutaux. On observe l’accord des directivités des modes 0, 1 et 2 du champ acoustique avec le rayonnement

d’un paquet d’onde. Les modes 0 et 1 du champ de vitesse correspondent également à des paquets d’onde,

modélisés comme des ondes d’instabilité linéaires à partir des équations de stabilité parabolisées. Finalement,

des corrélations de l’ordre de 10% entre les modes axisymétriques de vitesse dans le jet et de pression acoustique

rayonnée montrent un lien clair entre les paquets d’onde et l’émission acoustique du jet.

Mots clés : aéroacoustique, jets – bruit, bruit aérodynamique, vélocimétrie par images de particules

Hydrodynamic wavepackets are studied as a sound-source mechanism in subsonic jets. We first analyse numerical

simulations to discern properties of acoustic sources such as compactness, intermittency and azimuthal structure.

The simulations include a DNS of a two-dimensional mixing layer (Wei and Freund 2006) and an LES of a Mach

0.9 jet (Daviller 2010). In both cases we identify intermittent radiation, which is associated with changes in

coherent structures in the flows. A wave-packet model that includes temporal changes in amplitude and axial

extension is proposed to represent the identified phenomena using Lighthill’s analogy. These parameters are

obtained from velocity data of two subsonic jet simulations, and an agreement to within 1.5dB between the model

and the acoustic field of the simulations confirms its pertinence. The proposed mechanism is then investigated

experimentally, with measurements of acoustic pressure and velocity of turbulent subsonic jets, allowing the

decomposition of the fields into azimuthal Fourier modes. We find close agreement of the directivities of modes

0, 1 and 2 of the acoustic field with wave-packet radiation. Modes 0 and 1 of the velocity field correspond also

to wavepackets, modelled as linear instability waves using parabolised stability equations. Finally, correlations

of order of 10% between axisymmetric modes of velocity and far-field pressure show the relationship between

wavepackets and sound radiated by the jet.

Keywords : aeroacoustics, jet noise, aerodynamic noise, particle image velocimetry
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